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1.

Models and StructuresS:

. Econometrie-anglysis is concerned with the empirid&iiiﬂvéstigation

of quantitetive relationships between economic variables as envis-
aged by economic theory. The analysis is related to the concept
of & model, and its outcome defines a certain structure. By a .
model we mesn a given hypothetical set of (one or more) relation-
-ships which relate economic variables t¢ .each other in a well-
defined menner, each of which aiming ai explaining a certain econo-
mic phenomenon. ,This might lead to the imtroduction of non-economic
magnitudes which are either variable or relatively constant, hence
the term "parameters". In theoretical analysis one can do without
an explicit formulation of the exact functional relationships, pro-
Vided sufficient information is available for defining relevant
properties (e.g., first derviatives). For econometric investigation
this is not sufficient.

Three conditions have to be met before a theoretical model is
to be considered as workable from an econometric point of view:

1. The explicit formulation: of felationships; defining their form,
ang the parameters to be included.

2. The definition of variables in a manner which makes them capable
of actual statistical obsérvation.

3. The specification of the distributions of stochastic variables
which have to be introduced in order to account for discrepancies
between ideal and observed concepts (errors of observation), and
between theoretical and actisl economic relationships (errors of
- equations).

By a structure we mean a given point of parameter values which
the model assumes in a particular case. Thus a model is the complete
set of structures which satisfy its full specifications. This implies
that the relevant parsmeters are not only those of the functional
economic relationships; they include also the parameters of the dis-
tributions of the stochastic element. If we confine ourselves to the
former group of parameters, we would be dealing with a purely economic
structure, related to a given economic model. But if we include the
wmplete set of parameters, we would be dealing with the full econome-
trie.. structure corresponding to a given econometric model. (1

{1} In many cases in,the literature an econometric model is meant to

satisfy thafirst&tﬁ% conditions only. This has led to a confusion of
the term "econometric" itself.
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3., The time unit of measurenent. In this copznsction we hawv:
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Measurament of Eeconcmic Variables:

Whether for purposes cf theoretical awalysis or of econometric
investigation, 1% iIs of fundamental importance to define precisely
the dimensions of the economic variables o be included. This
requires the, spesification of the exact types of units of each of

‘the Tollowing aspagts:

1. - The economic agents: individuels, groups of individuals and
organisms. : ' I

2,  The economic entities: commodities and groups of commodities,

- defined according tc their nature and uses.

differentiate the tirmmeless stocks .and ratlos (e. 2.5 pr
from flows. i)
functions of tim their expr9531on should be in terms of given
time rates per dlsﬂrete time units.

It can be sasily noticed that in each case one could differeni-
tiate elementary units of measurement, below which any further sub-
division is either impossible or operationally meaningless. Axn
other units should be considered as composite urits which san be
defined as given fundetions of elementary units.

Thus the siementary unit of ecomomic agents can be consider
as the smallest unit sapable of formulating and implamenting des
siong with rospect to a given economic phenomencn. For example
Individual consumer is such an eleman nbary unit, though it might
a group of matural persons forming a housshold. Similariy for am
indlvidual firm.  If we apply this principle we can say that G WuWﬁ=
ment itself is an eleméntary agent with respect io certain types of
avtiong although it ig constituted of a rumber of sepa”aﬁt admind stra-

tions.

The elementary unit of economic entities is directly
related 4o thé concept of commadity. It is known thab ‘
the homogeneity condition should be strictly satisfied, meaniog by
that the perfect substitutability with respect to a given typs of usss,
or operations. However, there is & certain important differencs
between thisz elementary unit and the former one with respect to astual
measurement. Thus if we consider the purchase of a givem commodity
by a certain sonsumer, we have in mind the number of units of that
commodity purchased by that single consumer. This means that the re-
lvant unit of measurement relates to the nature of the commedity. Butb

‘
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the actual magnitude relates to an individual consumer. Further,

the concept of the price of the given commodity is directly related
to the commodity itself. If prices are the same for all individusl
consumers, then there is no need,tospeclib‘uiﬁaccording to consumer.
The concept of price remains the same although its exact magnitude
might change if consumers pay different prices for the same commodity
(e.g., in different markets).

The role of time is a multiple one. Thus in dynamic analysis,
or in actual measurement, the values of variables change over time.
This applies to stocks as well as flows. But from a dimensional
point of view, one has to determine the elementary time unit with
reference to the operations studied. Thus, the elementary umit of
analysis should relate to the periocd of time necessary for the im-
plementation of one single decision. This raises certain complica-
tions for the eeconometrician: oo

1. The elementary unit of time differs according to the type of
decision. . _

2. Tt need not concide with the unité used in the actual collec-
tion'of data.

It is clear that actual statistical observations relate to composite
time units, which are found to be convenient for collection of data,
especially on economic flows. However this raises certain difficul-
ties with respect to the measurement of variables void of the time
dimension, namely stocks and ratios. The solution of these difficul-
ties is found through familiar statistical techniques (e.g., averages).
This envolves an aggregation procedure which is of a relatively simple
nature. Other aggregation problems, relating to the other iypes of
units are of a more complex nature.

Construction of Composite Units

Starting from elementary agents, one can construst a large variety of
composite units, according to a well-defined principle. For example,
we can group together all consumers within a given market;, or economy,
or belonging to a given region or a given social group. Again firms
belonging to a givenbranch or mector, or falling within acertain class
of 31ze,or'using & certaln technlque, can be grouped together. .
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Further, the aggregation might be carried out at a series of
stages. The first stage, which is concerned with the aggregation
of elementary agents into certain groups of agents, can be consi-
deredcas primary aggregation. The following stages canbe:eonsidered
as cases of secondary aggregation. In each of these stages the
aggregation 1s done over aggregates obtained through primary or
secondary aggregates to obtain more composite aggregates.

The same applies also to economic emtities. From the elementary
units we can construct groups of commodities such as food. ¥urther
composite units can be constructed from these latter, e.g. total con-
sumers' goods.While the aggregation ofggonomic agents usually envolves
simple processes of summation, the aggregation of economic entities is
generally more complicated. For example, it is not possible to add up
quantities of different commodities,even though their physical units
dre the same (e.g. tons). Index numbers are an attempt to approximate

~ quantity and; pitice composites. The abundant controversy around this

subject is a clear indication of its complexity, as well as its ambi-

guity. We have to observe also that the attempt to solve the index

numbers problem without reference to the exact context in which they
are to be used is responsible for many of their shortcomings.

Supp051ng that a convenient wnit of time (usually composite)
has been chosen; we still have to determine the level of measurement
of the other two aspects of economic veriables: Their combination
yields four ecategories
1., . Variables relating to elementary agents and elementary entities
2.  Variables relating tofglementary agents and composite entities;
3. Variables-relatihg to composite agents and elementary entities.

L. Variables relating to composite agents and composite entities.

In other words we have to consider cases ofxno aggregation; of aggre-
gation over entities, agents or both.

Eypes of Analysis:

It is customary, in economic analysis, to differentiate the micro
and the macro levels. Ideally the micro-snalysis will be concerned
with the interpretation of variablesof type(l) although this might

- be done with reference to variables of other types. On the other
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hand macro-économics is essentially concerned with the inter-
pretation of "broad aggregates", i.e., variables of type. (h).

‘We have to allocate types (2) and (3) to ‘either branch of ana-

lysis. This has to be done according to a precise definition of
the two branches, in an exhanstive and a mutuaily exclusive manner.

' Accofding %o Bﬁéhaw‘and Clower:(l)‘

'“Broadly speaklng, mi eroeconomi ¢ s is concerned, flrst with
speclfying alternative possible decisions that an lndiv1dual &co-
nomic unit  might make and, . second, with describing the process
by Whlch de0131ons are selected from ‘the admissible alternatives".

This, deflnltlon empha51zes tha declslon—maklng problem at the level
of the elementary agent, waever, it is not a universal one. Thus,
Hendérsewn and Quandt{? 2} would consider micrommics as: "the study
of the economic actions of individuals and well-defined groups of
individuals® This latter definition is more in line with the more
traditional subdivision of economics into price analysis and income

. analysis., 'The term "well-defined groups of individuals® can be seen

“to mean those groups ‘which are related 1o, an elementary entity
'Accordlngly this deflnltlon implies that microeconomics is essentially

the study of elementary entities whether in relation to elementary or

| 'comp051te agents.' It follows that macroeconomics would be "the gtudy

~ of broad’ aggregatﬂs such as total erployment and national income".

Therefore, microeconomics includes categories(l) and (3), while macro-
economies deals with (2) and (h). According to the former definition,

* microeconomics would deal with elementary agents, categories(l) and

(2), while macroeconomics deals with categories (3) and ()). Hence _
the study of market equlllbrlum for a single commodity was classified

- by Bushaw and Clower as macré-economic, while it was included by
'Henderson and Quandt in ‘their treatment of micro-economics.

(1)

(2)

e, o

e W, Bushaw and R. W.Clower: Introductlon o mathematlcal Economics,
. 102. Richard Trwin, 1957. ‘ : .

M. Henderson and R.E. QuandtokMicroeconomlc theory ~ A Mathematical
roach, p 2 JMe- graw Hill, 1958 .
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In justifying the need for a separate discipline for ﬁhe'study of
macro-eccnomies, Dernbiwrg and McDugall have emphasized the a%e?ts

rather them the entities aspect. They stress the fact thats 3

"Ageregate economic behaviour does not cqrrespbnd to the summmtion
of individual activities". .

What could be included in the ceteris paribus clause in micro-analysis
need not remain so in macro-economiec problems. In other words the
lists of exegenous and endogenous variables are different. According
to this point of view; the study of market eguilibrium belongsito the
field of macro-economics.  However, the awthors confined their monograph

- %o problems arising in comnection with category (L) only. The same

emphasis on the aspect of studying the behaviour and activities of ine-
dividuals as the criterion diff?f?ntlatlng micro- economlcs, appears
in many parts of the literaturel’/ However, a precise definition of
the two disciplines should be based on a better understandlng of the
role of aggregation.

The Need for Aggregationz

The sconomic theory of any model runs in micro- terms, baged on deci-
sions taken by elementary agents (5 ). This means that we basically -
possess micro-relationships, i.e., economic relationships explaining -
variables of type (1). In principle, there is no difficulty in for-
mulatlng such relationehlps and discussing their implications so long
a8 the analysis is partial. For a general study, i.e., the study-ef
the whole economy, we can always think of a model which encompasses

a whole setup of such micro-relationships. Such & model would imfact
be quite cumbérsoms . Further, there might be some need to concentrate
on certain aspects at the aggregate level.

Achor&ingiy it is found convenient to develop economic models on
the basls of broad aggregates whiech attempt at explaining variables
of category (1). On the other hand, econométric analysis might

3)
(1)

(5)

T. F. Demburg and D M. Mc Dougell: Macro-Economics - The measurement _
Analysis, and Qontrol of Aggregate Economlc Actlvity, p.2 MbGraw~Hill
1960. _

Seey. e.g. R.G.D. Allew: Mpthematical Economics; p. 694 Macmlllan -
1956; C. Abrsham and A Thomas: Microéconomie; Decisions Optimsles
dans I'Entreprise et dans la Nation, p—TK'Dunod, 1966

......

Allen, op. cit,
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make it necessary to reconstruct the micro-relations into a macro
form before subjecting them to empirical verification. For example
& micro~demand-function for a commodity such as wheat might be ex-
pressed in terms of individual income,wheat prices and the prices of
many related commodities. If we do not possess statistical informa-
tion at this micro level, we have to replace it by a macro-function,
in terms of aggregate income, wheat price and a general price index.

