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. Part I.

The Lagrangian Interpolation Formula.




Section 1, Iantroductions

Assume we are given n+l values of a dependent varisble ©t™
corresponding to n+l values of independent variable Raly
Denote these variables respectively
f(aj:} 9 aj for j=1a290009n+l° v o e 1:1')
Then it is possible to construct a polynomial of degree n.
2 A
f(x)=As + A1 X + A2 b Tl R Ar =, PP (25
Such thats
£{x)e= f{aj) at X = 8y PUIR 1
For pumerical application, a more convenient form for the
polyocmial £{x) is needed, which is derived in The following
section.
i
Section 2, The Tagrangian Interpolation Formulas
From equations 2 & 3 we get the following n+l equations
Pl = Ny Ay ek A a2.+ o T A L
J 173 e n
,j e 3.929 noogﬂ*‘ia o060 \“':'
The system of n+2 equations given by equation (2) & (4
are conzistent if & only if
W

¥



£iix) i 8y x° M
2 n
f(al) 1 = ay coe 3y
Pla.) 1. &y a° s LB e A8
J J J 3 1
2 n
f(an+1) 1 24 an+l, Ly ®n+l

Expanding the above determinant columnwise we have

n+l
f(x). Ao= Z_, : f(aj). Aj (x). (—-l)aﬂ. e 30
: J=1
Whexfe
1‘{:__
2 n
1 ay a; e ay
2 n
gl a2 a2 b ae an
2 n
Ab - l aj aj e 0o B.j ".(7)
2 n
1 Beal 8n+l e @n+l




in the right-hand side

For example:

£l 3%
1 a.
ol -]
wls & .2

>
N I\N
if
i

1 &

5
° Q
c S0
L] o

Notice that ‘&j Cx}_iﬁ a polynomial of degree u,

4l

=
f

of equatiii woe

o w ]
s PO

(-} ©

(-] =]

-] [-]

5

I =0 R
[«
a

a o0
° o
° °
° o

e

s, - o 0o
N4

in general be expressed ia the form

AR e e
j(x) = Cjkx bl).kx JE) coo X o ) a

From the determinantal
L.(x) =0
d
at: the n values
X = a

o

From (9) , (10} & {(11)
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Or in other words

+E8 n+1
A Gy R G- a.) el C13)
d (x-a.) o d
J J=1
G
s e cee (14
(x-a.)
J
where
n+l
Pn(x) = l 1 (x - aj) e o e (15)
j=1

Consider the determinant A,. By analogy it can be expanded in
a similar way as Aj(x) and this can take the following

forms

A, = C‘.j _TT_ (a‘.j - ai) L i )

i=1)j(n+l

where i = 1) j (n+l stands for i = 1,2, cesy J=ly Jtlyeee, n+l.,

From the above definition of pn(x) it can be seen that

d P (x)
Aomcj [_._EI?_—] =cj P (aj) A7)
X = a,
From (14) & (17) we can put
Aj(x) = Ey ) )

I':J'(x) % B (x-a3) ; pr(as)

Substituting the above equation in equation (6) defining the
function f(x), we obtain the following convenient expression

> for the function f(x).

n+1

£ = J, | By@® £ cven 1)
g=



This formula is the wellknown "Lagrangian Interpolstion

" (1)

Formula®.

Section 3 : Computation procedure:

The above Lagrangian interpolation formula had been progra-
umed: on ‘the 'I.B.M. 1620 using Fortran Language.

Section 3.1 gives the symbols used in the Fortran program
and the way the data must be prapared.

Section 3.2 gives the block diagram.

Section 3.3 gives the program itself in the Fortran
Language.

Section 3.4 gives a numerical example,

The program available can handle interpolation by Lagrang-
ian formula provided the number of points at which the function T
is given is less or equal to 100, If we have more points, equal
in value to the integer J1, then we must change the first dimen-

sion statment in the source program tc the following statment
DIMENSION A(J1), F(J1)

and of course we have to compile the program again to get the

object program.

1) See Kopal, Zdenek
Numerical analysis, 2nd. ed. NoaYoo Wiley, 1
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Section 3.1 ¢ Symbols used in the Program and the

UL U préparation of - data, e
The formula ig

n+l

£(x) = .‘,él I.J(x) f(ad)

where
I‘J (x) = (x_al) (x-ae) sos (x-a

j_l)(t“a
(ad" 1) (ﬂd"'az) eeae (a

#10ee s (x-a, 1)
J"%3-1)(ay-a, 1), (ag-a) 1)

- “bols Ta ing Syu-
n+l N1
J s
ad' - A(T)
£( a;) B(J)
x X
£(x) ‘ FX

integer form.
XX.XxXxX floating form.



