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Introduction

The following problem had been raised to us:

For a glven yeal, £ind the optimum allocation of given foreign
resourses (impor'ts), among the different sectors of the economy,
provided the following conditions are gsatisfieds

1, The productions of the different .sectors are allowed
only to change between given lower & upper bounds .

2. For the sector of agriculture and ginning their
productions are given constants.

B mhﬁre;is?ﬁbﬁﬂhmégni%ive imports in the sector of ginning:

' uﬁi'Tﬁéﬁémare-giﬁén?@pperj&wlower-bounds bﬁ‘theaconsumptidns
_both private. & government, the investment's sinking,
exporbs from different sectors & on total labour.

5. The total value added arizing from productions of the
services sectors does not exceed given ratio of the
total value added due to the production of all the
sectors of the economye. e .

6. The opbtimun allocation of foreign resoures igs defined
as the one which gives paximam labour plus national
income, weighted differently

The problem soO defined above, can be solved easily using
the wtll known interflow analysis & the technique of linear
programming. In the following section the outline of the

solution is given.
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The mathematical formulation:
R e e T e e —

Let n ¢ Number of sectors of our economy
Xi : the production of sector i. (=il o8 s i o n)
Xin $ the technical input output coefficient
k the delivering sector, takes the values l— n
h the receiving sector, takes the values 1— n
Ck s Gy ¢ the private & government consumpbion from sector k
Sy ¢ the investment sinking in sector k
Ag ¢ the exports from sector k
A£ ¢ The competitive imports from sector k
BL ¢ the noncompetitive import coefficient of sector h
BC’BG & BS 3 the noncompetitive imports for private consumption,
| government consumption & investuent sinking
Vﬁ $ the value added coefficient of sector h
Lﬁ ¢ the labour coefficient of sector h

From the equilibrium relation of the interflow table we have

o £ N
55%% Xﬁh Xh + Ck + Gk + Sk + g% - Ag = Xk KeloB e, vym (L)

The above equation takes the following form

n
h=1

where 5;h = lihfop ot Bk o forﬁ(# h
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Let I defines the total imports or, foreign resource required.
The expression for I is given by the following equation

n n
I = E.Ak+ E Bl'lf)(h+Bc+BG.+BS (3)
k=1 h=1 : :

/" Let C, G, S & L define the total private consumption, total
government consumption, total sinking, totel labour, then by
definition we have the following equations.

G = P eatge e e

Economically, there is relation between the following quantities:

n
Total exports z ; Aﬁ% 9
k=1

Total imports 1 .
Gross borrowing R and

Repayments 1
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That economig relation states the following
Imports + Groés borfowing
= HExports + ,repayment.
Which symbolically is written in the following form

T +‘R - Eﬂx Ak + P

ie.Ca : ﬁ("“I—R"'P"‘E (5)
l

5‘1:;

Hi

The quantity 4 = R-P 1s assumed given in our problem.
#
Letigglgg 20w ,}ﬁ denote the services sectors. Then, as mentioned

in the introduction (paragrapﬁ*labelled 5) we have

h = l“@Qﬁﬂoo X e o
eiay éiii? ¥ i
> Yoy

wirich ' can be written in the following form 3

n

Tl
},___3, Nt : Z (L) 57y 0
h—?llj-:a'g‘o';c)ﬁ“\;g’,@’_i‘o.o ’%(ooﬂg .h.—' r_;) noﬁkvw h h7/

: £6)

where )oggg%, .. ¥(means exculding the subscripts@(}ﬁi R S
A variagble with a lower dash means the lower bound of thét

variable & a variable with upper dash means the upper bound of

AR

that varlablev for example Ly denotes the upper bound on £, &

.Gy denote the lower bound on Ckf& S0 on. With that definition



o
.

of lower & upper bound we have the following-inequalitias:%ﬁ'be._

satisfied by all the veriables of our problemn:

_§k<xk‘gxk il

G < % X %

G T O < %

B < Sk X %

5 S 4 Sk

B, B S B e Y
TS AN

By By S 5

0 - A

L T E

Whel‘e 1{ = 1929 ece g n

Bquations (2), (3) , (#), (5) & inequalities (6) & £7) define for
us the relations & constrains imposed on our problem.

We notice we have so far n+6 equations & 6n+5 inequalities.

The varigbles of our problem are Xk,ck,sﬁ,sK,A;,Ag,Bc,BG,BS,C,
Giud e Ly dler i onds

Qur problem is to find the optimum allocation of our veriables
including the imports A@ B, Xy» Bgy By Bg which will

maximize for us our preference function.
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The preference function which will be optimized will be labour

plus sum of value added, weighted differently.

Weight given to labour

1l

Let G<l
ol

Weight given to Total value added

Then the preference function will be

n n
P=°“(1§:Lfgxﬁ’< oy M X
k=1 k=1
nqﬂ!'b
= ) L@ maonvi X, (8)

k=1

The weights %) & &, can be given different values,

corresponding to different alternatives.

