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I - INTRODUCTION:

For a 1ong time economista have been very keen to drsw a diﬂtﬂw
dnck line! ibetween: what should be considered as falling within
the domaiz of economic sg;ence’aﬁﬁ #hat should not. It had been
alweys emphatically gtated that economics is concerned with the
? anaiysis of “what is" and not “what ought to be".  This mesns
- that starting from a group of assumptions, an economic acientist
 can legltlmately'@aaxymetheir implications, and draw thn connlus-'
ions that would follow 1aglcally from their realizationa In this
@ense @POﬁleG scienﬁe bad its grest value in problems of: histor—
dicai anaiysls theoratleal discussion of petential cases, and,
henceE in dealing with problems of forcastlng and progectlon._

Thang where doaa the problem of economic polzcy~lie? Stran—=
‘ﬁ%&} snouEh, 1t was still within the powers of economists %o sugg-
e8% sconosdic policies, and to crlticize then, although.this rlght
was denled to the scisnce itzelf. In faet, it was considered as
an vapy™, and hexce by definltlon excluded from the science - as
such. Aﬁ best it might. appear as chapters under the general heading
iagpiaed aconomies" But bow could. econﬂmlats g0 around thﬁ dilema?'.'

| . ‘Fhe stepa uaually aﬁopted can be tantatively formalized '‘aB
“follaws: \

1. The use , of economic analyaiﬂ in- é@tecting a certain problem
and determining ite causes, {&nallSJS)s . |

3, Pursuing this analysis to indicate the, direction inm whach
. the aubomatic forces of the given economy would work ;/_

‘ §forcasting2

e Eevealinv the “undesi*able aspects of these tendencies: -
iz is unot derived ivom ecoromlc tneory directly, but it
bi%ﬂﬁ% from the ecoaoglc 1mnl1eatlons of those tendencles

aﬂ,‘“agﬂd by an lmpllcit (or PX@llClt) get of "preferences
or ”obaectlves These preferences and objectives reflect -
the desires of tb@ pglicy ma}.:eeo {statement of preferences)
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. Suggesting.the use of certain “pelicyhinstruments“ to
_pealize these objéctives. This is largely left to the 7 _
_intuztion of the ecopomist, and his experience, thus’ ‘disp-
1&¥ing the artistlc colour of the approach. (Selectmon of
instruments) : ‘

", S Te prove“ the advisability of the suggested pollcy by
| introducing the postulated‘changes in the selected
‘instruments, inte the original model, and show1ng that
nif" . the suggested changes were introduced, then the
flogxcal outcomES‘would be in conformity with the stated

- preferenaes (graaect;on)

In all sudh dlscussions, eeonomlsts were qgfy k@envtg shagd any
from any dlscussion,or advecation,ef preferences. If the consumer
is maximizing his satlsfactlon, that is hlS problem. The economist'
role is to- flnﬁ~out the 1mpllcaxlons of such an attltude as regards
',purelm ecanomlc variables. If the economy as a whole advocates
full—employment as an obgective, then let us. accept that as: a point
of departure. (As a matter of fact, enereonlduvery‘well questlon
whether it should be really ‘the aim of everybody around - uhﬂueﬂ
earn his 11v1ng the hard Way'!) Thug it has ‘been agreed among
economlsts that preferenoes should. not be discussed. They belong
to other fields of social behaviour, and hence any abtbtempt at more
then their descrlptlon 13 nonrecanomlc. Gonsequently any advoca-

tion for thelr alteratlon, even when based on certain economic Qpﬁﬂﬂwﬂﬁi'.

arguments, is not itself the concern of’ economlcs.

With thls - drastlc, and sometlmes damaglng - simpllflcation,-‘“
the role. of economlcs in dealing with practlcal problems of policy-
making becomes more or less determlned. Suppose, for example, _
that a deflatlenary process is on ite way.  The first step is to
find out ‘the relevant theoretical model to determine whlch type |

 of deflation is faced, and what are its actual causes, The seaond

step is to warn pollcymakers as to the damaglng consequences of the

s
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: perslstence of this tendency (e. ge, effects on employment forelgn
balance, natlonal income, prices, relatlve incomes, . government
revenues, etc..). Suppose now that the pollcyhtakers‘are keen not
to let unemployment spread, nor to let the foreign balance fall
beyond a certain limit, etc. Further, supposé that they are
willing to accept measures related to monetary poli€y; and that
‘they would accept fiscal measures that would not effect tax rates,
or lead to the indulgance in types of expenditure which are competi-
'tive'with the activitiesiof the private sector. Given these prefer-
~ ences, the economist can refer to economic theory and suggest, e.g.,
a decrease ln the rate of interes?d, an- 1ncrease in government
'expenditure on armament, etc. To prove his point, he would indicate
. through the use of economic theory, the effects of these measures on
. the varlahles reflecting the preferenceS° natlonal 1ncome, the level
- of emplayment, and S0 OR. ' - '

If this approach is to be pxactlcally applied to concrete cases,
‘theoretlcal discu581ons have to be c@ufled with econometric investi-~
-gatlon& Values of the parameters have to be properly estimated,
amd conerete estimates have to be obtalned for the suggested policy
' 1nstrumemt5« The results of these pollcy neasures can ‘be also
aﬁpralsed threugh further econometric 1nvest1gatzens, '