Both in economlc analysis and in economebric investigation the
question must be raised: What is the exact relationship between the
micro- and the macro-relationships? The present conditions are such
thet the two disciplines co-exist with little to. say about their cor-
respondence. GCenerally speaking, macro-analysis is made with no ex-
plieit reference to the underlylng mlcro—theory., Two approaches are
opens

1. The economist might refer to certaln "first principles™ - some-
times to direct observations - in order to build up a certain
hypothesis concerning & given macro-relationship. For example
the market law of demand has been formulated by Cournot long
ago. before Marshall 1ntroduced his micro-anelysis, based on
individual decisions. :

2. Alternatively, he might go through the existing stock of micro-
theory, indicaté the relevant factors then elaborates his
hypothesis through an implicit (mental) process of aggregation.
Thus from an investigation of the factors that affect individual
decisions on censumption expenditure, Keymes could derive his
macre propensity to consume. He also took into consideration
factors that might be at work at the mecro-level, such as the
effect of income redistribution, to allow for differences between
the micro-parameter values.,

If the two hypotheses - the micro and the macro - are to be con-
sistent, we have to make an. expllclt study of the degree by which the
one implies the other. Theoretical analysis could do without this im-
perative condition, but not always with success. The dangers of this
erude approach is best illustrated by the fallacy of copying a micro-
relationship between the rate of wages and the size of employment into
an exactly similar macrowrelationship.

The econometrlclan who attempts to estimate ecomomic models on the
basis of micro-theory but using macro-veriables faces the same damgers.
As we mentioned before, in an attempt to estimate the demand function
for wheat, he might build the observable maero-function in exactly the
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same form as the basic micro-function, substltutlng macro~ for
micro-variables. Before testing the empirical validity of the
hypothesis, he should test the new functiom for consistency with
the underlying economic theory. Otherwise he would be investiga- .
ting a completely‘new hypothesis without sufficient theoretical
investigation. In fact it was the careful attempt to bulld aggre—
gative econometric models on the basis of economic thecry, that
led klein to formulate the problewin its proper shape. (6 A num-
ber of anthors have since joined the controversy; and various eri-
teria and approaches had been suggested.

Approaches 1o Aggregation"l

In general, tWo main approaches can be dlstlngulshed(7)

1. To build up a macro~model which satisfies, the’ condltions of
miero- theory, and makes use of available statistical aggregates.

2. To derive an aggregated model from the micro-theory, then try
. to- construet the statistical aggregates consistent ‘with the
derived theoretical omnes.

To illustrate the +two approaches, let us assume that a micro- funcm
tion relates the dependent variable y to & number of explanatory
variables zj, such that we have for the i-th individnal

Further, avallable shtatistical data define certein aggregates, e.g.
of the form: : :
=2 s, 2 | (2)
3 _

32 5 z,

Where the s:; are given welghts; if they are equal to unity, we

Oly"r J

obteimmatubal sums. An aggregate equation similar to (1) in shape

and using variables (2) would be:.

(6)

{7

T.R, Klein: “Macroeconomlcs and the Theory of Rational Behav1or“

Economebtrica, vol. 1L, pp. 93-108
WRemarks on the Theory of Aggregation" - Econometrlca vol. 1h,

pp. 303-12.

L.E. Kleln° Economic Flyctuations in the Unlted States, 1921-1941

© . pp. 13-1L - John Wiley, 1950.



YT=a+ 2b 2. (3)
- 33
By aggregation we mean the analysis of the conditions under which )
(3) can be considered as an acceptable representation of the group
of equations (1). But aeeording to the second approach, we apply
the aggregation of ¥ to eguations (1) to obtein a macro-equation
consistent with them:

_ 3
Y -—2i' SOi ai+ 4 ?Soi bjizji

()
The last term need not be directly cbservable, since it is a func-
tion of the (unknown) miscro-parameters, Bven if the micro-para-~
meters are known a priori’ we might still be unable to estimate the
agegregates thus definsd since‘we‘do‘nottpossess cbgervations on the
micro-variables.  Another aifficulty arises from the fact that when
we attempt at building a multi-equational model, ‘the aggregates appro-
priate for each equation would be different from those relating to
another; since the micro-parameters are usually different. It should
be also noticed that any deviation from the linear form indicated

- would complicate the problem. o

Using malinvsud's ndtation(a)g lets

Yo = the set of elements ¥i containing the values of the depen~
dént micro-varisble. : oL S o

Zo = the set of clements g3 = (2745 ++eeviszyy ) containing the
values of explanatory micro-varisbles. . o

T = the set of elements Y containing the values of the dependent
macro-variable SR S | -

Z = the set of elements Z'= (Z1s5eaoes2 ),”contai@ing.the;

values of macrc explanatory variables.

Let £, be the transform (function) of Zo, imto Yo, i.e., the micro-
function; and £ the transform of 2 into Y. Further let g be the
transform of the micro-explanatory variables Zo into Z; and h the
“transform of ¥, into Y. Then the theory of aggregation means that
we have to state the conditions under which the following scheme is
consiatents - 7 P L

(8) E. Malinvaud: TL'Agerégation dans lss Moddles Economiques® - pp, 69-
146, Cahiers du Séminaire d'Econométrie, Paris, 1956.
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Zo fo ;Yo
g | . | n . (5)
A 4 : | | ‘ W
:f. .

The first approach assumes that f, as well as g and h are indepen-
dently given. It investigates the conditions under which a given
choice of f-would clese the scheme. The second approach assume s
that bath £, and h are given, and obtains f as a result of apply-
ing h to fo. The functions g thus derived are then reconciliated
to those which normally define Z as functions of Z,. :

Tt is. clear from the sbove discussion that any solution of the
problem is by necessity &f an approximative nature. For practical
reasons the first approach is preferred. But this need not lead to -
.a ¢lear-cut solution unless we apply the principles of the second
approach in order to judge the consistency of the results.

viL. The Tfeatment of ﬁisturbances:

Tt has been shown that whenever we have econometric investigation
in mind, the first approach would bg more convenient, since it re-
cognizes the full impgications of the given funetions g andh.
However, in the econometric formulation of economic relationships
due allowance should be given to the specification of the distrib-
utions of random distuibances involved. We want to indicate that
a complete solution of the sggregation problem should he based on
a consideration of the econom?tsic rather than the economic struc-
tures of the models envolved.\? S

Suppose that the equation for the i-th sndividual in period -
t 1s as followss _ . - a

Jag T @+ bRy tug . - ©

where 1 = 1;....,N,, hence the number of slementary agents is
variable over t. Equation (6) assumes similar economic structures
for simplification. To complete the specification of the econo-
metric structure, let us assume that for all’i and all t:

B(ug) = 0, Vo) =02 (D)

(9) See section I above.
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which means that we have similar economic structures and further,
if the micro-variables are observablé, then (6) will be suitable
for purposes of direct statistical estimation. -

Let us define the (observable) macro-variables acecording to
the following(functions g an h): . s

S Tigs Ly = Z,,’ Zits } (8)

BT
!

Ty

ory yy = Yp/Ny _ By T Iy

which are the aggregates and the corresponding per-capita values.
The problem of: aggregation is relatively simple: We have simply
to add over i and obbtain the macro-funetion f which would envolve
--the given macro-variables Y and Z:

Yo =a Ny +bZ, +U
t t t
| | o (9)
or, yy = a o+ bz, g
where, :
U-‘b = %jp‘it o ﬁ'b‘-' = U‘b/N‘t . (20)

"Theweconomic~aggregatién is rather trivial: function f'is exactly
similar to f, and all macro~variables are directly observable.

_ But from as econometric point of view we still haveteo dervie
the distribution of the aggregate disturbances (10). Assuming
that all Us are independent (with respect to"i), we haves

. R o ] 2
E{U = DJ . v{o =%, T
B@) =0, V(@) =1 g2

If Ny, is variable over time, the aggregate disturbances will noh
‘satisfy‘the,condition_of homo scedasticity; i.e., the constance of
variance for all points of observation.. In order to be able to

- estimate the macro-function we have ® transform it into a form
-satisfying that condition. ' S o

k't = ﬁ | | | (12)

Zets‘
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Define the new varisbles:.

M, =Ty = Ty |
gt.: z_t k‘l} = Z'E/kt ‘ : (13)
Then : , _
E(u) = 0 V(ut) = 0-2 = constant

Using these transformations we can replace (9) by the following
equation: : :

'f]tsa‘kt+b3t+ut - | | _(l-h)

which can be subjected to familiar methods of statisticel esti-

mation.

Thus if (6) is an equation expressing the individual propen-
gity to consume, then an aggregate equation of the same form:

Y,.b:a.""bzt"‘v«b

would be the exact correspondant. But when compared with«{9); it
would be found to violate the condition E(Uy) = 0. It is often
claimed that the use of this latter equation would overestimate the
parameter b, owing to the spurious correlation between ¥ and Z -
resulting from population changes. The use of per cepita values
is prefered since it eleminates the effect of N on the -economic
structure., However, it does mot follow that the per-capita form
is suitable for statistical estimation, since the disturbance 1s
heteroscedastic. If we insist on using per capita values for eésti-
mation, assuming that its disturbance has a constant variance,
V(i) = ¢ 2, then this implies that the micro-disturbances have a
variable variance: V(uyi) = o2 Ni. On the other hagd, if we use
the aggregated version of (9}, assuming V(Uy) = a?, then V(uit)
= 0‘2/Nt. _ . . i
If we deeide to use per cepita values - as is usually done - we
have to justify the increasing variability of the individual variances
I might be argued, for example, that the wider the market is, the
“greater will be the factors leading to deviations from the micro-
function relating consumption to income. Unless this is proved to
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be\irﬁeé equetien,(lh)ghaejto;be used for'eetimatioﬁ'ﬁurpaees.

A Sbecific'Eeonometfic Problems:

The present paper has been motlvated by.a spe01fic problem reised
. in connection with the research project undertaken by the I.W.P.C.

on perspectlve planning. In prOJectlng the demand for wheat and
other agricultural products, it was felt that it is important to
dccount for differences in the consumptlon patterns\ex;et;ng bet-
Ween rural and urben areas. On the other hand, there'is no direct
statistical information which enable the’ estimation of a separate
function for each region. The problem is to formilate a national
demand function which takes these differences into consideration,

‘and at the same time mekes usetﬁ'publlshed statistical aggregates.

We have to allow also for the fact that the analy51s 1s ‘based on
time series,: rather than cross—sectlonal data.

If we start from regional demand-functions them we have to deal
with a problem of secondary aggregation (10). Tt is preferable
to state the problem in a more general form starting from the -

micro-function$ themsélves. We assume that the total of Nt con-
sumers is composed of g groups (in the present case g = 2).

Each group contains Nsg individuals,*SO thats
3 S : S . 2 :
Ny = 20 Vi, Nig = ngg Ny, zzﬁit =1 (15)

The j-th individualin the i-th group acts aecordlng t0 & glven :
mlcro- demand functlon. _

Tige = 813 bif gt Uige , S (a8)

The mlcro—varlables denote the economlc varlables or’ any fune-

"tlon of them, 8.8, their 1ogarith1ns. In the former cage, we
: have a linear demand functlon, where the varlables a.reo

- yijt = the individual's eonsumptlonﬂ'i

Zs = the individual'!s income

it

uijt = a random residual..