The problem so formulated can be solved with classical methods

of linear programming using the electronic computerfs facilities.
Before procceding in outlining the steps towards its solution

‘we shall introduce further éssuﬂﬁions towards more simplification

%
of the problem.
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Further assumptions: It will reduce the variables of our problem

quite a bit if we assume certain patterns in consumption(private

& government) and eertain patterns in investment sinking.

Let these patterns be given respectively by CE ’ G& s Sﬁ

(for k = 142y «eo o n) and By , Bl , BY defined as following:

el
C
ol = k
k O §
G
Gfi = ks )
G )
s 3
= gjé g (9
)
S B
Bc = 52 §
5B )
8 G 3
)
Sl
By = gg %

From the above definitions we have the following relations

N Ct + By =1

k=

n-':-a

> &+ oBLo =0 (10)

0
-+
t
1l
]

b
1]
ko

e e NN N NN N NN N S
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The pattern assunption reduces our 3n+3% variables Ck 9
Gy Sy Bcg Bg, BS to only 3 variables C, G & S and reduces the

correé%onding %n+% inequalities to only the following 3 inequal-

ities,
g ¢ = o
QSG“SE; (11)
Blosrisliisl GBGT)

where C , C , s+ G, 8S&8 are assumed given,

I

With these patlern assumptions, equations (2) & (3) take

the following form:

n
Vgt G et
- +
A7 = “2;%(?)1&11 - X)) X + Clo G + Gh. G#Sf. 8 + A7
h=1 '
k = 1929 00‘4—;-9 n (12)
;z}r:*r .__ux}--'e’
Togi DA +Zm3.;a X, + BYs C +BY, G +.BL. 'S .. (13)
[
=1 el

Eliminating I from equation (13) & (5) we have

n n

e

N R LR
- :imm Ak = —‘ALLJAK + WW_,Bﬂ Xh + Bé, cC + B&a G + Béo S

k=1 k=1 h=1
+ 7 (14)

Subtituting for A%% from (12) in (14) we have :
n

¥ it T

Crizi vl:l'Xhm G=8 =37 ‘ (15)
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Eliminating C between the set of equation (12) & equation

(15) we have the following sets of equations:

=

A= O -:E;Jp(%5 - Xt = CY Vi) X + (Gi=CL)G+(81~Ci)S+At
{5 k kh kh freEl e et of ool g ek k

e

h=1
k = 1929 v o 0 9 n (16)
Our independent variables now, reduce to Xy (h=ly...4n),

Gy By & Az (k=1, ... ,+1) while the dependent variables are AE
(kzl, co o9 11), C&L

Equation (6) implies another independent varisbles and

another inequality defined as following

T

e S %\‘ -
S = 2 Jlivyex el AT

e

W %
/

" g ;2 t\,:z‘ i;’[ A3
hbw\‘jﬁbuh -5 R

')

h=l 92 900 n) é}\{){{%-"- -:‘:/;-;)\6 ﬁ" 28 t‘ﬁlf
So far, we had not put the assumptions mentioned in
paragraphs (2) & (3), in the introduction

Let, without losing any generality, the sector of agricul-
ture and ginning be denoted by the subscripts, n=1,n, Constant
production for these sectors & zero competitive imports for

ginning imply the following
Xﬁ—l = Xﬁ_l const,

L
b

il

const. (18)

M M AN N NS

0
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Substituting with equations (18) into equations (16) we

have &
e S G
h—_-n""l )
n=2 S g
73 >0 kh = X~ O VR ) Xy g (19)
g O
+ (G - OL) & + (8L - 01) B ¢ Aé’( )
1{=l,2, © 0 0 ] Il-*l
D
+ 4 ot i
e o e e e
n=2 el g
h=1 g
$gl oD G (e 4 e B 3
1), n n n
define the following constants
‘ n {7
G D S B SR L S
e R AR L e R
KD (LT i )
Lo ER T fa LSt = )
e L kh x:];“.h Clic Vﬁ) %
g (21)
Pk = GL = Of g
/:%’ Si b GI 3
gk = k k )
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Substituting the sbove definitions in equationg 19 & 20

we have y
n~2

Ay =ﬂﬂ%k + f%hu G +fggku S g
h-l e

bk 5

1 Ak k=l,2,oto,n‘-l 3

)

n-2

)

Fon §-’ ﬁhn Xy _ﬁn“ G”én* B 3 (23)

Again substituting the assumption of constant L, 10 X in

the equations (17), (15), 4 & 8 defining % s C; L & £ we have

n -
- E r V! X, St Z Voo
h *h b eH T ( S
h:‘-Il—l h-—-l 2,9.5 a(,‘ggounsx Pt
(1-r) V h (24)
l'l'—"-(;{ ﬁoon
n-2
C = E VhXh-Z+ E VXh—G—S (25)
h=n~1 ;
n n=-2
= EE Lﬁ Xh + EE Lh.&h (26)
h=n-1 =1 |
n-2

f = 2 (\O(? L 08 U)X (27)
h=1
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The constrains to our variables, dependent and independent

are written in, the following form

L h X & ;
g =it~ ¢ 3 (28)
) ‘ ,
g0 N @ g hely 2y eae’y 02
8 g S \S— 5 g ke, 2y vis g b=l
DS L s ;
0 é Ay g
)
Af SA"’ AT ) {1k s
& y A S 2 ‘ i
)
)

Equatlons (22)—%w(26) & inequalities (28) & the preference
functlon (27) define for us the mathematlcal formulation of our

problem which will be solved by linear programming & electronic

computer facilities.