Nﬁrmally these policy recommendatlons agssume a given 1nst1tu=
. x@nal structure, ‘although they might eventually lead to some.
,; nn&amental changes 4in thege structures,- But the important fact
- 13 that ”"ven w1th a given lnstltutional Htructure, the solution

\ Jioz ahg”vem ,roblem is Lar- from being uﬂlque.‘ Cne ¢can easzly accept

: {Lawremce Klain‘s argument that: “The usual experience in the field

- of eeonem”cvpollcy is that there are sbout as many types of adv1ce
rfas the”_\&re advisors ( sometimes even morel)"™ L. This is a stab@:
of affairs which could not go on'lndeflnltaly especlally as ‘the role
;fof publie ecenomie pollcy has - galne& an increasing welght under

Lo K1  : "lhe ‘use of econometrlc models as a gulde to economlc
- -pokie ?~3Econometr1ca, 1947, P, lll ,
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'Various echomic systems, however liberal they pretend to be.

The need for an alternative and more reaiistic,appfoach'has
become quite evident., To well-trained econqmetricians,:the“main ,
source of the difficulty lies in an improper reading of avaiisble
‘information; and that was the gest of Klein's treatment sfter the
above-mentioned statement. The way oub is clear: To try té find
out the best way of extracting the maximum ~ correct - implications
of that information. This means that: o

1. A'well—formulated theory has to be builtd and tested through
| econometTic : invastlgaﬁian. :

2a Collectlon of data should be given‘enough care, and should
be in conformlty with the theoreblcal set-up as far as
possible. ' '

3, Proper methods of ecomometric analysis should be investigated,
and resegrch-workers should avoid copying highly refined
statistical methods which proved useful in other fields of
statistical Anference, bub which do not cope fully with
'éonditions under which eCcnomic relgbtlonships act.

Belng an economebrician myself, I strongly recommend thls
approach, but ... it is necessary but not sufficient. Two qualifw
ications should be mentioned: | :

1. No amount, howéver large, of econometric &nalyﬁls, can
prove the correctness of ‘an’ economic theory. EGBCQ
much gain can be obtained from paying more effort to that
problen. Specifically, an abtempt towards a more rigorous
treatment of problems of economic policy Wlthln the domain
of economic analysxs, is quite essential. "

2. ‘lore attentlon should be paid to the problem of elaboratlng
preference functions. Beonomists should not passively yield
‘to "politicians", "social reformers”, etc., all the way.
They should enable them to bring the comp051t10n and the
parameters of thelr preferences to perfectlon. This is
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. as one single group, in contrast with policy models. ‘Gontentq of
- 8uch models were dlacussed with povential econometric 1ﬂvest1gam
" tion in the background. I would like to distinguish here two
main types of analytical models, with the purpose of bringing the

=5

not a'callffor the domination of ecoﬂomiStag it is rather a call
for the domination of scientific economic thinking. One should

“no forget that economics is a science of "societyl, and not’ Sim-

ply »f.: 3'31ngle individual. Thls becomes all the more important
when somebody assumes for hlmself the power (by delegation or |
otherwise) to "think" for others. - If policy recommendations should

satisfy preferences, every thing else should follow suit. It is

this every thing which has to be brought to focus, and to be |
considered when preferences are slaborsbted for purposes of policy~-

making.,

~ In this papér we shall deal with one point relating to the

| first problems We shall try to prove in a more rigorous way that

the so-called ”pollcymmodels" are in fact one branch of econemic

'theory itself, and hence belong to a certain category of analytlcal
'_modelsn This is done through a consideration of this latter type

of modeis, and showing that analybical models concerned with the

- study of the economic behaviour of individual economic units, are

im esseuce policy-models. Onee bthis fact is establiqhed, g more
rigorous reconsmderatlon of economlc policy models would become -
pessibleo '

II - TWO MATN TYPES OF ANALTTICAL MODELS:

In previous occasions ‘*7 T have treated analytical models

pollesmaklng, or rather the aecmslon—maklng problem into focus (@)

P AL .yl e e TR S et e At S \

(1) M.M.El-Imam: Economic modelsa.Daflnltlons and classification -
Memo., 96, INPC, _

"(2) For a similar -~ though Wlth a dlfierent pPurpose -~ subd1v131on

of approaches; see: P. Ssmuelson: Foundations of economic
analysis; P. 258, :
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These ﬁWo'tapes can be labelled: |
(1) Models of actionj and, (2) Modehﬁﬁ?interaction;

In fact these two categorles correspond LO models concerned with

the determlnablon of the behaviour of varlous econonic individuals,
and. models meant to offer a descrlptlon of market 51tuat10ns arising .
from the interction of those behyziours.

_ Thus, to the flrat group belong models of, €.8., consumer
behaviour and producer behaviour, whether in the short runor in
the long. run, gtabic or dynsmic. To the second belong models of
the ‘markets of a single commodity or of several commodltles, and
aggregative models of the whole economy. The most familiar models of

‘actlon.mlght be called — Lo use Samuelson's terminology - models |
of "EElelZlgg behaviour". If it is accepbted that such models
outline a line of action Lo be adopted by certain ipdividual, given
certain conditions and assumptions, then the analogy with the situa~
tdon.of general;pollcyrmaklng Bbedies becomes evidents.. The.fact that
the. bahamlsﬁr 5 afich hodies. could be safely assumed.as. 1ndenen@ently
detarmlnediaﬂﬁﬁbasedwncrlterla which sre exogenous to most dnalytlcal
models, was responsible for The bluxrlng of the treatwent of pollcy

" models for a long time.
\
With this distinction in mlnd let us con51der the s*eps

followed in the construation and use of analytical models. These
 steps can e briefly stated as follows:

‘1. Definition of the problem.