(TOS See section III above.
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A1l veriables relate to the j=th individual, in the.}*h group;- at
year t. The overall function is obtained through summation over J
(= 1,2,....,N;34) end 1 {= 1,.....,g). The first summation gives
the group functions, and it can be considered as the process of
primary sgeregation. Tt will be shown in the followlng sections
that the knowledge of the micro-function is important for the
determination of group functions. Thus we have to investigate -
this process before deciding on the form of the group functions
themselves. The further summation over i ( = 1, 2,.;...g) gives
the required overall function. Since the size of population is
usually variable, as in (15), it would be preferable to express,'ﬁ
all equations on a per capita basis. :

Starting from the. micro—variables, we can define the group |
per capita variables as follows: : :

H

group per capita consumption

Fit. 55 yijt/Nit
TR A AT

Uy = :5 Jt/Nit : disturbances of per cgpita groﬁp-function

i}
i

group per capita income

all variables relating to group i at time t. For the whole S
economy, the everall per capita varlables, at year t, are

it

consumption

I
2y =_Z Z Zijt/Nt = Z Ny Zgy = income |

Uy ® zZuth/N Z ni‘b Uig

In some cages fUnctions of the m&cro-variables are used. The
application of the summation rule does not yield the shdve macro-
varlables directly. Since we are going to preserve the linear form
in those functlons of the variables, we have to stick to the summa-

~tlon rule. Therefore we have to relate the aggregates obtained
through this process to those given above, since it is these latter
that can be measured empirically. :

Z Z'Yi;,t/Nt =% ngg it

disturbance

If the functions of variables take the form of logarithms, -
their averaging will give geometiic means (or rather their logari-
thms). It is known that the geometric mean is somewhat smaller
than the corresponding arithmetic mean. We introduce the ratios
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between the two_means to relate our aggregates to those given
above., We shall“dehoheFtheigéometric means of z by g, and of

, them by n

y by h. .’“.'H ) * .
log gm = % 37 log .z )
it © Ny 4 ok ;
w 1 o : N T 2}
log Gy = zL_’ ny, log zgy ; )
'and,
1o hi =2 log. h | )
logh, =1 logh - = n,, logh ) (18)
g 'b ﬁ'b%;g g ijp % it € D3¢ )
log By = X nyy ‘logy,, )
Two types of relatlonships between these varlables will be con—-
51dered:
1. Relationships between group and overall variables.

Let"' :
dit e T ey - (19)

The averages of these r&tlos can be obtalned by weiéhting
Thus their arithmetic means ares .

1t‘ o
anb dit = ls an‘b &5y T 1 : . ) (20)
Their geometric meang are denoted by S E% 3
Log 8 g, log d; £ “log E %,' n, ‘log €4 {21)

The restrictions (20) on the values of these ratics show that
they are functions of ns ite This can be shown by first relat-
ing the group-per capita incomes to "some constant value, For
example, if z, is the overall per capita Income in the base
year (+ = 0); we can define the ratio D such thats

 éi£ = Dy By ' - Zt =Dy z, "'(22).

“then,

di4 = Dyy/Dys Dy ”Znit it (23)
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Similar relations can be obtained i‘or"thé’ e's.

Relationships between arithmetic and geometricr means.
Using the relations given in (17) and (18), we can sum-
marize the relations between the two sets of means as -

follows: -
Table (1)- Ratios of Geometric 0
Arithmetic means
| ,Avera.ging to h glves JRatio of |
N obtain frithmetic| Geometric|Arithmetic
varia-| over | means mean mean.. |to’geome-
_bles:.| of ' oo e bedeto
2350, | - d | groups Zs4 &t | Ty
z, i group z, - G 61:.'
it F(averaggs ‘ k b o
Z4 s i, 3 whole B " '
13t > (econdhw ' v gt'. Py
Vigp | 3 | erows | Ty bit, 14
Vit i | srowp | vy i By
- averages :
¥s . i,j | whole ¥ h -1 -q.
Sigt ‘ economy K k T

The_.ra‘bios. 8 a.nd € are the same aé -thosé defined in
(2%). This can be showm as followss :

£

10 g Gy

Similarly for H.. Further, let us introduce:

; B, . log 24 :'? n, 4 103,(‘-31%, By )

log Zy +% L log djg < 1og zy + 1o_g S-.b

log Rt =¥ni'b log Tyl log St.= _Z"'nit"log Sy - (24)

Thus R and S are the geometric means of the corresponding . '

ratios. Then,
- q, -
Py = 8 Ry, b =

Tor éxamplet

(25)
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=10g Gy + Tog Ry = log 7, + log &, + log Ry,

= logzy + log Py
hence, - log pf‘.b- = 10%'.,8-1-, + log RJG o

We shall deal also with power functions of the varisbles. -
For example, if the micro-function envolves the squares of
individual incomes, the spplication of the summation process
leads to sums of squares which are not usually observable,
.Since the definition of the varience envolves such. sums, we
can overcome this difficulty by introducing the variances, V2
for z and W2 for y. It follows that: = .

1,2 42, 2 o

m’it'§ gy T Vg T %y ; o

1 2 2 2 ) - (26)
’ ‘ = W., + v : RN o ‘ -
ﬁ.i z:l: yijt St yi’b )

Averaging for thé whole economy Wé obtains ~

N,Eg"zijt ‘“E.’?i.t.f‘,’it fz':-nit iy g
} I e g Y2 2. .
=Vt (?v;nit TUENL A * P, =, (27)
A similer relation can be established for y.

The abbve approach does not solve completely all our problems.

In fact these problems are thrown into the ratios and paramters

introduced. We have to set rules for egtimating them, or atileast
to formulate working hypotheses whieh would enable us to approxi-
~mate them. The following section gives the set of alternative &u:

- assumptions to which we:shall refer later,
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Alternative Assumptionss:

The general funetion (16) considered before, and the process of
aggregation of variables raise the need to state gome assumptions -
m.th regards to:

1. The types of economic structures of t.he m:.cro-functions. S

2. The distribution of population among groups..

3. The distribution of income ; . o
L. The distribution of residual elements. _ _' o |

Iet us consider each of these aspec’c.s.

By the economic structure we mean the natuge of variables

envolved, and the specification of their parameters. We shall

deal with the various types of functions of the variablies in the
following sections. As regards the parameters we consider t.he
follomng alternative assumptions:

Assumptions A: rela.ting to the .individual structures

(A/1): A1l individual structures are different, which means that
a1l micro-parameters are differemt, as in (16). ‘But the
members of any group follow the same average behaviour at
all points of timel Thus if a;, and bj, are group para-
meters in the base year, we have, for all t:

1
Za =8y, T Z.b- 'bi (28)
(A72): A1l individuals w:.th:.n group follow the same economic

- structures: . _
1558 . bigEhL ) (29)

(4/3): All mdlviduals in the whole economy follow 'l:.he game econo-
~mic structure:

a;; = a " bys = b ' B F30)
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_ The second group of assumptions relates to the distribution
of population over groups, which is, usually, variableover time.
In general there will be enough informetion bserve it. If this

is not availablie, we might depend om some points of observation.

to estimate it over time by means of certain relationships assumeds

Assumptions B: relating to %he‘distribution of'population among

groupas

(B{ll: ‘Pqpulation distribution varies over time as a linear func-

(B£2):

“tion of a variable x, whieh itself is. & given function.of
time: B ' ' '

By = Mo f Mgy xy (31)
. The parameters m are assumed to be- given, and satisfy the
~ conditionss :
ZLmy, =1, Smy o 7 (32)
L

Population distribution remaing constant over time:

Nyt = My, _ %mi =1 , - (33)

In the case g = 2, it will be shown that these tuwo alternatives

are sufficient to Gover 21l possibilities. -

The third group of assumptions relates to the distribubion
of income both among groups and among individuals, - The following
characteristics of this distribubion are %o be consziderads
a-  The group per capita incomes, already defined by (19)-(23).

b-  The variances of relative per capita incomes within group,
- -or the coefficients of variation of absolute fncomes. -
¢~  The variances of alsolute per capita incomes within groups,

d- = The nature of the above two parameters im the special case
- of-alog-normal distribution. . - S

Assumptions (C): Relating to group per capita incomes

(c/1);

Per capita group incomes hold given,but variable,ratios
to each other: We shall assume that the.Dit defined in
(22) are linear functions of some given time function,
ft (Bégug ft = t)n
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The coefficients d can, for example, be estimated from an
analysis of results of (at least two) semple surveys. Given
the values of nyy by assumptions (B), we obtain, by (23)

diy = Dy4/Des Dy =& dj D3y * 25 dig Ty Pit -
‘which can be substituted in (19) to define zgy once z, is
known. - ' ‘

(C/2): Per capita gnmq;fincomes'hold'consﬁant'reiationé to each
~ other. In this case: L ‘

Dig = d1s Gy =4/l 5
which is the same as (3h) with d; = dj, and dyq = 0.

Assumptioﬂs Dt relating to the va.riancei}2 pf the relative.incoﬁg

(D/1):: A11 groﬁp variances are equal, but .change over time‘in-a‘

given way:
T e _ a2 e
Var (aygy /agy) ST TV (36)
(D/2)s A1l group variances differ from each other but remain:cons-
L L chantiover time: o '
. . g2 o2 ' ' R
Var ;Zijt/zit) =Wy, =VE | (37)

(D/3): A1l group variances are both constent and equal
_ L2 a2 R Z
Assumptions E: Relating to the varlance V2 of the absolute income

distribution. Clven V, then v will be in fact the coefficlent of
variation of obsolute income. Thus: o

Var (zijt) -vit vy S ._(39}). o
It is cleayp that even when the coefficient v is constant the
variance ¥ will be still variable. ' - - S
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(E/1):  Group variances are equal but variable over time:

5 2 T
Var (z35:) = vy = U, - (#Q)

(E/2)s Group variances differ but remein constants
.Var (Zij't'-) = Vi"h = Vi ! , o (hl)

(B/3)s Group_vﬁriénceé are equal and constant: ;

Var (Zijt) = Vit = y2 - = S (h2)

These three alternatives are formally similar to those of (D). -
However relation (39) gives variable values of V for all variants

of (D). Conversely assumptions (E) give variable values, ¥,

el » . ‘ 3
for the coefficient of variation. In a sense the two assump%ions

are complementary@w‘”\ T i -

Assuiption 3| Group incomes ars lpgnormally distributed. Tn other

words:

e u e)

This assETgtion is substantiated by ‘the findingsbf empirical

studies( Moreover, its application to the distribution of

incomes within groups is further Justified by the following re-

mark by Aitchison and Brown: (12

"The more hamogeneous'the group of income participénts
is, the mpre likely is the lognormal curve to yield
2 'good description of income distributions

{11} See, e.2., L. Klain: 4 Téﬁtbbok'df:Eccnémetricég-ﬁ. L6, Row,

Peterson, 1953; also, J.Altchison amd J.A.C. Brown: The Tog-

Normal Distribution, Ch. 11, Cambridge, 1957.

(22) op. “cit., p. 1i8.
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According to this asmlmption, we have by (L3) and (17)

M= log gy - . (hh)
Further, it is known(13)that: | -
1 _.
og Zit ﬂ’c 1 eit | , | (L5)

It follows that the ratio ryy def:.ned in Table (l) satlsfies the
relat:l.onsh:l.p.

log rit, T - %G I - (hé).
Also, it is known(l3) that the var:.a.nce of 5 is: |
Thus if the coeffifient of variation is given, all r‘el,e'vant* para- -

meters can be determined, provided that the raties d;, are known.
The following rela'blonshins can be easily der:.ved. '

6= Y 10e B + )
riy ¥ 1/V j_-l—,"’l ,

L}]

log =y + log djy - log vgt +1 (18)

Ht
log g :Zni’q P =/
log Py = /Lb - log 3z

gt‘znit log Y v 2t 1

It is clear that the alternative assumptions (D) have their corres-
pond.lng implications for @ and r.

Vig T Vg eit = % ‘J log : (V,t +1) o
'\[llog_ (v; +1) -
'«bg- (v?’l+ 1)y

1}

L& n)
i

vi‘t = 'V'i . . ei-'b = 6

Vit T v 6

il
@D
. Il.

it

(13) 1Ibid, p. 8
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v2f = 0.60."
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ose that ina case g = 2
Dyp = 2, Doy = 15

Using the :above :fo
es, knowing that zy = 100% .

f

» it was found for a given

niy = 1/3, noy = 2/3 and V44 = 0.75
rmylae we can derive the following_.:_

of

VaTues Tor 1= Veriables Tor Trs

Variables.| 1 2 .. Whole economy

n 1/3 2/3

D 2 1

d 1.5 0.75 . Data

v 0.75 0.60

9 0.668 | o.555 | |

r 0.798 0.8575 L
log r -0.0969 | ~0.0668 log R = =0.0768
log z - 5.0106 b3 log z = }.6052

Mo h.9137 L.2507 Moo= LTy
Tt follows thats .

lgg'p.b = log z; -/.'{E'E 16381; + log Rt

Hence, p£ ﬁ 0

This means that given‘zt we can esti
in the aggregate function,
value of log py is obtaine
the values of log z354 are

that diy and gy are given: .