After the first card we have N1 cards each corresponding to
one given value of the function.

The data in these N1 cards are as following:

Jd ¢ colomn 1—»35 xxXX integer form
A(T) ¢ colomn  4—»l7 +X.XXXXXXXB+XX L B form
F(J) & colomn 18-—»31  +X,XXXXXXXE+xXX E form

After the N1 cards, we have cards, each corresponding to
the value of the argument X at which we want to determine our
function., ‘

The data in these cards are as followings
X 2 colomn 1—14  .$x.xxxxxxxEB+xx E form

So if our problem is to interpolation for Ml values, given

N1 values of the function, then our data cards will be

ISR i IR R i [
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section 5.2
Block diagram

of Lagrangian.

THE FLOW CHARY FOR INTERPOLATION BY LAGRANGIAN FORMULA

GIVEN THE VALUES f(aj ) OF A FuncrioN f(X) AT GIVER

POINTS aj FOR Jj=1,...,N 1, TO DETERMINE

i il G X-2jy)... (X-25, s
fOXE=E: (=) .. (X-2jg) (K=2jur). Ko2am) 0y cop given x
J fayay)... (3-3j2) (@j=8j4 1) (3=2nsy)

PUT f(aj)=F(J), aj= A(T) AND F(X) FX, X=X

(/EEAD&PRwLJJWJLAU)J:L"”N+1

READ X |

FX= 0.,J =\ >

B = B*(X-AUN B=B* F(J)

C = CH(A(N-A)

l

YES 1-N-1P3 '={§ED

FX=FX+B/C

e

END

3 PRINT X, XF




S

C THE FOLLOWING IS A FORTRAN PROGRAM TO INTERPOLATE BY LAGRANG!AN FORMUL
C THE NUMBER OF POINTS USED !N INTERPOLATION !S LESS THAN 100
DIMENSION A(100),F(100)
READ 10 N1,CODE ,
10 FORMAT(13,F7.4)
Do 11J=1,N1
11 READ 12,3,A(J)5F(J)
12 FORMAT({3,2E14.7) |
PRINT 13 _
13 FORMAT(58H THE FOLLOWING ARE THE D
XATA)
PRINT 14
FORMAT( 52H J A(J) F(J))
DO 15J=1,N1
PRINT 16 J,A(J),F(Ji‘ -
FORMAT (20X 13,3%,E14,7,3X E1k4,7)
READ 17,X - .
FORMAT (E 14,7)
FXe=0,
J=1-
57 B=l:
Cusl,
IF{J-N1)30,30,35
30 =1
70 IF(1-J)55,60,55
55 B=B*(X=-A(])) .l
" CuC*(A(J)-A(1))
74 1=}4+1
IF(1-N1)70,70,75
75 FX=FX+B/C
J=J+1
GO TO 57
60 B=B*F(J
GO TO 7
35 PRINT 36,X,FX :
36 FORMAT(20X 2HX=E14,7,3X,5HF(X)=E14,7)
PUNCH 37,X,FX,CODE .
37 FORMAT(E 4.7, 3%, E14,7,41X,F7.4)
GO TO 1 cWirhe
END

=a

e e=3
={ == @\ 5=
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X= 5,0000000E-01

- 11 =

THE FOLLOWING ARE THE DATA

AW
1, 0000000E+00
9;03800005_01
8:092000p5u01
7;287oooogmoz
6,6790000E--01
5. 847 0000E~01
h;sisaaoazmgi
3;710000B5uai
2., 48 00000E-0 1
7;650000059Q2

F(J)
0;00000005-99
2;20300005_01
4;2!300005_01
5',;?93 0000E-O01
6;75é00005-01
?:67300005—01

8,5650000E-01

9, 2660000E-01
g, 7180000E~01
9, 945 0000E-01

F{X)= 8,4171143E-01
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Aitken's Interpolatieﬁ_ Formula, -
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Section 1. Introduction:

Aitken's Algorithim for the Lagrangian Interpolation Formula:

There is an algorithim, due to Aitken, for computing Lagrangian
interpolation formula, which is suitable for digital computers
% even desk calculators. Given the function f(aj) at the n+l
points 2 (§=1,25000,0+1), Aitken's algorithim for computing
the lagrangian interpolation formula f(x) whose numerical values
at that is satisfied at the point x:aj(sz..., n+l) coincides

with the values f(aj), proceeds as following:

The-ﬁagrangian interpolation formula of degree r :

(x| 81y 8oy ooey Bng at) ntl 2 t > v+l P

which numerically is equal to the function f(x) at the points:
X=8ys B85y eeoy By B sneniG2)

can be obtained from the two Lagrangian interpolation formulae

of degree r-l:

£(X| 875 8oy esey B, 73 8L) sise D)

that passes respectively through the two following sets of

points:e
cee (5)

&lg 3.29 TER &I‘__ls aI' °

et IO

& 819 853 coey 8. 79 8t o



Again any one of the above Lagrangian formulae expression (3)
or expression (4), can be obtained from another two Lagrangian
interpolation formulae of degree r-2.

For example the interpolation formula:

f(x I alg 32, CRCRU aI"-l’ at) LU (7)

can be obtained from the following two formulae:
f(xl 815 85y oeey 85 oy ar—l) e B)

& £(x | 89 By cees By 5y 84) e (D)

& S0 on.
It is obvious how this is extended foreward till we construct

the required Lagrangiasn interpolation formula

£{x| 815 8oy coey an+1)

c 6 e (10)
Again, it can be seen how this algorithm is extended backward

till we can start it, when given

f(aj) & a fQI‘ j:'--'lg 29 co0og 11""10 e o0 (11)

J
Section 2. Proof of the Algorithms

To drive the formula relating expression (1) with express-
ions (3) & (4) we proceed as- following:

By definition we have

: e (1)
(x| B1s Boy cooy 8n 93 B)= j:gz;r Lj (x) f(aj) c oo iC2E)
& £(x| 815 8oy ocoy B, 7 at)z ;E: ng)(x) f(aj) el

j=l—=»r-1,%

~——t



~ 15 =

where
L(l) 0 (zhal)(x—az) o (xhaj_l)(x—aj+l)...(zhar_l)(x-ar)
J (aj"al)(aj“a2)°"(aj’aj-l)(aj'aj+l)'"(aj-ar—l)(aj—ar)
0o (14)
while

L(E)( : (x—al)(x—az)...(x—aj_l)(x—aj+l)...(x—ar_l)(x-at)
. (%)=
J (aj“al)(aj-aa)ooo(aj-aj_l)(aj-aj+l)oQo(aj“ar_l)<&j—at)

s 1D

Multiply equation (13) by (x—ar).& equations (12) by (xbat)

& substracting we have

£(x | a1y 8oy ecey Bp_ 79 2 )(x-a,) = £(x| al""’aril’ar)(x’atg

= j._.]ér’t Lj(I) f(aa) [(aj-al‘) = (aj-at)] iow (BB
fﬁi(&tJar)bf (x'l&i’ 82, o-.; arml; a#, at) “aie (17)

]

where

(x—al)(x-a2).o.(x-aj_l)(x-aj_l).o.(x-ar)(x—at)

Lj(x)z <
(aj—al)(aj-a2)...(aj—aj_l)(aj—aj+1)..,(aj-arIC%j~§t)



Equation (17) can be rewritten in the following form:

£(x| 89855000,8

Section 3. Summary:

r--l’ar’at)=

e

f(xlal,aa,...,ar_l,ar) a

To sum up, the following table show the scheme of the

computations
Col.

No.9Y 0
TOW,

No%

1k al
2 a5
£ az
4 8y
5 35
n+1 an+1

For a given row i & colum J the element Ei'

f(x[al,az)
f(x'algaB)
t(x|ay,a,)

r(xlalga5)

oo oo

N

£(x |a
f(x[a

f(x|a

flap,1) T(x|ay,a,)f(x|ay0855a, ,1)0ns -

the following Lagrangian interpolation formula::

E,. = f(x[a

1J

1,32,a3,°.°,aj_l,ai)

X
%(at-ar)
f(x‘al,az’ ° 0 o,ar_l’at) at-x
o 0 o (18)
4 sy n+l
— A
1932933) w0t s es
lgaegaq.) © 00 ¢ e o
l,a2,a5) o aie
.f(xlal,..,an+l)
- defines symbolically
s o 19



The element Eij is obtained from the elements lying from the

preceding row & column through the following formula
Ey=ns =l 231

B., = - (ai — aj_l)

1951 3

sae 20

Section 4: Computation procedure:

The Aitkent's algorithim for the Lagrangian interpolation
formula had been programmed on the I.B.M. 1620 using Fortran
Language.