2. Listing of the variables considered as relevant to the analysis.
This stage reflects the theorebical ability of the model-builder
and largely determines the possibllltles of his success. :

S ‘The selectlon of those variables which should be explalned by
the model, viz. the endogenous variables; the remaining
varlables are considered as exogenous.

4, btatement of assumptiongithis is required to define a reasonable
degree of sbstractness, while still preserv1ng a sufficient
amount of operaﬁlonal meanmngfulness of the model to make

g ltrworth‘whlle of any study a®¥ all. _ : ' .



-

5. Fcrmulation of theorems which offer a solution of the problem.
- These together with the previous assumptlons, complete what -
might be con81dered as FThe structural or basic form of the

model. :

6, Derivation of theoretical impllcation of the model through
,varlous types of "solutions™ of the model.

IIT —~ THE CONSTRUCTION OF INTERACTION MODBLS:

Let us con31der the above steps with regard to the constr-
"uctlon of what we termed "inbteraction® models. The first step .
depends on the specific problem under study. Examples'are: The
study of the market of a given commodity; the determination of
the level of activity; the der1Vat10n.0f the rate of growth of
‘national 1nccme, etc ... '

The complétion of the list of variables is a process
which is gradually accompllshed according to the development of
the elaboration of the: problem, this step is usually taken together
_Wlth steps 3 and 4. Thu& we start with the statement of the varia-
- bles immediately related o the problem. In attempt1n5 to explain
them, other variables are intreduced. We go on adding varlables
and relatlonshlps until the number of these latter is sufficient
to explalin all endogenocus variables. Thisg process can be system~
atically trezted by certain tabular or graphlcal alds, as will be
shnwn in anotbher place. :

_ ‘The introduction of assumptions determines tg a large extent :
~ the fate of the model. This step would cover decisions with
rega:ds 0 many points: '

1., Phe institutional structure Wlthln Whlch the problem is bLudmd ‘

. 2. The level of gggregation; < b :

‘3. The type of relationships to be introduced; in g sense o
the statement thet a given varisble x; 18 exogenous (hence
.not needing a separate relatlonshlp} can be considered as

- one of the assmpitons.
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The—prOpérties*bf the;parameters to be includéd-
Hence, the shapes of the various functional reldtlonshlps.

Any boundary. or side conditlon to be satisfled by the solutlon :
of the—model. - - :

In farmulating the aet ef eqnatlons o be included 1n the

_mcdel, one c¢an distinguish two. main categarles'

A) Equatlons +that should hold by deflnition, or identities; there

1.

2,

-are- BWtypes ef such equatlons-

Baflnitional equaxlons, whlch.deflne a new varlable 1n terms
of other-varlablea. :

‘Balance equationﬂ, which hold true as a result of the -
belance~which shnuld (a postrlorl) hola between ‘the recelpts

and the paym@nts of a,glven sector. f

Equlllbrlum conditions, Whlch be1ong in fact to the set

- of assumptlons (thus falllng to hold if the assumptions are
. ineorrect). - ‘Examples ara equality between supply and demand.,

or between ﬂesired and,realised 1nvestments.

B) Equatlons Which are based on theoretical assumptions, taklng
~ %the shape of stochastlc eguations in econometric 1nvestigat10ns.
' Here again 3 other types can,be dlstlngulshed according to the
source of assumptions mades -

 1.0. Institubional equations, deseribing certain relations

2.

..5‘

originating from traditions and 1nst1tutlonal structures.r

Technical equabions describing relations arising from the
technlcal condibions of Drodnctlon. '

' Behaviouristiec equations deﬁlved largely from assuumptions

about 3ychologlcal and sociologlcal factors &fieotlng the
behaviour of econnmlc individuals. They reflecb, in fact,
a-way of descrlblng the manner in which decisions are btaken.
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_ Although the model can be considersd as complete if the
- number of equations 1s sufficient to explain endogeﬁcus variables,
. we can in some cases introduce another set of equations which
- express the pattern of change of exogenous variables. For
 example, exports or government expenditure might be expressed as
a given function of some other exogenous varigble, such as world
income, or time. OUne lmportant type of such equations is
demographlc equations expressing the growth and structure of
| pqpulatlon or the supply of-labour. -Such equations would be
virtually lying outside the economic model under study, and
they can be considered as belonging o another model, economic
oxr not.

IV - LII.\:EAR BOONOUETRTO_TITTIRACTION MODELS:

- In spite of the fact that the assumptlon of linearity llmlts
~ the range of analysisa it is frequantly maintained, especlally
'for purposes of econometric inves 1gat10n. We shall give here

a brief descrlptlon of the various forms of interacfion models,
under ‘the assumption of: llmearltyo The main ideas still hold
for non~linear cases.