The programming equatlcn. The numerica) preparation of the

above problenm is simple & straightﬁanwardo It can systematically
be prepared using a desk calgulator or more generally using a
computer, In this secfionfﬁénshall outline the scheme for desk
caleulator's computation, The computer program right with the
numerical result will ve given in & further memo by Dr. Roshdil
Adier who is in direct change with that phase of the problem.

o
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Four tables 1,2,%f 4 are needed for the preparation of the
programming equation.

Table (1) gives the basic technical data & the upper & lower
bounds of our variables whether dependent or independent

Table (2) is remenipulation of table (1) & in fact it expresses
in a tabular form eduation (12), (15), @), L (8)+

Tables (3) is the result of elimination of C using equation 15

& putting X, 19 X, as constants.

The programming equations as expressed in tabular form in table
(3) will be sufficient in case we use the multiplex technique
for solving linear programming. The multiplex method had not
yet been coded on the F.B.M. 1620,

In our library program we have a program for solving linear
programming problems using the simplex teohnique° In that
program thé variables of our problem are assumed'to be non-

negative.

Problem with upper & lower bounded varisbles can be traansferred
el
to problems with %(negative variables with some simple transfor-

mation. To illustrate_that consider the following simple example:

Given the variables X109 Xoo 339 Iys Jo such that
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(29)

T TN TN NS NSNS TN NSNS TN NN NN NN NN NSNS

YR8 v
&0 A BE e e e
S v W
o8 a
o NV VY Y
__,__,.al & s ML M b - B
il 1 il
o

(50)

L T YV Ve Ve Vo W Y . T o T Vo W W Y Y e Y i Vo W W i Vs Van Vo W e

i ol —i Ny ~ —

e e Oy e TS e e
| i i i i i i { i i
| Y —~ ~ —
VRN it el

Put
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It is obvious that all these newly introduced varisbles

?l!?;s vou €2 are non-negative,

The problem deflned in the sets of equations & inequalities (29)
can be cransformed to the following problem with non-negative

variables.

(&1 % t oy %, + a5 x Il)+al%l+a2z+a?
(by x + ba Ep t 03Xz - Y +byFy 4 bé??a ; b5—%é

S = (Fp=byx, et b5 ) bJ}l £ ?2 5l —?5

4(; =¥ - % “"?1

Ho%

se =8

(31)

N
i
Nﬁé
!
i
H
W
o

The simple transformation from bounded varisbles problem to non-
negative variables one can be applied to our problem described

by equations (22)~a%§7(26)9 inequalities (28) & preference
function (27)., In that case we have the following transformation

of variables.



Bounded Variables

Xk (k=l,2gooo,n"°2)

PRE DI hek= e

The above transformation takes

S o

Corresponding Non-negative
variables

X}.{ ot _}Ek k:l,a, 660 3 11“2

G =G

B.= 8

A - AF kél,ag X
e _
I

care of the lower bounds . In

order to allow for the upper bounds we introduce the following

new dependent variables

A s k=1,2,
s

G e G

g =8

Lo o0

- A kgl;z;

With these transformed & newly
following reformulation of our

dependent or*non-dependent are

o 00 9 l’l'-2

introduced varisbles we have the
problem where all the variables,

now non-negative



i [l B8
Ne=g

Ay Z’:,’B X, ~%y ) +ﬁG°(G—§-) + kst-—Eﬁ(Aﬁ-_&E)
K12, V5w 'y obel (32)
nw2 '
st /5 Gz e @) - [ (58 (32)
n-2 _
o-g = ;;Z v Gyrm) - G0 - (S—8) (34)
n=2
L-L \51&.‘,1‘ +Z Lh_ (Xh"" h) (35)
k. Xk —-\Z%E "'XK)“ (Xk"’ k) (36)
,\a, n=2 : '
Qe = e ot 18 l VE (xpmxp) + (6-G) + (8-8) (37)
h=1
Y oa
e ey n 2 I (x = %) (780
h=1
where i
N2 ;
:yko =J/%o +i »zflafih Xyt [uge & *ige 8 A;

\g-g = Vi Xoog b N —d th-’sh'“'-"ﬁ“

&

i/%h_h /3@0(} /’3 (39)

n-2

(@)

=2 h=1

2=l + Iy K v ta &y oo

h=1
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S Tl v X
Js - ¢ =€-«g-\60-_c_
XE“-’L = fl“‘ -.-1;'.. "“XL““J;

The non-negative varisbles problem now defined in equations
(32) - (595*éan'be represented in a tabular form. This is

done in table 4.