Section 4.1 gives the symbols used in the Fortran program
and the way the data must be prepared.

Section 4.2 gives the block diagram.

Section 4.3 gives the program itself in the Fortran Language.

Section 4.4 gives a numerical example.

The program available can handle interpolation by Aitken's
formula provided the number of points at which the function is
given is less or equal to 100. If we have more points, equal
in value to the integer K, then we must change the first dimen-
sion statment in the source program to the following statment

DIMENSION A (K), F(K), F1(K), F1X(K)
and of course we have to compile the proegram again to get the

obiject programe.
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Section 4.1: Symbols used in the program and the prepara-
wols v Yion of 'datas
The formula is.
f(x' al,...,ar_l;ar) a8 =X
f(I |&l,a2,.-.,ar_,aj) = ._:- (aj_ar)
f(x | al,ooo,ar_l,aj> aj"‘x
Symbols in Corresponding Sym- ;
Theory bols in Fortran o
n+l M
A ] iz J
A ACT)
25 | ()
-‘f(aj)-: o F(J)
x X w
f(x ;ai,..‘.,ar,a'j') ; F1X(J)
T Jo
The preparation of datas
The first card must contain the number M of values at
which the funetion is given and the code of the process as =

following:



£ g

M : colomn 1 —3 xxX integer form

Code : colomn 4—10 xx.xxxx floating form

After the first card we have M cards each corresponding to
one given value of the function.

The data in these M cards are as following:

J : colomn [ 1~—>»3% XXX integer form
A(J) : colomn #4—=>17 #*x.xxxxxxxB+xx E form
F(J) 3 colomn 1831 *x.xxxxxxxBtxx E form
After the M cards, we have cards, each corresponding to the
value of the argument X at which we want to determine our func-
tion. The data in these cards are as following:
X : colomn 1—14 + x.xxxxxxxE +xx E form
So if our problem is to interpolation for Ml yalues, given

M values of the function, then our data cards will be. .a..o

1+ M+ M .
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pecitlon 4.2

Bloek diasrom

Vi A4 unCli

THE FLOW CHART FOR INTERPOLATION BY AITKEN FORMULA

GIVEN THE VALUES f(aj) oF A FUNCTION f(X) AT GIVEN

POINTS aj FOR J=1,.,N+1, TO DETERMINE f(X ) AT GIVEN X PUT

faj) = F(7), aj=A(J) N#1z= M, X=X

(READ& PKINT J, A (), F(J) FOR J=1, 2,... M
[

READ X

DE1J=1, M
1FU(D)= F ()

< JU=1%J06:2 >

Dg 2,J=J00,M
2F1X(T) = (F1(J0)*(ALJ)-X)-Ficd1* (A(J0)I-X)) / (A(J)1-A(T))

D@3 J =Jo00, M
IR (J)=FIX (J)

JO0=J0+1
J00= J00+1

1

(PRINT XF1X(J)




C THE
C THE

100

101
102

103

FOLLOWING IS A FORTRAN PROGRAM FOR AITKEN INTERPOLATION FORMULA
NUMBER OF POINTS USED IN INTERPOLATION IS LESS THAN 100
DIMENSION A(100),F(100), FI(IOO) FIX(IOO)

READ 100 M. CODE
FORMAT(13,F7,k4)
DO 101J=1.M .
READ 102 J A(J)
FORMAT (13, 2E14,7)
PRINT 103,
FORMAT ( 594

F(J)

XATA)

o
=

- u—l.—‘—l-‘
8 BIKR

ol c—
X o —
b o

WK O\ 000

— —
—r —
(S o

PRINT 104,

FORMAT(SZH

R0 105J=1,M

PRINT 106, sdoACJ) ,F (NI

FORMAT(zox |3 3X, Eth 7,3%, Elh 7)

READ 108, %"
FORMAT(E14,7)
DO 109J=1,M
F1(J)=F(Jf
JO=1

J00=2

DO 111J=J00,M

THE FOLLOWING ARE THE D

A(J) F(J))

FIX(J)= (F1(JD)*(A(J)—X)-El(J)*(A(JO)-X))/(A(J)-A(JO))

IF(SENSE SWITCH 1)116

DO 118J=J00,M .