Let us assume that our model countains H #ariables, X of
which J are endogenous. Hence, the model shonld contain J
"linearly independent relaﬁlonshlp& explalnlng the current values
of the J endogenous variables, l.e., the J jointly dependent
' variables ¥. Some of'these'endogenoms variables appear with
- certain lags, “and hence should be regarded as being predeterminéd
in +the temporal penge, and we denote them by Vﬁ y being D in
. numbed.,. Together with the G exogenous variables, gxg, they form
_the set.of K predetermined variables, z. If we denote the
“%longest lag appearlng for an endogenous.variable by m, then g
J;m, it mlght be equal to 0, if no such lags appear. Our system
 of notation can be summarised as follows: :
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. S Jointly - Prodeﬁﬁrmmhad Fariables AL

,3§§f§%§§§ ;%g%%?d__3§3§°“ ﬁ;gg? | V%%ég—
, L gg%s.  Vars. Vargs
Syﬁbol ofvaﬁiablej' § L% '-. 2= oz, x
Goefficients b o o e 4

Number of Variables J D @ K,

For ¥ aingle 901nt t of observations(T in number), we€ have
X = th), and simllarly for its comgonents, Dropping t, wWe can
exprass the model as, i‘o:l..’f.c:reevf:az-(7-l : T

f.x = u' W

" where u is a vector of - randon disturbances, included for econometric
purposes to account for deviabionsfrom reality. Under'ideal |
conditions, such dlsturbﬁﬁces d@ not apﬁear in the first group of
equations. Now: . : : = :

'—...(2)

Both Cl) and (2) are;; altarnative exyresblom& of the structural form
of the model. By virtulgof the llnear in@pendence GOﬂdltlﬁn, the
square (J. J) matrix B can,be assumed %0 be non~31ngular,w

(l)For typing purpoueu, we denobte a mabrix by the sign (=§ undérnm;fl”'f?

eath, and a vector by (~) « The transpose is denoted by (' )*"
w1th the sign denotlng rows for vectors;ﬁ ranspose Belng

columns.
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To draw meanlngful conclu31ons as. regards the interactlon of

_'the varlous bypes of behav1our dncluded in this form, we have to o
.‘thaln a golution of the model. We have to derive a new form of .
the model, in which each golntly dependent varlable is expressed as .
an expliclt function of the magﬂltudes assumed to be given ifor. B

the predetermlned variables. Thls leads “to . three types of
_derlved forms as will be shown in the next sectlon. ‘

‘,VV - THREE TEPES . DERIVEB%FQRMSs
A) THE EEDUCEDmFORM- | o

Given that B,is nﬂnysingular, we can,solve (2) to obtaln the
reduced Torms : :

N

-.15?-:- F o Z"g +Y./ o (3

au-
e

: W_hﬂl‘&g. = ‘_'\ -g '_;\i’ = “l '.”_ ne (4)

CH

.iThts means. that eaﬁh 301ntly—d3pendent variable is expressed as a
_functlon of all predetermlned variables only(l +« This form has
some advantages over the structural form; b ' '

9

L. Flrstg it enables us to estimate the exfectApvery predtermlned
. yariable on each jointly dependent variable. In keyne31an

. aermlnology, it gives a set of mululplier effects, equal to. }f

-B“l, C. To use the 1nputwoutput Jargon, they represent the'
votallfy of direct and indirect effects of the predetermined
variables. It helps us to deal wnth problems of comparatlve

3tatle amnalysis.

f2 4@3 ,end, it is more convenlent for statistzcal_gurpgses, ..... lpe

1des’ aﬁly'ﬁqﬁg;;e?mlﬁed varxahles,

.makeé it poséihié'to apply. ( & absenee of observation arrors)
classical methods of estlmatlon, such as the method of least—squares.

d i

(1) If a constant term is not ZET0, we can consider one of the -
exogenous variables be the varlable hav1ng the value 1 for all S,
p01nts of obaervation. . o ,

I3
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S Given a set of values of Predeuurmined variables, i plves &

direct estimate of the value ot all; 301mtly depepdont Vd?l&bleSu.
Phis makes 1t & y@wjﬁﬁ*ftﬁal in dealing with. Dﬂﬁblﬁuu of forcastlmg

and progecblan, bub the- farea&bs Wauld he only valid undcr Lhe s
assumption of unohanged structure* — _—

Thzs last observation 1ndlcate¢ an 1mportanb disadvantage CORION
to all derived Lorms: namaly, shat a change in any part of the
structural foxm would be generally diffused into all varts of the
derived sybtem. Thig means that The knoweldge OL F does’ not prow1de :

a @amplete substitute for the. knoledge of A¢

.B). THE SEPARATED FORM:

If the system is dynamic in the sense bthab aﬁ is nob em@ty,'
=t;h.e question ariges: what would be the time path of each endogenous o
' variable, that Would oPrrespond to a oarbaln 1n1t1al dlstufhﬁnce, -;
leos, a once- drxonjgnange in Gthe values df exogenous varlables?