1gg Zyg T 19g‘dit'+ log zy .

o875’o

by subtrac

mate log gy = 4
cting log py frof
dwawmghgst@dhg%;mmmemm
calculated on the basis of the assumption

= ='0.1335

s which figﬂres
log'zt. The

Effects of Aggregition on Distufbances -

The last set of a
£0 the distributi

JEidn_ié festric$eth6Kb
S, '

on of

disturbances, U
im?&e'summatign,

séumpiions'ﬁeﬁtionéd'iﬁ the“previcuslsegtiqh re1ates
154+ If the process of aggrega-
Jﬁhe

aggregate disturbances will

Bro aisturbencas, uyy = Ty iy

oversll disturbance,. gy = S u:L_jt/Nt = Znit ujy
nL ‘J *u
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This means that if we specify the‘charactéristics'Qf‘fhe distri{
bution of the micro-disturbances, those of the;macrO'ohes'will
follow. The following assumptions will be be made: ‘

E (uyep) = O (all 4, J, t) Yy
j fgfjﬁ A j% aﬂ';-J' D D ¢ 1-) I
=0 (h f i) )

Cov. (‘uijt’,uhkt)

A minimum specification requires the determination of. varisnces.
The most general assumption would allow all individual variances
to be both different and variable. Let A jy be given positive
factors. It is assumed that: . o

Var (ujsq) = Mige @2 L 5oy
Defining the Wéighted averages: :

N R I, Av= 1 3TN =%'nig7\g;; G

| W v '
We can express the aggregate variances as foilbws:
Var (u;4) =(1/Nit)uzy‘ijt0’ 2 = (1/Mie) ?\itcrz o (52)
Var (5,) =2:n nd, Ver (uy) = OWMAy o ® (53)

‘This means that the aggregate functions obtained by means of simple
summation will not have constant variances. They have o be ade-
quately transformed before being put to statistical egtimation.
This is done through mulbiplication by a factor similar to that
defined by {12), nemely: . : 3 '

k;., = N;-, /NNy Ay =Ny /Y TNy Ay 7 Nt-/.‘f ??"Ut (L)

This multiplication transforms the variables intd-érfqrm'simiiar
to that given.in_(13). : - S

- “To maintain 1linarity: of estimates, we have to determine.
7\i in some given way. This leads to the introduction of some
simgiifying_assumptions. In the present case, of consumption be-
haviour, we can make use of an observation frequently noticed in -
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lconsumers' surveys, peintlng to the fact that the variability of
behaviour is an increasing function of the level of income.(1ll)

Assumption (1): Individual disturbances have variable and dif-
ferent varlances, proportlonate to 1nd1vidual 1ncomess_

7\13t 2ijt (55)

To estimate the mlcro-functions, we have to divide - throughout
by the square—rnat of income, Further, L

'The_faetor ki defined above becomes,

ky =N Wy e

Aséumpﬁion (2) Individual disturbances have variable and dif-
ferent variances, proportionate to the squares. of individual

incomes: 5 : ;
7\ijt :,zijt (57)

__:U51ng (26) and (39), we can substitute in (Sh) to obtain.
Tk s th /5_3 ng, 22, “hen - (s8)

This can be calculated once we posséss information on the v's

‘and thé d'e. The relevent variants of assumptions (€) and (D)
or- (E) have Lo be used. Ounly when ngy = mi, dj4 = ds, and
11; =¥, €an. a factor of the form, . '

kt“\l—;/zf,

be‘justified;"

L) See,'e.g.- L. Kleln, et al° @onstrlbutions of Survey Methods to
- Economics, chs. IV and V, especially, pp. 161-168, 212, and 232
,Colombla, 195h
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Assumption (3)}: Individual disturbances are similar Wlthin groups,
but differ among groups; they vary over tlme.

Mg =My o -:(59')--'
Then the factor k becomes: ' | ' E
Ky = ANy /T my Ay
as in (54). . In the special case: -

')\ijf' = By

‘We are in the same position as in assumptlon (1). Formula (56)
applies. : .

Assumption (4): Individual disturbances have constant and similar
variances within groups, but differ among groups: :

Aigp = Ay | S ~(60)

This can be substituted in (5l) to obtain k. For example we might
obtain information on ?\1 from some sample survey, and assume them
to remain constent. Alternatively if we assume them proportionate
to di defined in (35), we can substltute the estimates of the se
latter.

Assumﬁtion (5)! Group dlsturbances have constant and equal variances:

_ 2 _ o
Var (ult) S .3 (@;)
This means that: .
o = Wis. - 2
Aige = Aug = Moo }t“Nt.z,Fni,t
The overall function has 4o be multiplied by _ _
su/EE, (e

Asgumption (6): All individual disturbances have eonstant and
equal variances. Then: _ _

';?\ijt :Ait :?\t'z 1 (63)




This is the simplest, but most restrictive assumptlon. The
-relevant formula for k-is (12), :

Comm ‘
which had been obtained in g similar case.
Assumption (7): The direct use of overall per capita value

T -

assumes that’

Var (8) = o7 % BTN (7S
This implies that 7

ijt ‘Ait\ = A v = N | " (65)
In other words

Var (ul.]t = Nto‘ s Var (uit) —O‘Z/ni-t

This means that -the smaller the size of a group the 1arger will
be its variance, The variance will'be a maximum for a group of
size one, namely an individual.® As the sigzé of population in-
creases, -the variance of a group will remain the samée so long as
its relative size does not change, while individual variances
1ncrease.3uch an 1mp11ed hypoth951s has to be. Justlfled.

The 11near,Forms General Casge:

Suppose that the mlcro#relatlonshlps between the economic
variables y and z are linear, assuming the general form (16).
As had been shown in Assumptiong (A), some slmpllflcatlon of
that functién “can be introdiced by assuming a certain degree:
of 51mllar1ty of mlcroustructures. Such a similarity might be
assumed only for averages over groups, or for individuals within
a group or the whole economy., We shall investigate first the
group functiong derived under:the various alternatlves of as-

sumptions (4).

If assumptlon (4/1) is satlsfled, the aggregatlon over
members of one group gives:

— % b, |
51 b.. %,. + U,
Nit ;- 13 _' Nit q ij Tijt it

¥ip

+ Q.
i

H
@
+
o
X
+
o
Va9
o
i
o
|
S
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‘where a;, and b, ‘are the 4verage group pérémetgrs-defined by (28).
It follows that the last term but one represents the covariance of
the b's and z's. Denotlng by éﬁt thé corfesponding cbrrelati§n coef-
flClent, and by Cgi and V, 4 the standard_deviations_pf;b'anq.ﬁéiwg
have @ ‘ '

it Z (Byy = Biod Bigp = 'f?it-_o—bi ; ‘_{it‘-;."
If it could be assumed that the correlation coefficient is stable
over 1, =0 that 0113 e for a.ll t, we can wrlte . :

bil- = pit"' G-bi S : o . (66)
If follows that the cOVarlance will’ be proportionate to the standard
deviation V of the z's. ‘ :

In fact, there is ev1dence from consumers' sample surveys p01n—
ting to such a possibility. If we accept the relative-income bypos
thesis, we can think of the correlation coefficient as measuring the
relationships between the b's and the relative- incomes Wl;t / . it

‘Substltutlng from (39), we can rewrite the covariance term in ferms of
var V. Using v and 1ntrodu01ng assumption (D/1), we can write the ‘
group functiong as @

on,

CTgy magy v by + By V) By it &7
‘But using V and assumlng (E/l) they become
Yig = 840 * bio Big * gy Vi * Uit o (68) .

As menﬁibned before assuming v, for all groups implies a variable
vit and vice versa. : O

Assumptlon (A/a) means that all b ='bio = bi_saj,;aﬁd:the’
- group functlons are ¢ S "

.yit = 2 *"-bi tit.:*- LYV o _(69)
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This function can also be assumed for those cases of (A/1)
where other variants of (D) or (E) apply. For example, if we
assume (D/z) or (D/}) we can write

bi = “bio + bil‘vi e O, hi = bio +-bil v

io°
we€ can write:

then put a, .= a;. On the other hand, if we assuue (8/2) or (B/3),

&. = a,. . V‘13  or S a, = é 3 B.
i-7 “io il tire e i io- i1V

and put b =be In either case we ohteain an eguation similar to

(69) . w1th the approprlate 1nterpretatlon of the paramet ers.

Flnally, assumptlon (A/}) of 51mllar structures over the whole
economy leads to the slmple group functlon :

'.xit =a + B 5 *V'Fit (703

Let us now dlscuss the 1mp11cat10ns of these four group functions
w1th ‘respect to. the overall functlon. :

The following notatlen willfbe used ﬁ

| % T 2‘: %50 Tio S 0(1 - Zi éio B33

*1310 = 21\ Pio Mo %0 /820 =i; Pi1 Mo Y10

Fll i Pio Pi1 %40 /821 = 2;‘ Pi M 44

) R . (71)

/812 = % Pio Mio %i1 _/822 __ -514' bi1r M 443

ﬁl} - ’3 Pio M1 Y41 Pes = Zi i1 My 4

o = Poso, .
ﬁm = Pio/ b, /520 = [%0/ D

S
1]
M
o

‘-!
H
B
.‘_I
o
ind
H
M
=
[...I
(]
=
[
=t
e



where D is the value of Dt defined 1n (35) in the. speclal case of
assumptions (B/2) and (cr/2), namely L

= Zl' ag my Dy = I a4y, myy zi:dii.;ft'ni't (72).

case (1) ¢

v o gt v v e
SEDDEINTS

Micro-structures different, assumptlons (A/l) and. (D/l)._ The
group . functions are (£7). PFour sub-€lasses can be. distinguished,
on the basis of alternatives of assumptlons (B) and (c). :

Case (1/i): Assumptlons (B/l) and (C/l)

X, +_O(1 x. ) + ()810 +}911 x /512 ft +/813 X, ft) 'zt*_/_.Dt

* (1820’*/821 X * 22 Ly ﬁas X £V 2/ Dy D, R N2
Assuming all varigbles envolved are observable, we stlll have to.. .
estimate ten rather’ thati two (as in the micro-~function) or three
(as in the group function) paraméters, Further the miltiplicative
way in which the variables. enier, raise certain statistical dif-
ficulties, These difficulties are further complicated if the ex-
pressions 4, t-and n.. in (22) and (31) contain stochastic elements.

On the other hand, the linear transformations given by (71) put some
conditions om the matrix of transformation itself.. It can be easily
seen that if the macro-parameters are to be linearly independemt then
g ‘should be at least 4. For smaller values of g we have to solve.

(71) for linear restrictions on the parameters ﬂa (k 0,1 2,3).
This will be illustrated later for the case g = 2. -

Case (l/ii) : Assumptionsﬁ(B/l) and (C/2):
y‘t‘ = ( %+ % %I+ <13-m +-1811 x,) 2/ Dy |
+( o0 /621 x';)“'” e/ Dy @y o '  . )

Here we allow for variation in population dlstrlbutlon, but assume
group per capita incomes. to move proportlonately. :
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Case (1/iii): Assumptions (B/2) and (C/1)
Ty = e (/610 */812 £,0 24/Dy

z. ./ Dt + U

In this case, as in the preceding one, there will be no linear
restrictions on theﬁ’s, for any g2 2. '

Case (1/iv): Assumptiouns (8/2) and (C/2)9
. ' : P ‘ -
Ty = Xy /819."/820 Ty Ay e by (76)

This is quite similar to the group functions, But it is valid
enly under very restrictive assumptions,

il e ———
P o s P oy oty

Micro-structures different; assumptions (A/1) and (B/1l). The
group function is (68), and the following forms' of the averall func-
tion can be distinguished 3 , o
Case (2/1) = TAssumptiohs (B/1) and (C/1) i
Vg = (X + % )+ (S */511"% *f1p Ly *,"/@1'3 %y £y 270y

* Yt E) e E -8

Case (2/ii): Assumptions (B/1) and (G/2):
Vg = (0 +00 x.) 4 (/6’10 *lglrxt)'zt/% YAV AR A B

(78).