PRINT 117,J.J0;J00,F1X(J)
FORMAT(313,E14.7)
IF(Joo-M)lfz,tih 11k

DO 113J=JOO,M..... ...
F1(J)=F1X(J}
J0=J 041 .
J00=J00+1

GO TO 110
PRINT 115,X,F1X(M

FORMAT(ZOX HX‘EIL 7% G 5HF(X)=E14 7)

GO TO 107
END



-

THE FOLLOWING ARE THE

> A(J)
1, 0000000E+00
9, 038 0000E-01
8., 092 0000E-01
7.2870000£-01
6;67900005—01
5,847 0000E-0]
4,8290000E-01
3.7100000E-01
2;48000005-01

F(J)
0, 0000000E-99

2,2030000E-01

4,213 0000E=01
5,793 0000E~01
5;75500005-01
7.6730000E-01
8. 5650000E-01
9. 2660000E-01
9;71800005—01

DATA

7,6500000E-02

TR ol (e JERE - IRRRC M RN SRR Y TR . LT U )

+ el

9,9450000E~01

- -

X= 5,0000000E-01 F(X)= 8,4171142E-01



Part IT1,

Hermit's Interpolation Formula.
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Section 1., - Introduction:

Given the following 2n+2 numerical values
f(aj) 9 f‘(aj) j = l,g’on.’n"'l. LR (l)

of a dependent variable f = and its derivative f' corresponding

to the n+l values of the independent variables

aj j=l’2goo-,n+lo oo e (2)

then it is possible to construct an interpolation polynomial

f(x) of degree 2n+l, such that

f(I) = f(&j)
£1(x)= £'(a) yaillB)
at x = aj J=138, s0s9ntle

This polynomial is called "Hermite Interpolation polynomial®.
In the following section we shall derive this polynomial in
a formula convenient for numerical application.

Section 2: - The Hermite Interpolation Formula.. - =~

From the sbove,definition we have

2n+1 3
£lx) = Z Ai x
1=0
2n+1 i
& f(aj)z Z. Ai (aj) =L, 4 csBel BER Pl 1))

i=o



& f'(aj) =

2n+1

i=1

iAg (aj)

- 25 -,

i-1

jzl, Y 0.,ﬂ+1-

dew 1G4

The set of equations (4) will be consistent, if we have the

following condition

f(x) 1
£(aq) 1
f(&n+1) 1
f'(al) 0
f'(az) 0
f'(anwl) 0

Expanding the above determinant

A f(x) =

where

2n+1
2.
J=1

2‘n+l

ij(x)

® e 9
L

o e 0

e e 9

L
L

f(aj)

+

(2n+1)a2

(2n+l)a

x2n+l

2n+1

2n+1l
n+1

,(2n+1)a§n

2n

n+1

columnwise we have

= 0
s 105

f'(aj)
eeo e (6)



A (x)=(-1)3+1

(-]

o o ~

°

e o

o
PN =

L]

n+1

an.+l

® e oo

% 9 0 o

® 9 00

®o 00

9 0 o o

o 00 e

% e 00

@ 0 00

@ 000

e o 00

@0 0o

0o 0 ¢

° 0 00

9 00g

® 0 0 0

© 00 @

© 0 00

® 0o 0 o

© e 00

a2_n+l

2n+l
an+1

(2n+l)a§n
(2n+l)2a§n

L]

iy
(2n+l).an+

1|

TR

MY

—



- 27 -.

And 1. % %2 xon+l
2 2n+1
1 a; a8y . ay
2 2n+1
x o e T | g =" ALl
0 i 2al %% (2n+l)a§n
53.(:):(_1):1"’1. L L] L o0 0 ™
® L] ® s 0@ L] ¢ (9)
2n
01 2aj_l S (2n+l)aj_l
(5 e | 2aj+1 sl (2n+l)a§21
| 2n
505 21 2an+l e (2n+1)aIl+l

Evaluation of A;j (x)

The determinant lﬁj(x) is a polynomial in ‘x of degree 2n+l.