. Suppoﬁe that the system achleVGd 8 c&r aln equxllbrlum, suoh"Mmlp"
bhe consecutlve values of all verlables rem in tne SAME s &uppose 1
now Lhat some (or all) -exogenous varzablep book a seb of now. Values.
Owing Lo the laggad :'fectg o the galntly d@pendonbﬁamﬂﬂbiu.,LQQ new ..
equ;llﬁrmum,levels would be anly achieved (if ever) aflber a numoar |
of pﬁriuds. This means bthat the 1n¢o:al values after the cnang
would be out of equilibrium. Enowing a suflficient nuﬁbev of smuth _
. values,; we showld be. able to deduce the Gime path followed by each  3f'

1end®gbnous varJabla* To do this Wwe adopt the folloW1ng procedure. g

Tiet the 1ongest lag of any endogenous varlable be m. 5~}Thel'3ff7
terms contalning all current and lagge& Values of & given endogenm]?’
eus Yarlah&a in the 1-th equatien are: : DR :

biryr“& + 0y iz Tr, t—-l irgyr,t—ié* et Cyp Vo tm

with some or all of the coefficients pomﬁlbly equal to,zeoou _~"“”'
Intrﬁduclﬁ? the ”lag oyerator LY, such that : :




‘ ._andputtinggx\ o _bir = Cy.
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X g = Lox, %y = Loz, ®

We can rewrite the above expression in the terms of y_ as follow
e L LS.y . = bE 6
e ir n N ir rt ~ 1fyrt
. say, wheres S m | o o
bir  2 . g;; .cirs L | (7

thus a polynomlal in L of degree«<m. The system_can;therefore be
rewritbten as followes: ' '

By g™ = - (8)

\Suppose that the exngeneus varlables attaln a.flxed 1eve1;2?!
,ﬂhen‘the actual<1evels of zﬁwould Satl&ﬁY“

z' + g L @

If erls the determlnnnt of B » then it will be g high-order

"‘p@lynomlalAln L

. : b ' .
& B = jz;o v; »Ljhii e ?1 Ei ,;;,J) b, (1- %d D

- Usdng: the adjoinyg: DEE of @ .y WhOSe elementssare-also pélyhomialsm

in I, tﬁen. .
- p® ,g .,‘,,._;3% « I = b (1~ z a, JB9Y, I

o "-\ . =
i 7 S i ‘ J—-L

| Premultlplylng (9) by D y dividing by bo and reuarrahging'the

terms, we obtaln.

<
fi
=
L
Lo
I



. Whgre,

gf d.LJ) is a,scalan, ; 'E?".z '5
3:1' o .

' This means ths eaﬁh\jOLBtly depende e ' nable is expressed as
functien of its own lagged values ané‘of.‘he ‘exogenous. . vanriables.
(incldentally, if u' is serlally Lnﬁependent, gﬁ will not be 80) .

" Under the assumption that z is fixed over the. period of stuﬁy
thenL Z}:__‘i and we can “therefore put L in ﬁ" equal to’ ‘unity and
'dencbe the result by " (l It .is clear that it will be tha adaug—'

ate of the matrlx B?l) deflned in the same manner.

- Hange, R . | ' Ty
) ey L e T o o
“ %5, Py =-@- Z 4. fl)

Thus we can rewrite (11) as follows.

t= ZZ La)-x - (1 - 2— 4, _ﬁ% oﬂz";,”_j (12_')?__-‘:‘;__:7“;

Thia is a set af J‘equatlonn in whlch each endogenous Varlable is
. separated from all other endogenous variables, and ‘its current

value (the aointly-dependent varlable) is a functlon of its own
1agged values, and, of the exogenous varlables, hence the name:
separated form. If we know n lnitlal values of 'y ot ge can subsbiitute
ﬁhem‘ adwell A3 ths: vaneg 6f,ﬁabe ocbtaln the value ei yrt in the
Iperlod (n+l) 9 nence all snbsequent values. :

0) THE RESQETED FQRM.

v

: The fact that the separated fonm does not enable us tok SR
_ caleulate the value of any variable ¥, at a- given point of time,®, -
n"unless we Know all its n precedlng values, makes it inconvenient B -
- for a general study of the time path of Ve in a general manner.' ” -

. Therefore we ‘have to obtain a general solutlon of (12) K



;77 %hen 9) becomes:

| -15-
Now, if the variables y should ever attain an equlllbrlum seb
of values ¥, oorresponding o Zxx such that:

g _
‘L et T yrt'

from which - , . -
o A .

Hence (12) can be rewrltten as.

(z: d 1,3).1 + (1-%1 a ),I + W (14)

Wiiting ) ~ A |
o L=I-X

then,x are deviations irom the equlllbrlum talues and (14) can be

‘rewrlttenim follows (noticing that,za az ﬁZQ L ”)

"itz ZdL),zv—»w" | | (15)

Ignoring w, the resulting set of equationsis found to be:

| imeo,: | ) BI-Q ‘;I.‘z O (I‘ = 1, ce e g J) (16)

This means that the deviabions of each endogenous variable, follow
" Ghe same linear difference equation of the n-th order.To obtain g
solutmon, we have to calculate the n roots >-(assumed for 81mp11c1ty

to be dlfferent) of: | | ‘
0 (1’7) '

' The determlnental e uation: BT =
Writing: * m, = l/ﬁ;_
the general solution ig f@und to be 0
It = 2: rj’ J (18)
where the K 3 are constantsobtalned by means of n initial conditions.
Thus: T = P ,_)'__'Ka.mg-z-wt(r:l,...a’) (19)

_ Thls.set of J‘solutlons glveé éhe resolved form, with yr calculatbed
from (13). The importance of this form for the study of growth is

quite obv:ous.