Case (2/iii): Assumptiong (B/é) and (C/1): . »
N Y - PR REW Py + UV, vy o (79).

Case (2/iv)§ Assumpﬁiohs.(B/?) and (C/2):

- ’
Ty = X */é)O;. 2t Vs v, | (80)
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Again it is case (iv) whlch reseywbles the group functlons, though
it is wvalid under very restrlctive assumpt lons.

Case (3)

The group fumction is of the form (69), whlch arises under :
assumption (4/2); or assumpﬁlon (A/1) together w1th (b/2), (D/}),
(E/a) or (B/3). " Aggregatlon givas: ‘

Z % P 2 by 3y nit'*f'ﬁt
This is similar_to case (2) wiyh_the exclusion of.term in‘Vt; ‘-The
following four sub—cases can be distinguished,
Case (3/3) : Assumptions (B/1) and (C/1): S
= (o(o +Q(1 xt_) + (’/26 +ﬁl xt.-pﬁé’ t /gj Xy ft) zt/'P‘t + ‘ﬁt
C e

The 5'5 are the same as F%k deflned in (71), dr0pp1ng “the subscript
from the }3'5 and the b'sy . o

' Case (3/ii): Assumptions (B/l) and (0/2):

v, = (0¢, +0(. x. ) + (/B /31 xt) z,/ D, + ut S (82)
Case (3/iii): Assumptlons (8/2) and e/ R '7
¥y = + ( /g f% ./ Dy +. ut‘_ f ' - (83)

Case (3/iv) 3 Assumpthns (B/2) and (c/2) _
¥, = &, +/8;a,t'+"ﬁ£ I o 8k

‘Apart. from this last sub-tase, the overall function dlffers from . ‘
~the group functions, and the variable Z_ does not appear alone ln o

any ‘term, at least it has to be divided by Dt

Case (&) ¢

i B i - v

Mlcro~structures are 51m11ar for the whole economy. .The group
functions (70) have the ‘same struc+ure, and the same applles to the
overall functlon : S o _

yj_b._: 'a'+ b‘zt +u£ o . (85)
This holds true 1rrespect1ve of the alternatlves of assumptlons

(B) and {(C).
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To conclude, the assumpbion that aggregate demand is'a linear
function of aggregate function only does not follow from the micro-
theory, except under very restrictive assumptions, as in (84) and
(85). Cases (1) and (2) lead to very complicated, but still linear,
funetions, It could be argued that.case (3) might give a plausible
approximation, especially as it holds under a number of alternative
assumptionss Further, since the basic idea of grouping is to re-
present  the behaviour of similar individuals by that of a spingle
group, assumption (A/2) seems to be a reasonable starting point,
Since the distribution of .population among groups is usually subject
to change, we have to wse {B8l) or at least (82), - - S

B f§§ib?th509§9§;éi‘és &t/.Dﬁ rather thaﬁ,mt which appears as
all explanatory variable., Information on x, can be easily obtained
from the analysis of population data, usually more readily available.
“Orie “the .Gther Hand, thé behavidur 'of > , Tthrough 1 , can be estimated
- from other S0Urces, .g8., sample survey daia, or income~tax statis-
ties, It should be remembered that the‘degree of approximation is

'_relgtivély,high'in this latter case,. which raises the problem of
' ﬁfeating”ﬁhe errors in obsexvat;on‘in the explaqééfry'Variaﬁlasy
.X$i=-'Eggﬂhinegy'Fo;gi_3§ec§g;‘Casélg z_gi: o
.The4pr95enﬁ papéf‘hﬁé'been iﬁitiﬁte&f%y'the need for a study
of the aggregation problem in an economy composed of two groups:

1, for rural population
2 y for urban population

i
| i o
It is worthwhile to.study this special case, since,it-oﬁfe;sderﬁain
simplifications and envolves some restrictions on the parameters,
as mentioned in the previous section, :

nu

~ Assumpbions (&), (D), (B) and (F) do not raise any parficu-
lar problems, Let us therefore consider assumption (B). Suppose
ve put %, = n,.. . Then (31) can be explicitly written as follows:

B, = 1 = n = 1 -x : .g g S E §86}
Hnece, .

Wg = 1, m,o., = = 1, m,. = O, L = 1



' comes, €.g., % jge - Let Blt be-the ratios of ait,tc;&it. Then :
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 Assumption (B/a) means that xt in this case is a constant. = X

say, which can be considered as the Value of x, at the base perlod.

Then (33) gives :
m1 =1 ﬁ'ga = 1 --xéf‘ _ I m2 = jxo_ i.(&?}
Assumption (C) can be expressed'in terms of one of ﬁhe,gfoup in-

L4

Dt = 1 + [kdo - 1)+ d, £ }

where n,, is equal to either x, or xo, according to the variant of

of assumptlon (B) assumed., Hence,

g = By -/ D, s o %at_z.(do +d) £} =7/ Dy :i(BB)
In qther.wofds, ‘ ;

The varlable z / Dt flgurlng 1n the overall functlons of the pre~

- v1ous section ls. 1n fact, zlt under the present assumption. If

(c/a) is assumed, we igrore f and write :

4 = ,at/-zlt Py =le @ -1y
,EquétionsJ(BB) become 1 _
21t Zy/ Dy | Zop T4 2/ D) (89)

whiich means that: 7 o . _ |
le =1, 0 dy é,_O.; - 4o é_d, o ‘dal = Q E
If ny, are constant as in (87), D, will be also censtant.

The éésés censideréd in the previous section are reduced
to the following @
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i

Case (1) 3

T e e s e e e
G2t s . i s

Group functions are (67); (a/1) and (D/1)
Case (1/i) s Assumptions (B/1) and (Q/1),

The magro-parameiers in (71} become s

o - R SRS
Pio = 0 | /GEO = by
i o= (4 by, BT LA fé%l =, by - byy)
: b(90)

fra = ° e ST r./Baé =0

b - N = vy P11

R
b
(H]
PN
i
o
58]
o
H
[T
c-'.

H
o
"

o

i

o

Yo

It is clear that these parameters satisfy the following limear res-
trictions ‘ C ‘ '

Pl{e =0, /61{3': 4/ 8, (ﬁkl Bod S (91)

Yo ' P20 . %ﬁ, = Dgal "?(3_‘ ".do-_) ,\20] /4, '

‘where k = 1 gnd 2,‘ Notice, however, th? the res_trictiens on the

’s are irrelevant since they replace £,.. :

Le us introduce the following composite. variabless

ot T ;xt R : D - .,1
Xlt = (do '#.d.l .Kt fF):‘z:t‘:\/ dG:‘.D"I? : | |
xaj; = (dg' Xt + dl- }Et'_ftt). 'Z,.b/' da Dt, | - S R h (92)
3T ey o S (
Ty T Fay Yy |
4.
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The overall function is 3

¥, =&, *“1"0*/816-".11;‘* /8_11 X2t

¥ /%o 34 */321 Byt Y OB
Cése‘gl[iiz s Assumpbions (B/1) and (C/2)s . . _
' In this case we have to put d, = Oand d =d in (90) and (91).
This means that the same restrictions hold with the exception thatd

Hence we do not need to introduce the transformations (92); in fact
if we do, they will be redundant, since dl = 0., The overall funection ..

ig exactly the same as (74), valid for the general case, It is exactly
similar to (93);if'we1definef(92) for the case dl = 0. S

Ca.se gl/iii}x Aséumptions (B/2) and (C/1)

In this case we can apply (?5)'as in the general case with the £01.J0w~
ing interpretation of the parameters: )

o = ap+X%, (aa - al) _ 0& = 0

Fio = P10+ ¥ (4o P20 " P10 P = O

/312 = 4y ]‘f’_ao %o /813 = 0 95)
Boo = Prin* % 4o Par T CTCA /Qzl =9

(822 = & Py %o o Py = O

Y, = Pyt xo__'(sz_ - bll)f ' : '}/1' = 0

Apart from %the zero-value conditions, the only 1inear restriction

ig that of = _ , ) | .
% = /gzo "‘/822 A -4,/ 4 o (963

which again is irrelevant since'q/; replaces the 6oefficienﬁ5/é;k-'

.
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The overall function is exacily the same as (78, which
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Case (1/iv) : Assumptions (B/2) and (C/2)

.Defln;ng-}gko ;_fgkajﬁn, as in {?1),—wh§re
Daz/ir¢.x €d = 1) S (9?)

the parameters defined accordlng to (95). No

age, do,% d and dl'" 0, which . 1mplles that

=0 (k= 1, 2). The restriction (96) is ;rrelevante

Case (2)' 3.

e e o s vt o e oy

we can use (76) with
that in the present ¢

/

Assumptions (Aflﬁ-%ﬂ@.(Efl) |
Case (2/i): Assumpt‘ién-s (BAL) and (C/1).

Equations (77} can be rewritten ag follows g ) ‘ 2
(o‘ *%xot)*/gm Km"'/gll gt”'('f %Kgﬂv + Uy

(98)

where the coefficients are defimed accordinmg to (90), aud the vari»
ables Xope ¥q, and X,y aT€ deflned accordlng to (92).

Case (2/i1)s 'Asﬁuﬁptidns (B/1) axd (c/m '

iz similar
to (98) with the. deflnltlon of the x's taklng into conslderation
th.at dl = 00 ; T :

Case gaglli)s Assumptlens {B/a) and (c/l)

The overall funchion iz the same as (79)9 wlth ﬁha caefficieﬁts Sa=
tlsfylng (95)o o ‘ s : o

Cage . gaglvg 3 Assumpt;ons (B/2) and (C/Z)o

Bquation (80) applies with the definitions of parameters as in (95),

tlcé-
oy
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vl
_aRemem s amaT

_ Assumption (A/1) together with (D/2), (D/3), (B/2) or (E/3),
or assumption (A/2). The overall functions can be easily derived
from those of the general case, taking into consideration the condi-
tions of case (1) of the present section. Thus : '

Case (3/3i) : Assumptions (B/1) and (C/1)
Fy = (0 O x ) '/60 13 * /81'x2t tou (99)

where the variables x are defined by (92) and the coefficiemts fgk
are the same as 1k in (90), (k = 0, 1), ’

Cage ii): Assumptions (B/1) and (C/2):
The overall function is the same as (82), with the same ihterpreﬁaw

tion of coefficients as in the previous sub-case,

Case (3/iii1) : Assumptions (B/2) and (C/L):

Equation (83) can be used with coefficients defined by (95), /811«:
being replaced by ngo . E

Case (3/iv)s: Aséumptions (B/2) and.(C/Q) _
Eguation (84) applies with ﬁ:’ = /310/ D, defined according to (95)
and (97). .