From equation (9) it is seen that

A(I) =0
e a0 )

at X = A. j:l,2,...,l’l+l-



- 28 -

Equation (95 can , in fact, take the following form

al—I

8,(x)=(-1)3*.| 1

= (x—al) (xhaa) veee(X=2

2
al"‘ 1'2

23n+l

L LA

e o @

LI N

LU

n+l)

a2n+1 =2 x2n+l

1

2n+1 x2n+l

ensl 2n+l
an+l

2n
(Enfl)al

(2n+l)a§n

(2n+l)an+1

DY(x) (-1)I*

where D (x) is a polynomial of degree

ses (11)

ooo(l2)

(2n+l1) = (n+l) = n which takes the following

forms

-



=

D;j(x)z 1 o

Since the 1lim
X->a

2
~(a]

—(an+1

- ) /tay

n+l

i al
a~= x

a-X

then it is obvious that

Dt (x) =0

at x
1
i.€6 Dj(x)

where

I

I

_x)

- 29 =1

~(a2 - x°)/(ay -x)

-xz)/(an+l~1)

L

e e @

-r( 2n+l 2n+l)/<a

~(a a5

l,x)

2n+ll 2n+l)/(a —x)

2n+l 2n+l
~(a )/(a, 1-X

n+1
-(2n+1) ain

(2n+1) agn

L]
L]

2n
(2n+1) aj—l

2n

(2n+l) aa+1

L]
L]

L ]

(2n+l) an+l

al, 812’ .l.’ a l’ aJ+l’ ‘..’ an+l.

(6 (x—al)(xhaz) ...(x—aj_l) (x—aj+l) T

C = constant.

From (12) & (17) we have

x)

s s LD)

)

s el
w16}

(x-%.-!-l) . (17)

v e (18



{0l

A @0 (82 (x-2)2 ...(3-a, ) (xa,, 3P (amny )P

(I—aj) ® (—l)j+l- e o0 (19)

To eliminate the constant C , we consider the determinant
Ao' Comparing the two determinants defining A & Aj(x)

we can write by analogy

AO:-. (—1)‘j+l (aj—al)(aj-ae) voe (aj—aj—l)(aj"aj-i-l) oo

1

(25-8,,1) « Doy - seis (20)

where
Peee= G (ag-ap)(a5=25) «.. (o525 1)(as-a5,1)en (agmay g )en (20)
That means
A, =0 DI (a5-aP(a -a,)7 ... (as-a;_1)%(a5-a5,1)2

cor (agmay, )5, Sx(22)
From (19) & (22) we find that
é—g—?—)— = (x - ay). [La.(x)]z sisis (2D)
where

e (xﬁal)(x~a2)...(x—aj_l)(x—aj+l)...(x~an+1) e
dJ

(aj—al) (aj—aa) P (aj"aj-.-.-l) (aj-aj-rl) sies (aj—_an+l)

P, (x)
LJ (I) 3 T
(x—aj) [Ph(X)] -

ozs)

J



-

i=n+l

P (x) = T (x-ap)

1=}

The evaluation of ﬁ% (x)

Since ﬁ% (x) is a polynomial of degree 2n+l we can put
the form
A (x) = [Lj (0] 2 (alx-ap) + B (et

To determine B , put x=aj in the above equation.
L .=[L. 3] 2 .(=1)9*L
5(a) ] ® B LD
Putting x = aj in (8) & comparing with (7) we have
A (a, o (1YL :
J( J) (-1) A,
Again from equation (24) defining Lj (x) we have

LJ(aJ) =]

From (28) & (29) & (30) we have

sios (26

it in

oise- (270

eos (28)

eeoe (29)

siea 1000

)

To determine A, we defferentiate equation 27 with respect to x,

to get the following

& o= [L®]® a. DI
d: L.Gx)

+ 2 Lj(x) d; [A.(xhaj) +-A°].(-l)j+l

v e (52)



Putting x—_-aj we have

= zon

—d. ] . o
x.=aj d.x ece o\ DD}
x:aj
From (8) it is obvious that
a i -
7/ ax AJ (x) s =0 : vio il DH)
|
° s e [an e
o G A g 2 [__lldf—-J o Ao s s 0B5Y
-x:aj
From the definition of Lj (x) (equation 24) we have
l dEj(x} e l 4 —— + s0e + l
Lj(x) dx -8, x-a, x-aj_l
s it
o e e e aoo(36}
X2 I8 =8+l
d- T 20 4 2
063 :] = l = + = == ool 4
dx aj~a1 a.~a, aj—ad_l
+ L e - eos (37)
il Ai5%ns1



Tt can be proved that the above expression for

d L.(x) P. (a.) E
[-—-«igf—}f is equal to % L — oo a BB
dax Jx= aj Pn( aj) ‘E?{ ~
P d Pn(x)
where P, (aj) = [ s s . e (39)
Jd
. 4 P_(x) -
& Pn (a,) = 5 o'n $CAO)
J dx
x=a
J
From equations (3) , (35) & (27) we get
L) T P, (a5
5 - LLj(x)] . l:l— Pg(aj) (x—aj)] sye G

Section 3 . Summary

To sum up the above analysis, putb

4.(x)

e LR = h. (X)
AT !
_é_j.g)_._ 'zE (x)
A, J

where we have now

BYCle)e e :
hj(x)m 1 - 27, (x—aj)J -

Pﬁ (aj)

s

[La (‘)] 5

"



_,54.'..