_VI - ANALYTIGAL MODEIS OF: ACTION'

' By'medns of 1nteract¢on modelb we can answer many questlons
a5 regards the values of the endagenous varlables, given cextain
values of the exngenous variables and - in dynamic cases — past
_values of the endpgenoub variasbles. We can also study the effects
of qhanges in these latter variables on the values of the endoée-
nous variables. In all ‘such cases we assume that the various

eoonomlc units beliave as they do, and any change in their behaviour

can be in many cases reflactved in changes in the values of the
parameuerbs which can be introduced in the mﬂdel, and its eifects

~ investigated.

- - Im action models we reformulate the questlon 80 that it ]
becones: Given certaln outside conditions, how are the economic
uniscs 301n5 to deterumine their D&h&Vlour? Consequently, how. . are
-they .going o chdnge their decisions acuordlng to changes in
“those aut51de condltlons?

- Now, in any.given €conomy, there are, .in principle, a very |
large number ‘of decision-makers. The first step btowards a mean-—
ingful study of the decision—making process, is Go subdivide this
number into a smallar nuuber of roups, each group containing a
cerbain number of homogeneous units, in Ghe sense that they are
units satisfying certain conditions of similarity under which

they are acting,; e.ge-, consumers, producers in a market of a given

nature, ebcee We start by defining a representative unit of
each group, whxch_mmant,be a.ﬂegllglble part of the group, or it
migﬁt be as important as to cover the whol€ group in the extremes
©.5¢, Lhe competitive producer ve. the monopolist., Three cases
can be dxstlngulshedz '

Cese A: Zhe rbprebenbatlve unit has no a@preclable effect on_anyv
other unit: |
w In this cage we . asgume ' .that the denision~maker;e_
nas no- amgreclable effect on any other unlt, ‘whether in hlS

hY
e
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: grau@,;W~Gr~~in~any-oﬁher{groqpip Assuning ﬁhét;iheureailizeSj

¥his .Pact - ke would - be simply ‘meaotimg passiVely . . . | .

o the results of their actiqngo Rationality would require him
%o limit his actions to those variaploes which are virtually. under

his control, without any presumption that he cen affect their

"behakicurg' There will be no need to‘intro&uce ekplicitly'in‘the

model the menner in which other units veach their decisions with
respect to: variables affecting his decisions; it suffices only
%o introduce the values of those variables as decided upon by
them, = '

ihus‘the model in this case would be'aimply'a'model of pure

resctions and if this abbitude prevails among all similar decision-—

mekers, harmony among decisions can prevail, and a clesr-cub
pa@@grn,of:behaviou: becomes apparent,

_CaSé B~ .ﬂhe representative wnit has distinct effectson others
© but_does not LIy Yo exceed ite

In th;é case the decisions taken byAthe;unit under study would
. lead others to react in a certain known way. Nevertheless, the
"decisionemaker declines to exercise any @irect,contrgl‘over'the

values of the veriables which are virtually under the control of
other decision-makers. Even if the representative unit does noeg .
know for sure the exact way by which others formulate their dec—

'iaionsg~we can; for analytical pu%péses,.introduce_it explicit;j
in the model to acecount for the total amount of information reg~

uired by the unit to determine its actionse Thus the model
becomes one of action and reaction, |

The need to account for the reastion of other wnits leads

b0 two cases:

1;.There is.sqme'other model which deséribes the behaviour of

the other units in terms of g single-valued function(l;, which '

(l;)_r S&t: '\'ﬁ.&xt Pmﬂ&.
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is a functlon of, among athers, the varzables uader the control
of the representative upit itselfe In this case we have to
obtain from the other model the relevantqunetiqnﬁnd confine our
mndel to the study of the behaviour of the representative unit;
and there is no need to widen the scope of elither model sp as to
investigate gimultaneously the behaviocur of all unitse Purther
the account taken of the behaviour of others, ensures that the
decisions to be taken by our unit will be in harmony with those
of others, This means that the medel is one of hermonic unl-
astlon, exactly as in case A above. The model of a monopolis?®
‘who realises that he cannot suppress completely the demand
function of consumers, where this demand function assumes the
normal shape, 1is one example of this type. There is no need
to formulate a. model which attempis ab giving an explanatlon
for behaviour of botk the monopollst and the consumers al the

aame times \

.20 The other decision makers can follow wore than one. pattenn o

of hehaviour, either because there is more than one functlion
which give them possibilities of alternative decisions in any

‘ given situation, or because that although there is a single
function, it is multi-velued? In such ggses, the model has £o
study all units at the same time. 1«999 iy becomes one of multi-
“gation. Two possiblllties arlses o

m

a) The declslons taken by the different parties can be ccnsxstent,
thus yielding a unigue. solution, and the model is therafore one

of harmomlc multl—a@tiqno

b) The various declslona are 1nconsmstent whlch leads to «
fcqntradletary nesults.' The fact that the 1nterest of the various
decisloanakers are in canflxct, does Bob by itself imply ip-—-
consistency. But if this latter exists, the declsions. taken by
one unit will be, contradicting thelir own almso Hence we have

(1) It need not be a combinuous functlon' The kinked demand curve
is an example. .