Case (&) 3 Assumption (A/3), for any (B) or (C) The overall function
SoTooomms is (85), B ‘

In spite of the simplificationg qffered by the condition that
g = 2, the variety of overall functions is rather startling. To
ensure homoscedasticity we still have to apply the trangformations
suggested in section IX. Problems of estimation are not compleiely
solved this way, owing to the possibilities of introducing observa-
tion errors through such transformations. :

XIIT - The Parabolic Form :

et i e e D E——
e e St . e i 2 S R e S D e

Suppese that y is a quadratic function of z., such that the
micro-functions, according to assumption (A/1l) become :

. o 5 2 '
Y., =a.., +b.. z... + cij zijt + uijt _ (100)
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- It has been shown that tha agsumption of completely different structur-s
leads - even in the linear case - to a number of complications; and that it
would be guite reascnable %o assume similarity: within groups: '

_ 0 .
Yijt = a1 + by Zyge T CL gy U3 44 | (101)
Using the notation for the variance of income, (39}, and knowing tha
1 | 2 L 2 + 2 - o,
Et3 - b V 2
Ny %? _Zijt fig it . (10 )

We can obtain the group functions under assumption (A/2) leading to (101):

- (2 L g2 . |
Y T A T By oyt ey (Zit *V5p) * Uy - (103)

The overall function is:

- _ - 2
Tpm2es mgy * Aby myyoagy + Dog nyg (a5, +VE) ¢ Gy
L
This en?91vesx

1. Popilation distribution which is generally variable over time, in a
known way. Hence it is necessary to consider both alternatives of
assumption (B), of section XL o :

2, Group incomes and their squares. The variability introduced by assump-
tion (C/1) leads to quite complicated formulse for incomes and squares.
It seems reasonasble tc assume (C/2) which is a good approximation, at
- least over limited periods. o :
3. CGroup variances, which were assumed under assumption (E) o gatisfy
certain restrictions. If it is considered better to sasume these res-
trictions as satisfied by the coefficient of variation, it would he

preferable to introduce assumption (D) instead. This means that we
_ replace V by vz as in (39).

Accordingly the following cases can be distinguished
Case (1): Asswmptions (4/2), (B/1), and (0/2)8,
The following notation for the macro~parameters will be used:
o%";Z?'f_ai Mo .0(1=§&1m11
2 : _ (e 13
0{2 %aimio"(_vi+l) 0(3"\%&1 m (Vifl)_ $

3]
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| /Bc-’zszt:bimiddi | P A " oy
,YQ ) % °t Mo /}/1 ='§|ci m 4

Ve T cimi'od: V=2 comydy
VizBoear, 030D YT e 07

The notation for parameters envolving v or V will remain the same in
the cases where they are equal for all i.

Case (1/i): Assumption (B/1):
gy = (0 +0f xp) + {/Bo * /81 xg) 24/Dg
+ (), N ZED A (Yo * 7 =) a2+ g, (105)
where, as before,
Dy =X 4 n,
Cage (31/i1)s Assumption (D/1)
vy = (% selyzy) ¢ (s ,91 xy) 24/Dy
(P ey (v vy BR0R e ny - (208)
Case (1/iii): Assumptions (E/2) or (E/3): |
7, = (X, + 0t x) + (B Py xg) wu/y
e Y 2R s, (207)
Case (1/iv): Asswmptions (B/2) or (B/3}s _
| Tt ;:(oc-; + 0(1 x.t) + ( ﬂo + /91 Xt) Zt/Dt ,
AR ERE . AT - (208)

Tt is interesting to notice that (107) is exactly similar to (108) apart from
the interpretation of the coafficients O¢ and ’)/ .

Case {2)}: Assumtpions (8/2}, (B/2) and {C/2); -

In this case Dy = D is a constant, hence we define the coefficients of
z of its square as in (10}) after division by D or D2. Fuarther, since m,., =
0, we can obtain the equations for the alternative sub-cases dis‘binguish%&
in cage (1) by putting xy = 0 in (105) - (108). The reader can easily find -
out the expressions required. Notice that for sub-cases (ii1) and {(iv), the
overall function will be exactly similar to the micro-functions, while in
sub-cases (i) and (ii), it is similar to the group functions, but without
restricting the coefficient of V2 to be equal to that of 72, in (i).
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Consider now the :melz.cat:_ons of assumpta.on (4/3).

funct:l.ons ares .

o | ,
Yise = a°f+ Po Zijt * Co Zijy * Wy

- the group functions would bes

N _ .
Yit ¥ 8o * by 3y + cq (Zit,

and the overall function bacomes:

= + G oo E
Ty = 2, bo Ty Sy i

&

We define the following variables:

3y o2
By = X Byt Yy

and the following_ parameterss

- 2
81 F a, *+ ¢ % Mo V3
- 2
%2 % % gmilvi
o 2
Lo 83 Fag ey VS
Where
- L2
E= 3 m d

+TEL) + Uz 4

G

Byg Wy, *t

V2)+ut

- . 2 . 2'i 1
F, = g Ay, diy (1 + Vi’o)

- Im,

The following cases can be distinguisheds

Case (3);. Assum@nlons CA/BDg (B)s (0/1); or (8/3), (B/i)s (c/2).

Case ( §Zi A ssu:mption (B/1):

Yy T 85+ B, t+co(Et

Case (3{ii Assumptiom (B/2)

+ Vg) S

il

H

L+ v2)
c, {1+ v )

R

.¢p E

cOF = 'clE

@ (1+v?)

The overa.ll function is the same as (llh),, with

{ant Zm:.o ¥, %m

%t

The micro-

(109)

(110)

S (111)

(112)

(113)

(114}

(115)
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Using the last expression, we can dlspense with the V's and rewrlte
the equation as followso
2 - .
¥, Tap top R thy Bg * G (B, zt) + Uy _ (116)

If (B/2) is assumed this last equation becomes:

Ty =81 B By
Case (3/4ii): Assumption (E/3):

o, (B, 25) + G, - (117)

o 5, . - S N
Yy =gt b, zp + S (Ey Zt) + Uy o (1;8)

which differs from (117) in the interpretation of ‘the constant term.

Case (3/1#):pkssumption (n/2)

Yy T 8 *+ b 2y + ¢y (Fy Zt) + 8, (119)
which is similar to (118), since under assumption (D/l) we have°
= {1 2 '
= (.L-H“.’)E»,3
Case (3/vi): Assumption (D/3)
Jy T @0 * by By * €1 (B, z%) + ﬁt

which is similar to (117) apart from the definition of the parameters
a and c. '

Case (Li): Assumptions (4/3), (B/3), (B/2) and (C/2).
In this case\(lll) is replaced by (113):

Case (4 i)s Assumption (E/1):

| t—a+bz+02§+c VEaE, (120)

which is 31m11ar to the group function, but the coefficients of V2
and 22 are different.

Case (),/i1): Assumption (E/2)s

Y, = 8y + by zy +op zp + g (121)

This resembles, formally, the micro-equations but the parameters a and
¢ differ in meaning.
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Caéé}(h/iii)#' Assumption (B/3)

_ : 2 .
yt = a3 + bo By + o %y + Ty

which. differs from (121) in the constant term only.

C.aslé (h/iv-).'g; Assumption (D/1)}

- 2 2 - '
+bo “f,+32 {l"'Vt) Zt+u . ‘ ‘ .(122)

Iy = & t

e}

which is similar to the corresponding group functions.

Case-(h/v)i'ﬂésumption (D/2) or (D/3)

. _ Lo >
yt = a0-+ b0 Zt-+ c3 Zt + Uy

which is similar to (121).

Thus, even under the most restrictive conditions, the simple case
of assumption (3) leads to formulae different from the micro-functions.
The constent income and population distributions hypotheses do not -
guarantee the interpretation of the macro-parameters as being those of
the micro function. On the other hand, the types of functions studied
in this section do not raise any specific probilems for the  case g = 2.
Nor do they envolwe any new problems as far as the treatment of distur-
bances is concerved.

XIV.. The Linear Logariﬁhmic Form:

In some case the micro-demand function is assumed to be a linesr
function in the logarithm of income, rather than income itself.

yijt - aij + bij 10g Zijt + uijt ' (123)

If assumption (A/1) is satisfied, the group functions can be obtained by
‘means of (28)1 ' :

o o
Vig T 840 * Pio

=i

2 log Zijt +

by, - b, ) log 2.., .

i
The second term in this expression is the logarithm of - B

the geometric mean gy, of the group income distribution, as defined by
(17). According to the notation of Table (1), we have:

log g4y = log'zit + 1og Tyy.
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On the other hand, the use of the logarithms is spother way of expressing
relative incomes. It follows that the variance ©2, of the distribution of
logarithms is a monotonically Increasing function of the variance of the
relative income distribution Vis Which 1s the square of the coefficient of
variation'(vit/ﬁit)g. In fact, under dassumption (F) of a log-normal dis-
tribution, we have by (Le)

Qit = log (v]g_t +.l}
Hence, the third term in the expression for Y34 is approximated by:

) _ 5 ; ) o B .
where bsq 1s defined as in (66), witheﬁt being the (constant) correlation

coefficient between the b's and the logarithms of z's. The group functions
become

Vit = 8o * bio (log 83y + log rit) + by B¢+ ugy - (12L)

Under assumption (F) of a log-normal distribution of incomes, we can use
(L46) to rewrite this eguation ass

Yig = aio. + by, (log zi{' - %egt) + by 44 + uit . (125)
The aggregation of (12l) gives:

Yy = %? 8ip Byy + ;? bio Biy (log z44 + log ryy)
*;g iy Agy Oig + Ty

Suppose thats

bip Pyy 108 24,

bio nyy _
where A 1s a constant. This means that the logarithms of the geometric means.
of -the z's are proportionate; these means being weighted by by, ni¢ and by
Ny respectively. According to table (1), this latter mean can be expressed
age

= log A + IZ n,, log 2.
8 ‘L it & it

2 niy log 234 = log zy + log 8:5
v S
log St = % ngy log dit_ |
Wwhere 8t is defined according to (21).
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. If structures within groups are similar, asgumption (A/2), the group
functions (12L) become ‘
Vi = 840 * bio (log zig + log rig) + Uiy (126}

Finally if all structures are similar, we drop the subscripts 1 from the
parameters a and b. The following cases can be distinguished:-

Case (1)s Assumptions (A/1) and (D/1):
The assumpiion wnil v,y ¥ ¥ implies that
Tyy T Tp = R£ and, .Gi@ = By
where R is definea aceording to (2h).
Case (1/1): Assumptions (B/1) and (C/1) or (c/2).
The overall functiaon iss
v = (g # oy xp) + (/86 +ﬁ1 xy,) (log z4 + log St + log Rt)
+(’)/<'>“'A V%) g+t o (127)

Tn this and the following equations, the macro-parameters are defined as
followss h '

5 - % (aio "‘}'..bio_ 10’g‘A) mio

Gxi - 2; (aj, + by 108 A) myq
X = O‘; * (155 5) T by, my,
083': cxo + ?:-": (b4 log vy + by 63) myy (126)
O‘u = o(é + zbi (bio log vy *+ by 63) myy
| ‘_’(5 = °<3+ (log &) %’bio Mss

Yo= PilMo - Y1 =&t
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Case (1/i1): Assumptions (B/2) and (C/1)
AL A /50 (log =y, + log S, + logRy) + f, 6, + 0y  (129)

Case (1/iii): Assumptions (B/2) and (c/2).

B i S sy A

In this case- S’r, ‘becomes 'Constant,and when éubstituted in (128) gives
7, = %y + B, (log 7, + log RBy) + Yo B4+ Ty (130)
Case (2)s Assumptions (4/1) and (D/2) or (D/3). '
In t.hié cases |
rit = g Or Ty | eit = 84 or 6
Case (2/:1)° Assumptions (B/1) and (C/1) or (C/2)
| Yt = (0(3 +&y x )+ ( /5 /91 xy)(log 24 + log &, ) +uy as)
Case (2/ii):  Assumptioms (B/2) and (C/1)

¥y = °<3 * /50 (log 24 + log &) + 01 Ciio (132)
Case (2/ii1): Assumptions (B/2) and (C/2) ‘
- 0(5 % ﬁg log Zi“: + ﬁ'b ’ | ’ | (133)\

In this sub-case, the overall function is similar to the micro-functions.
Case (3): Assumptions (A/2) and (D/1)
This case is similar to case (1), putting b:il = o; hence ')ﬁ T o.
Case g.f_l;,l Asmurptions (B/1) and (0/1) or (C/2):
= O +O0g xy) + (ﬁ /5’1 x1~,)(I].c:g zy + log S + log Rt)-i— Uy
| (13L)

Case (3/ii)s Assumptions (B/2‘) and (0/1)
Yy = 0{5 + /90 (1log zt * 1o-g St + log Rt) + Uy 135)
Case (3/iii): Ase;umptibns (B/2) and (C/2)

g, = Ky o+ (80 (log zy + log Ry) + G - (136)
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which is similar to the.group functions (126)
Case (L,): Assumptions (A/2) and (D/2) or (D/3)

The overall function takes 'a form similar to {131)-(133), with
bj7 = 0 in the parameter values defined by (128).