& Ej(x) = (xuaj)ﬁ [;j(x)] &

Then
n+1 n+l

F(x) = 2: hj(x) f(aj) + £Z£ hj(x) f”(aj)

3=1

which is the required form of the Hermite Interpolation

formula.
Appendix
it
B (a.)
Derivation of formula for “Pf‘(a%)

By definition of Pn(x) we have
Pn(x) = (x-al) anaz) o oie (x—an+l)

Defferantiating logarithmically we have

Pp(X) 1 g 1

Pﬂ(xi F-a; i X=a, TR -8, 1

Defferantiating again we have

P‘_‘:';(x) ;P]glg (x) 1 7

— '(‘ T" L= T - +

Bp T Po(x) (1z'u=al)-2 CXwaZ)2
o ik 1 ik

1
—{(;35572 + {x_ 2)2 oo +(§_E_—_) J

g
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11
I aEEe s F R e S Gt i o e ]
2 Pn(x) X-a; -xnaa x~-a3 x—aa X a;]+1
=
. 1. 1 2k
4 aie b + +
X8 X-a, x—a3 x—aj_l_l
2
‘+ -o+x_]€; —— +-oo+ooo+ooo +
n+1
.
i | 1 il
+ + e o @ + g
il 1
+ e e 0 + ® & 0 + e e 0 + e
X8 e Pnay
= Pinate quantities at x = aj
1 1 i: 1 1
+ -+ e 4+ sss -+ +
X=-3a {x-—al X-a, x-aj+l x—aj+1
i Sosleash
e T
| £ 1
-12- PI"1 (X). = Pn(x). Quantities which are finite at x = aj
P =
nix) il 1 1 1
+ + + oo + - +
x-—aj X - 3y X-2a, X—a £ x—aj+l
Ve,
v
ik
+ e e o +
X8l ]
But Pn(x) k
T = |Fp (x)
J
X=a
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Section 4. (omputation procedure.

-The Hermit®s interpolation formula had been programmed on
the I.B.M, 1620 using Fortran Language.

Section 4.1 gives the symbols used in the Fortran program
and the way the data must be prepared.

Section 4.2 gives the block diagram.

Section 4.% gives the program itself in the Fortran Language.

Section 4.4 gives a numerical example.

The program available can handle interpolation by Hermit's
formula provided the number of points at which the function is
given is less or equal to 100,

If we have more points, equal in value to the integer J1, then
we must change-the first dimension statmént in the source program
to the following statment

DIMENSION A(Jl), F(Ji), F1(Jl)
and of course we have to compile the program again to get the

object program.
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Section 4.1¢ Symbols used in the program and the preparation
GRS E o L (T

The formula is

: n+l Eff
F(x) = ;E: hj (x) f(aj) + hj(x) f'(aj)
J=1 J=1
fi
where 0 . 3
P (a;) o 2
h(x):[&- »%L~i— r(rﬁ.ﬂ- [L(xﬁ
J Pn (a.) J AL g
J
ge. 2
hj(x) = (x—aj) [Lj(x)] >
% P? (aﬂ> = L + ] e 1 - =
& o e e Wt e VR
e
e o oo hle—————
e
e (x—al) (x-a,) noo(xaaj_l) (I“aj+1) eoo (x~2 ;)
dJ

(aj“al) (aj-‘aa) e o0 (ajnaj"’l) (aj"aj+l) e 00 (aj-an+l)

Symbols in Corresponding
Theory Symbols in Fortran
n+l N1
J J
@ A(T)
f(aj) F(J)
f'(aj) F1(J)
X X

| "[Lj(x)] 2 ELJX2

} b (x) HJX

\ Ej(xj ; H1JX
) FX
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The preparation of datas

The first card must contain the number N1 of values at
which the function is given and the code of the process as
fellowing

N1 3 colomn l=»3 XXX integer form

Code : colomn 4—>10 XX e XXX floating form
After the first card we have N1 cards each corresponding to
one given value of the function. The data in these N1 cards

are as following:

J thcolemn. 1 =—»3. xrx integer form
A(J) ¢ colomn 4 =»17  +X.XXXXXXXE+XX E form
F(J) : colomn 18 —=»3l  +X.XXXXXXXE+XX E form

F1(J) 3 colomn 32-»45  +X,XXXXXXXE+XX E form

After the N1 cards, we have cards, each corresponding to
the value of the argument X at which we want to determine our

function.
The data in these cards are as following:
X ¢ colomn 1=>14 +x.xxxxxXXB+xx E form

So if our problem is te interpolation for Ml values, given

N1 values of the function, then our data cards will be

B IS [ R e
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THE FLOW CHART FOR INTERPOLATION BY HERMITS FORMULA

GIVEN THE VALUES f(aj)& flaj)oF A FUNCTION f(X)AT GIVEN
POINTS a) FOR Jj=t.. N+1, TO DETERMINE
f0= X hj (X) fla) )+ X R (X) f(aj) FOR GVEN X

PUT f(aj)= F(J), flaj)=F1(J), 85 SA(J) F (X)SFX, X=X

( START )

[ READ &PRINT S ATLEON, I =Y, N+ |

(rero s |
Crxans

i

YES

J=N-1)

I

F£X= 0.

=1
£ i
B=1.C =\,5= 0
- I

N&Y

CN]G\I

NG 4'”\0 @
B=B*(X_AlD)
C=C+(ALJ)_AI(])) Y

S:=S+1/(AD_AU))

ELJX 2:=(B/C)**2,
H1JX=ELJX 2* (X_AtJ))
G
HIX (1 . 2% Sx (X AT ELTX2

FX=FX+F (J) % HIX+F1I(IHLIX

}
JzJet )
(_PRINT XFX}




FOLLOWING IS A FORTRAN PROGRAM FOR HERMIT INTERPOLATION FORMULA

NUMBER OF POINTS USED IN INTERPOLATION IS LESS THAN 100

DIMENSION A{100),F(100),F1(100)
READ 10,N1,CODE

FORMAT(HB F7 h)

po 11J=t, N1

READ 12 J JA(J)5F(J) ,F1(J)
FORMAT(n3 3Rl 7)

PRINT 13 |

13 FORMAT(5%H
XATA)

PRINT

14 @RMAT(G%H J

b oA

N == @\

X

F1(J))
Do 154=1;N1
PRINT 16.J;A(J),F(J L;FI(J) -
FORMAT( 16X, 13,3X,E 14,7, 3X Euh 7,3%, E
READ 2. X - ,
FORMAT(E 14,7)
FX=0,

‘Jﬂi’

B=17
c 1'

'!F(J-Nijh

@ GO g

23
24

\D

I=1
IF(1=Jd)6 7 %
B=B*(X-Al1})
C=Cx(A{J)-A(1))
S=S+1,/(A(J)-A{1))
IF(SENSE-SWITCH1)23,7
PRINT 24,4;1,8,C,S.
FORMAT (213, 3E1& ?)
I=1+1 .
aF(s_N1)8,8,9
ELJX2=(B/C)*(B/C)
HIJX =ELIX2%(X-A(J))
HIX  =(1,-2,%5%(X-A(J
FX  =FX+F(J)*HIX+F1 (
Je=g4t
GO TO 3
PRINT 17,X,FX -
FORMAT (20X ; 2HX=E 14,7, 3X, 5HF (X) = ~E1k,7)
PUNCH 18,X%FX,CODE - |
FORMAT(E14 7,3%,E14,7, 41X, F7. k)
GO TO 1
END

)) ) *ELJX2
JY*H1JX

THE FOLLOWING ARE THE

A(Jd)

4 ol)

F(J)
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THE FOLLOWING ARE THE

AW
1, 0000000E+00
9. 038000001
8. 0920000E-01
7.287 000001
6;67900005-05
5,847 0000E~01
l,8290000E-01
3.7100000E~01
2:48000005u01
7:65b00005m02

-

X= 5,0000000E-01

- B
0, 0000000E-99
2;20300005“01
h;23300005m91
5;?9300005401
6;75600005n01
7:67300005~01
8:56500005_01
9:26600005“01
9;71800005m01
9;94500005-01

DATA

_ F1(9)
~2,3891756E+00
-2;2090554E+00
n2;O30222hE+00
—1:82178705+00
-1;26162523+00
-9,9629300E-01
»7:51227905mor
uu;99044205w01
"2;5338510E—01
_h;59622005u02

F(X)= 8,4194621E--01