| R RA

models of gontradicting multl-actzon (confllct belng anotner side
of the gtory). This is the g@ae@ls of the theory of gamess The
. main concern of the modelnbullder is to reconstrued sxtuat;ons
in which harmonlsatlon is regained among decisions, which
requires the intoructiecn of extra information and additionsl
Tales. 'Glearly there is a hlgﬂ prohabll¢ty that harmanlsatian
might be achleved in more tnen one mayp ‘

-Gage G = The rewresentatlve unit hag distlnct effaats on others
and trles 50 _exceéed them. In this case the decisionwmaker'
assumes for h;mself a wider power than he actually }Qases&as in
-_denermxnlng the bebaviour of @thefp We can disﬁinguish again

two easeso : : |

a) The Qbuera yield to this p@wexa wh ch means that the varlables
which are assumed by the deelslﬁn=makeﬂ %6 be under his @qntrol _
become eventually 80. The model would be then of hermonie multi-
' aatimn,”eag‘9 the model of a leader and a follower in. duopoly,

b} The chexs do not yield %o u&ms which means that harmony will
be lackﬂngg and we have again a case of Gontradistory multi-
actlon model. Such would be the case of bwo duopoiists each of
them btrying to Lead the narket. Ia mathemstical terms, the
model is QV&¢—§&teTm1ﬂ@de Lo bring harmony back, certain extre
conditions have to be added, leading to. 2 nugber of alternative
mmdelh each advo;atlnm & certain change in behaviecur,

-VTT = MDDEL& OF HARMONIC AQTIOHD
Leu us assume that g m@ael is 0 be consbruched wmth the

Uurpoa of axplaining the behaviour of a single decision-makerp
who 1s Worklmg in harmony with all others, The fipst step is
tatcenstruct the basic form - of the mmdel ~which corresponds to
the structural form in interaction modekg though its constitution
is somewhat dlffarentop The purpoqe of this. fo;m is bo State the
Problem in which decision is required, and the znformatlaa on
which the declsion is to be based. The nature of the decision
itself is then obtalned as solution of this £@£@:» Let us consider
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the "steps involved in constructlng the model and solv1ng it._-

. 7 First of all, an.gg_gllmlbv index is postulated, and the
problem is stated as an attempt To optimize its value over a
~given period of tlme (by making it a maximum, or & mlmlmum).
This index might be an economic variable (profits, costs, ebe
...), or it might be an indicator of certain paychological,
soclologlcal or polltlcal desires (consunmer's preferences,
welfare,...). The economist is advised not Lo guestion the
advisability of such index; it is a working assumption, to be
taken a8 & point of departure. .

- The second step 1s Lo puild up a setv of ggructural relation—
‘ shlps, relating this index Lo cerbain economic nagnitudes which
express the alternavive tools avallable Go the decision unitb

ior use in the process of optimization. Both these tools and

the index itself are counsidered as endogenous variables; i.e.,
the model 13 responsmble for explaining the values they should
attaln under given Gondltlons,

It is clear that, if the decision-meker is flee o give the
aboveqmentloned tools any values at will, tThe problem would be
trivial. In reality, such:cloices are limived by neans’ of certain
regtrictlng conalt;ons, Two bypes of tnese restrictions can be

©
W

alatlngulshed.

i.‘ leltlng_condltlons, usually taklng the shape of - equau1ons to
be patisflied alb the oplimum; e €e8e, bhe eguality of the consumer's
Wtotal expenditure to his income; the condition imposed on the

- actlons of the producer through his productlon function,.

2. Boundary conditions, usually taking - ‘the shape of 1nequalities,
imposing a lower or upper bound on the values of certain varlables

or functions there-of, reflecting the scarcities of certaln

. resourceb, the needs to meet certain minimal needs, or the non=—
negat1v1ty condition common to most economic varlables._ In ganeral

ﬁhe boundary conditions can be refermulated into llmltlng ¢onditions

. i
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by introducing further slack varisbles which would be added to the
list of endogenous variables, with the boundariss’ rewritten in the

ah&pe ef further n@n«negativity GQﬂilti@RSe.

In alaboratlng these struetuxal ecnditlons and restrlctlons,
variables outside the control of the decision-maker are 1ntroduced.
One.group of such varlablas, would be the values of the restrlct—
ions themselve&. TheVLemaxnlng ones are those which are under ‘the
direct control of other d&ﬁiﬁ&ﬁﬂ?&&kﬂfﬁ, or those which are debter—
mined through sone model of interaction, to which our deClSlOﬂ—

. maker mlght be a member. AlY those variables which are not

dﬁw@oflﬂ 23y Laﬂixa@tav affected by the @eclsaoﬂ—maker under study,
WoNLE, e «amsi@er@a 88 axogenous. Jbthers which are affected by
his owa b@havi@ur, but are ret amonz his direct tools,; nor among
nias uaaﬁu%&g should be considered as endogenous, hence reqamrang
@@fﬁm&@a&&iﬂg aquatﬁaﬁs ?@ @xgaaim bh@ valu@s they wauld attain

SR @l&ﬁ&iﬁl&&&mﬁﬂ of varisbles into endogenous and

paegevons ie sTill useind and meaniagful. However, for purposes
oL dacla @nwmakimg m@@alﬁg i% L8 mere convenlent to adopt an
Adgsxunglye odapsiiicanion of varlables, suggested by Tlﬂbergen (1)

o oavas & Qfﬁb%mlﬁ Asre toek Tinbergsn's ¢lassification is of great
Talue Joo PUrposes Of amald vlcal achiocn modelgs. In this"classiw
ficebtion,; The group of endogencus variables are pubdivided inbo
three subclasses, the fourth subslass aolr@syondiﬂg to the whale