Case (5)s Assumption (4/3).

The group functions are:
Viy =8 * bg (lqg Giq  tlog riﬁ) +uy. (137)
The following parameters are envoived iu aggregation

8y =a, + bQ ;g ny, log ry

S agzay+tby logd ay=ay + bologg‘. (138)
Case (5/1)3 Assump‘biohs (B/1), (C/1), and (D/1) or (D/2); ST
 assumptions (B/1), (¢/2) and (D/1) or (D/2);
and assumptions (B/2), (/1) and (D/1)
Ty, =‘a§ + by (log‘z£'+ 1og€; + log Ry) + ﬁt-: (139)

Case (5 il) Assumptlons (B/l), (D/3) and (C/i) or (C/2); and assumptions
(8/27, Ec?ﬁf) and (1312) or (D/3)

v, = aj_ + by (log =y + log 8y) + Gy (140) .

Case (5/i13): Assumptions (B/2); (€/2) and (D/1)

Ty =8, + b, (log zy + log Rt) + Ty, ' (1L1)
Case (5/iv): Assumptlons (B/?), (¢/2} and (D/2) or (D/3) 4 |

¥, = a3 * by log zy *+ Uy | (142}

It might be noticed, im conclu51on that apart from the term in © included in
case (1), the term envolving z is‘fact the logarithm of the overall geometric
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mean. As shown in table (1) and equations (17) end (25):
1og'g_h = log Gy * log Py = log z4 + log St + log R'I:.

. The cases where 9, or R, are constant lead to changes in these tefms, with
- a corresponding change in the constant terms, or terms in x,. In fact we
could maintain the general form in all eguations.

¥V. The Exponentisl Function:

An assumptlon frequently made in demand studies 1s that demand can be
represented by an exponential functlon in income:

¥y = k.ﬁz
. ' n

For purposes of statistical estimation, this function is expressed{an inverse

logarithmic form. Thus, assuming different economic structures, the micro-

functions are:

10g yi"'t = 8. biJ ZiJ'b u‘..l'.J‘b . (3—)—1-3)

Neither form yields itself-ﬁ:stralghthrward processes of aggregation. The
51mple process of summation does not lead to a manageable aggregate of incomes
in the exponential farm, In the inverse logarithmic case,it envolves the
.same difficulties of aggregating income as in the linear case, and at the

same time leads to the geometric rather than the arithmetic average of 3.
However, no other process is capable of soliing both sides to the same form.
We shall apply the -summation process to (1L3) and make use of the relatiomns
established in Table (1) of section XILto obtain simple aggregate variables.

The group Pfunctions are:

log by = a5, *+ byy 23y * byy Vig * Uy | (1hd)

~ where,

log hit

8 beinglthe ratio;of the geometric to the arithmetic means. The R. H.S. is
derived in a way similar to that of (68) in the linear case. The question
might be raisedus to whether there is any relation-ship between the v, it and
the s,

it.

= log yit + log sit
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As had been indicated before, the log- normal assumption has establi-
shed a relation between the variance and the ratio between the geometric and
arithmetic means. Therefors, it can be expected that if the V's follow a
~certain pattern, the ratios s are liable to follow a gimilar pattern.. This
means that the alternmatives of assumption (E) should have their implications
for Si4. Such an assumption would help to deal with cases in which inform—
ation on the latter is scanty. It would be expected that such is the general
case; unless frequent surveys were available. ‘

The secondary process of aggregation leads to the overall geometric
mean, which according to (18), (2L) and (25) satisfies:

log hy = log yy, + Log G, = dow 7, + log €y + log S
with,
‘log Sy = > ny log syy
%

The overall function can be consgidered with respect to alternstives
of assumption (E), as in case {2) of section XI. Further, if we assume
similar structures within the groups or for the whole economy, we can put
bll = o in (1hh) which means that the terms in V vanish.

Case (l)s Assumptions (4/1) and (E/1)

: In this case we assume that V., = = Vg and, s34 = = S¢. The most
general form of the function is tha% cowresponding to (7?), satisfying
(B/1)sand (6/1%s | . o o oo

1ogyt+1og€b+logst-(a( +0(1xt)+(}’ ’)/]_Xt)vt

P IQL xy tfip Ty * /813 x, £,) 2 /Dy + oy (15) |

Where the coefficients satisfy (71). Under the more restrictive assumptions
of (B/2) and/or (C/2) we can obtain the overall function from (1L5) by
pubting x, afd/or fy equal to zero.

Case (2):; Assumptions (&/1) and (8/2), or (E/3)

We put Vs = Vg and S3p T S84 Further we define

8y T a4 * byq Vi
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as in (69). This brings the group functions to the form derived directly
on the basis of (4/2). As in section X1, the general form of the: overall
function can bederived from (145) by omitting the terms in Vs

:]_og I+, + :I_og E'b + 1og St = ( DKO + O(l x't)
B Pt Byt Byx s aeby e )

Further simplification due to assumptions (B/2)or (C/2) can be derived as in
the previous case. Under assumption (B/2). '

log Sy = % m; log 8; = constant
which can be transfered to the constant term.

Case (3): Assumption (A/3) :of similar structures leads to the overall
equation.

log ht = a.-f— b zy + ﬁt _ | (147)

We can substitute for log h. g §
its g t esgion in t hili §
1t as before. 1t its appropriate expression in terms of log

For case g = 2, we have to account for the linear restrictions dis-
cussed in Section XI. On the other hand, since we have adopted a process
of simple summation, we can apply the transformations suggested in section
X for the purposes of estimation.

XVI. fThe Power Fumciiomns

The constamtrelasticity assumption leads to a form in which income is
raised to a power egual to the elasticity:

y = k.g®

For purposes of statistical estimation, it is usually assumedthat a. double-
logarithmitic form satisfies the desirable properties:

log Jisy = agy + bi 4 log Zi gt * Uiy, (1h8)

According to assumption (A/1), end applying rules similar to those develop~
ed in the last two sections, we can write the group functions as follows:

log yy; + log s34 = a3, + by (log 254 * log Tit)

+ byq B34 * ugy (1h9)
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which corresponds to (12h) and (1hhL), If (A/2)is assumed, bil = O and the
term in 6 vanishes. BSimilarly for (A/3). _

Under - ggsumptions similar to these in section XIII 'bhe aggregation of
bio (log agt + log rit) can be approximated by:

(/8 El X’c) (log 24 * log S + log Ry) = (/8 ,gl xt) log g.b
Thls leads t.o the following main cases:
C._':Lse (1)t Assumption _(A/l)

Under the most general assumptions (B/1) and (C/1), the overall function

e log yi; + llog Qg = ( O( 3 9(1 Xﬁ) + ( /@ + /31 Xt) (log Zy, * 1°3 F) |
L Q/ Y1 %) Op *+ Uy (150)
wheré, ag before, o '
“log q4 = -1qg Ey + iog St log py = log S + log ﬁt

To both r and s we can apply similar alternative assumptions correspond-
Iiig to those of vias in (D). On the other hand, if (B/2) is assumed the
term in xy v nishes.” If we further assume that (C/2) is satisfied, we
can put 8. constant, and the same might be assumed for &y.

Suppose, for example that o
g = " &y - (151)

o Whe:c'e K is some constan‘b ‘estimate from a sample survey. Defining, -

: Xy _-_-.0< + log W , we can rewrite (150} as follows:
log y + log St = (Xp +% x¢) + :(ﬁd +-/81 X_'b) 103 gt *
(V;+7{th)9ﬁ-_10g8t"’ﬁt s (s
Further if we assume that §;, = s;, we can write
~log 8y = Z mj_(-) log &3 +_Z myq (log s4) X, = 0(3 + O(h Xy,
This can be added to the constant term, which furhter simplifies (152). A

similar . simpllflcatlon can be made for the case s;4 = s. In both cases
the function becomes: :

‘.j/f: . ‘ .
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log yy = ( °< - oL xt) + (/5 /93_ xt) (Jog Zy, + logpt) *

( % 771 %) Op - log \St' Ry (153)
Case {2): Assumpﬁ?Oﬂ (A/?)
In this case the terms in © in the equatloms(150) ~ (153) can be dropped.
Special cases for the particuler cases (B/2) or (C/2) can be derived in
the same manner.
Case (3)1 Assumption (A/B)

If similar structures are assumed, the overa¢1 fuaniOﬁ (150) can be re-
duced tos

log y, + log qy = a + b (log sy + log py) + Ty (15L)

which is similar %o case (2) in the particular subcase of (B/2). Fur-
ther, the equation corresponding to (153) is:

log yy = ag + a1 x4 * b (log 24 + log pﬁ) - log 5-‘+ *t (155)
In all these cases there will be no vestrictions imposed by g = 2.
On the other hand,. the treatment of” disturbances W111 remain the same

as before

_XVIIa The Ratio Iogarithmic Function:

. In the analysis of the results of consumers' surveys the savings
functlon is frequertly assumed to take the following forms

- ot /. e W /. .
( 435t T ijt)/-zijt = alJ + blj log B3yt * i3t (156?

where z - y = savings., The underlying idea is to transform the savings _
- funct%og into a form where the disturbances can be assumed to be homosce-
dastic. (1 In what follows we shall allow the a's to differ for dif-
ferent 1nd1v1duals, while the b's remain the same for each group. This

. enables the savings-ratio to assume different values Tor different indivi-
duals, but restricts changes with the level of income for all indiiduals.
The propensity to save will be different for different individuals.

(IBY T.R. Klein and J.N. Morgans "Results of Alternative Statistical
Treatments of Sample Survey Data", Journal of the American Statistical
Association, 1951, pp. hli2 - héo, T
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Subtracting both sides from unity, we can obtain the consumptlon func—
tion corresponding to the above agsumption: .

1Jt/ Bigy T 813 * by 108 Zigy * ui;]'t; . (15?_)
To obtain the group functions, we multiply both 31des by ziat,then add up
over j and average:
: yijﬁ = aij zijt + by zijt log 23 34 + uijt : - (188)
Where,. . e
uijt T %4 44 uéjt
Hence, -

L 1oy 1
T R TR A 85~ 835) Bigy * P1 §

T Uiy

Applying a rule similaf to that underlying (66) and (67), we can write -
- the sgcond'ﬁerm asg :

ai1 v:Lt it
In order to 51mplify he third term let us assume that income is log-:-

normally distrlbuted, 16), as specified by (L3). Dropping the subscripis
ans wr1ting=

X = log =, _ éxp (X) =
A=1/427 -8

then

E(zlogz)=E (X&)

. » . _

= A X. X ek (x- )2 } ax

L axp{ : 29@ e 2
exp{/u,-a-lgz'ﬁ;.i& Xexp{—%e2(x— -9)}51'3

~ The firsifactor is, im fact, B(%), as found before, equation (L5).
second is the sxpected value of & normal variate with mean (,u +

< K (z log z) = (/i'i" 92), exp".}{ /(,L + % 92} (159)

Suhgtitutlng the observed values for the expected values, we obtalns

H

_2)

(18Y L.R. Kiein. A Textbook of Eoonometrics, pp. 222-3.
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1 ) _ T
ﬁit% 73 jt 108 B35y = Zig [fog 244 + % log (v, + 1)]

Thé group functions are
log (v, + 1] 21y
(160)

=

Vig = (850 + 8371 Vit) 244 * by Elog 234
tugy o

The question now 1s whether we should express this in ratio form as
suggested by the micro-function. : ' :

'Firsh, we notice that if it is true that the disturbance of the
micro-function in ratio form is homoscedastic, and hence:

1 - 2 1 7 =0
_ Var (uijt) s Cov (uijt’ Zijt) :
then, - > 5
: Var( uijt)': Zijt o
This means according to (51) and (57),
- 2 = 22 (2
. ’)‘ijt = P60 M " 73y Uit -1')

hence by (52}

=1 2 7 2
v i +
| ar (uit2 N, 25, (vit 1) o |
Therefore, even if we transform (160) into the ratio form, we still "
have to divide bobh sides by the square root of (vgt + 1)/854, before
the equation is suitable for statistical estimatioli.

If assumption (A/2) is fully satisfied, them aj; = o. However,
the term between brackets in (160) remains the same. It can be seen
that it is equal t¢ the logarithm of the quadratic rather than the
arithmetic meen of incomes. For further asggregation, it will facili-
tate matters if we assume that (C/2) is always satisfied.

If (B/1) is assumed, then

D£ = & gy 4y

M o . .
will still be variable. Iet us introduce the following notations
—- - . J-_ . P
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It can be seen that Woy = 1/% for the special case of. assumptlon (D/i) ‘
The aggregatlon of (120) g;ves “the. following forms of. the overall function

Case gl ) Assump‘blons (B/1), (0/2 ) and (D/1):
vy = ( 53 250 Mig di) B Wy * (& agy ngy dilvy 3 Vig +
( 5.'. Py myy &) (o Wlt) Tog (zg Wy Wop)
+ ( :Z bi n;, d; log dl) (74 Wit) + 1y

Substituting (31) for Ny and introducing obvious expr3331ons for the macro-
parameters, this equatlom zan be rewritten ass -

= ( 0( + 0(11 xt) (zt ) + (O, oo Xt)("“f, 2y, W) -
' (/8 * fra) (o W) log {Z-t. Wlt Wpy) + 8y o (a62)
Case (2)z Assumptlons.(Bfi), (c/2} and (p/2) or (D/3),

In this case the terms in v will be included in the expressions for the
parameters. Thus:

oy = D aiom, & + F gy mg & (724 D)
ot :ﬁ by my, d; log (vi + 1)§

1
2

I

Dﬁ_ can be defined in a'51milar way, with ms rqplaced by'mii; '

- = (R, + D<'1 xt) 2y Wpg * (,@ < t) (zt ) log (51; 11-,)
| - *E | _ . (163)
Case (3): Assumptions (B/2), (c/2)
In this case the terms in xy venish and W,, will be a constant. Correcting
the paramélers for this constant factors we can easily obtain the overall

functions oorresponding to 7. (162) and (163) Thins under assumption (D/l)‘
We have:

| y£ = ol By + ot vt'zt + /go(gt;wét) log (24 wgt)-+ ﬁﬁ' '(16h)
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Iz (D/?);or'(D/B) ig assumed the terms in vt‘and W""vaniSh.froﬁ the above
expression. The overall function will be similar IR form to the micro-
function, with some difference as regards the interpretation of parameters.

M ‘ A.stnptipn (A/3)‘ o

If similar micro-structures are agsumed, the group functions become:

- . 2 . 1= e,
Jiy T & 234 * b Zsiy log [Zit (Vit + 1)2] +"ui't . (165)
Let, - : o f -/: ‘ |
- | ) ) . | -
- | (166)

If'aqﬁumﬁtions (B/2), (C/1) and (D/1) are satisfied, the overall function
becomes: - . ‘ R )

C ¥p = eyt bilay W) [Fyy ¢ log (3 Wyp Wgy)] vy (167)
Replacing (D/1) by (D/2) or (D/3), it becomes: -
I = a2y + b (ay Wyy) [Fpy + log (g Wag)] + 8, (168)

The overall formulae derived above, or any verslons of them, have to be
adjusted for the purposes of' statistical estimetion. Given the definit on
of the ‘A 's, we have, by (53) and (51) : '

_--.4 ,j‘. . ; N ' ' ’ 2 ‘ B

if follows that both sides of the overall function should be multipiied by
ky as defined by (58). Only when (B/2), (C/2) and (D/3) are satisfied
does the factor ki be a simple function of %, .

AR am

Further; if Ny itself is constant, we can Justify the simple transformation
back into the ratio form as suggested by Klein.(17)

(17} T.E. Klein: A Textbook &f Econometrics, p. 223
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IVITT, §35gésfiens for Further Researchs

In'sﬁite of the fact that we have taken every care to reduce the sisz:

of the problem to its simplest orders, the outcome has been found to be
very much diversified as well as complicated. The aggregate function was
found to envolve a large mumber of variables which depend on the factors
determining. the distribution of incomes, as well as on the form of the :-
functional relatﬂonSﬂip& 1% might be found necessary to carry the research
further in one or more of lhe following directions:

10

To~ consider‘othar forms of the damand—lncome1Elatioﬁship. For exampls,
'micro;structures of the form suggested by Tornqvist, e.g.,

:a(z - {2.'.4_‘11. ) _ (1?3—)

mlghﬁ be con81dered o better approximation of individual behavior.
This choice is usually justified by the fact that functions of this
type seem to hold for & range of incomes mich wider than tha? v§1id
for functions of the familiar types discussed im this paper. :
Some of these ajiternative formgwmight raise other types of problems
not considered in the. proced*ng gections. This iz a result of the
fact that the process of aggregation depends on the expliczt form of -
the micro~relationships.

To introduce other ﬁypes'df variables in the relationship. One impor-

tant group of variables is that of prices of the given commodity or

group of commod:l.tles9 and competing prices. The type of aggregation

envolved here ‘does not necessarily follow the rules developed for in-
comes., If prices are the same for all consumers, the problem will be
rather triv 1&1, For example ifs

yijt.r Hij *+ by g Zijt T Ciy Py T Uit | o {ars)

the group *unctloh “will include a price term equal to ¢y py where

ci = ;ﬂ ¢13/Nsg. The overall function will include the same variable
with a'coe ficient c equal to The overall average of the ¢'s. But if
we assume that the prices prevailing for the different regiones are
different, the gnoup functions will have ci pit as a price term. The
exact fbrm‘of the overall aggregate depends on the types of statistical

, (I8) H. Wolds Demand Analysis. pp.3, L, 2h9. John Wiley, 1953.
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information available: whether we posses one single price variable for
the whole economy; and how is it calculated. ' '

Other types of aggregation have not been discussed. Aggregation over
commodities might be necessary even when we are dealing with single

- commoditiss.” For example, it might be necessary that we combine such
- commodities as maize and millet in one function; knowing that the one

is consumed mainly by one group and that the other is consumed by

another. Further, there might be need to aggregate the prices of other - -

commodities included as explanatory variables in the micro-function.

Lnother problem arises from the fact that the sizes of groups (Nst)
are in fact the sizes of tobtal actual and potential consumers. This.
means that ‘the changes in the sizes of total population do not reflect
changes in the sizes of consumers to the same extent in all groups.

For example, consumption of wheat might be more widespread in the urban
areas than in the rural areas. This means that many of the rural micro-
perameters are in fact equal to zero. Unless assumption (A/1), and in
particular condition (28} are satisfied, there will be great difficul-
ties in deriving the aggregate function. There is doubt as to the
possibility of dependins on equations satisfying assumption (4/3), not
because of the posgibility of differences of structures among consumers,
but rather because of the existence of sub-groups, some of them follow-
ing the same structure, while the remainder are not consumers at all.
To illustrate the polnt, suppose that there are two groups only, and
that all consumers im group 1 are consumers, while a certain proportion
‘AL 1, of group 2 dre comsumers. Both types ars following similar
structures: _ f o : .

Yijt = @ * b zgag * uijg
where ? ‘ J J
3=1y veey Nyg for 4 = 1, and'J = Iyeeeeeay A Hpy

for i = 2. Summatiom over j in both cases gives:

Yit = a Nit + b th + T 14

Top =2 Alpy, + b Zpy + Uy,

Where Z¥,, is the aggregate income of consumers in group 2. This means
that the remaining members of this group, (1 - A )N, in numbers;
follow another equation; where both a and b are both zero; and their
incomes are (Z - Z%t)n This leads us to a special situation of assum-
ption (4/2). An explicit formulation of the problem should be made
before deriving the aggregate function itself.
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In our treatment of the stochastic disturbances we have confined our
analysis to one aspect only, namely the homoscedasticity of their
variances. There are still a mmber of problems that can and should

be raised. One problem is the following: The assumptions introduced

in section VIIT were bagsed on the hypothesis that we possess exact
information on certain new variables (e.g., £ and x) and on the corres-
ponding relationships., If these essumptions are satisfied only in g -~
stochastic sense, their residuals should be studied, and their effects
on the total residuals in the aggregate equation should be discussed.

If we allow for such a situation there 1s the possibility that the
effects will not be additive, since they will also affect the expression
Dis appearing in the denominator in many cases. MNow many questions might
be reisad: What wiil be the nature of the disturbance elements in the
aggregate functions? What will be the apprepriate method of statistical
estimation? Is the degree of approximation introduced through’ the direct
estimation of an aggregate function derived on less rigorous bases largsr.

One conseguenice of the above set of problems is the Justification of
élassifying the aggregate variables into variables containing errors and
void of errors. IF it is true that the aggregates are only approximations
and if it is possible to express their (unknown) virtual values as fune-

tions of actual observations, how ig this going to affect familiar methods

of estimation; ©.8.5 the instrumental varisbles method?

Another problem which might open a\new outlook on the general approach
towards the construction of macro~models is that of Joint dependence. In’
micro-snalysis we can assums that some variables can be classified as
exogenous. However, if the commodity whose demand is studied has a signi-
ficant contribution en incomes, we cannct maintein such as assumption at

the aggregate lavel. Suppose now that the commodity is produced in one
region and consumed in both; though mainly in the other. For example
wheat is produced in +the rural region bub mainly consumed in the urban.
How are we going to classify the variables. and what will be the appro-
priate methods of estimating the aggregate {grous and overall) functions?

Suppose that the sbove statistical problems do not have any significance.
Suppose also that we did pessess Informatlon of all micre and macro variables
We could, in principles, estimate both the micro-and the macro- equation.
What are the relationships between the two sets of estimates? Ig there any
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loss of Information, or any decrease in the efficiency of the estimates?
In particular suppose that for acase g = 2 we could ebtain estimates of
- an equation of the form (93);what statements could we make with respect
to the parameter a, = o , or any other parameter derived from the solu-
tions of (90)7 How do these statements change from movement fromeme set
to the other, and what is the effect of the "apparent" degreses of freedom?
Also what will be the significance of linear restrictions such as those
given by (91)7 ‘

The above list of problems in only a tentative one, and the careful reader
can spot’ out many others: If helps only to emphasisze the complexity of the -
problem and its repercussions on economic analysis itself. On the other hand
it shows that an effective solution has o be obtained within the framework of
an econometric rather than a purely economic analysis. Here is an invitas’..
tion Br further study that is extended to colleqgues in this Institute and
elsewhere, which is hoped to be accepted in order to explore ithis rather funda-
mental area.

I would also suggest that some simulation work be done in this field.
Constructing a mumber of micro-structures, on the basis of alternative assum-
ptions we can derive the aggregate variables derived on their basis. This
has to be done after superimposing sets of values for the random compenents,
satisfying certain given distributions. Investigation of the various problems
and approaches discussed here will lead us to evaluate the relative importance
of each of them. Problems of prediction and predictive statements have also

to be investigated, since it is prediction that is the final goal of the ana-

lysis. This simulation approach would algo help to investigate the problems

- arising from errors in specification of the underlying economic structures.

There might arise cases where one group follows ome structure and another

group follows another. Op it might happen that theunderlying structure is -
different from the one assumed for empirical analysis, In any case, thinking
on these lines would help us to classify the multiple econometric problems
aceording to their importance. This would help us in approaching aectual sitna-
tions with:some plemwsible a prioristic grounds that does not envolve any circul-
ariby in the probabllity statements qualifying our econometric findlngs.