.grmgy of eXogrnowms vaﬂiablss

Marcel variabless wm (L = lyoooy ﬂuo They are those endogenous
b568, whose V&luhh are %0 be optimized, There might be only
;uu“ variaovle, whish. might be au economic wariable (such as

wid) g yﬁéwﬁ@leéiwwL (enchfusilivyl, or soui@laglcal (such as

)
'weifﬂr@}o In ouvher eoses, there might be mere then one target

FANLAORLNE Bk

Zo, A savios of fubure Luﬂ@m@89 nr a group containm
Log navionsd lncome, tune lsval @i mnﬁwymanﬁ, and yhe forelgn

DEda .
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s DEens Qﬁ ste Hheory of Zocsomie Policys Ch. 2.
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The opheliwity funcvion would be then an axpresslon for the
opheliiity index in terms of The Targel varlables. Thus the lndex
itself is not lncluaea in that set; it can be ellmlnaced through
the ophelzm;ty funct;on, {see next secnlon)

Zo lustruments or Eools._gl (1-1,....,“). ;ney are varlables De~
Lonzlong TO tne endogenous group, and used uy whe decz&104ﬂhdmef to
- achieve the required optlnum. _ )
joflrreleﬁaﬁt‘vamgggles; v, (4 =lye00,l)s ihe remaining endogen—
ma3‘variables which belong to nelther or the previous two seis,
;du which are invroduced into the model through the structural
ﬂuum510ﬂ5, as functions of other endogenous varlables, are con-'
51uu¢eu as irrelevant not o the model itself (in faet. they ar
qulce essential to it), but for Ghe process of opTimizatlon.

ineir values would ve determined simultaneously witn other endoge~
nous variables, and failu¥e to Gaxe them into consideration, would
nake tne-model'incapable of giving a pfoPer solubion iLor the

LBl _
23 Qoual B, (Lslyoee,in)e Laese s08 all 2X0gencus varisbles,

(o velues of the restrictions, counsiderew as glven lo whe problem..

VIII ~ ZHE BABIC FURM:
3T ub GAR0TE bue opheliadty liwak vy @ o s LS polobIy
AU GEA LE expresses A% & lunciion of Tue w bargel varlsbles,

¢ - ¢{,ng W 9 o699 W—MJ ) _' | '\.,__'U)

ine prohlem ie Go set the values of the w's 50 Ghat op attains an.
agq;mum value. 1L ovhsse vaLuas are direcily under tue control of
the declslon-~maker, unen tney will ve lostrumenvs of actlon.
Sluce this is not usually bae case, we Lave To ilatioduce Lhe
instrunents g and Lois 1s wone ThLougn the statewent of strucvural

pguations. J4if some of Ghese equations involve endogeunous vardables

other then the w's or taoe u's, we bave To ade exvra svructursl
SLUATIONS enOWmu GO LeLELe ﬁnoae vavhoules o The Lavher 0lsde

se extre varlables dre vue Licelevene verlaples v, walen woans

[RISRIRT

1
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"’Ghe number § &f structural equations = The number of target
- end irrelevant variables: I + L. (= J-N, see below)
These equations bring in some (&%K.) exogenous variables as well
as all, N, ipstrumental varisblei, Let us denote all endogenous
variables by I3 (izl,oao‘9Q'=M+Nj-L)a o
. | = (REY) o S (a1

The structural .éq;zla.t;lons can be expressed as follows:

, gi(ylggln’;ys?; zl_!-noong) = 0 7 ”(i:l’O".D’s-: J““ﬂ) (22)

These are to be followed by the two setsof restrictions: _
. a). The R limiting conditions affec.ting,,some or all endogén,ous |
variables. They night include extra exogenous variables, bringing
up their aumber to G': R | )

: fj(:)’la'ﬂﬂ-:yj§219°°09-za_9? =0 (j"“ls“’wsﬂ)__ o (23)
b) B boundary conditions defining lower or upper bounds for some
or all endogénous variables (E€2J), A formal description of
such boundaries can be stated as followss

Ti 286144 C TaSgugg sl ()
where some of the ZGig.; Bight be ~o2, while some of the B30 o Tei
night be +oe (in which cases ‘we omlt -the equality sign).
Thus the basic form of the model is: -
It is required to optimize < ; where

P = C,b(Wl_, seeoa $WM)
and the w's satisfy the 8 structural equationss
) _ gi(ylndf°°.s¥§§ zlsovcayzr&) =0 - (i=ls_é°‘- »8)
subject to R+E restrictions: N |
| fj(yls”uyd531‘!00492@#7);6= v ' (J=1y40.,R)
| O (sl,e.,9)

I3 ?/ZG'.-I-:L , IS fgreged
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_ The basic form glves thefstaﬁemsnﬁ of the economic problem
leading o decision makingf__mo.facilitate mathematical solution,
 'another form, called the standard form, is found to be more
 convenient. Using the 5 (=M+L) structural equations (22), we

can .eliminate 8 endogenous variables, .., the M target vari-

ables, and the L irrelevent variables. This leads to the expres-

i . -
sion of all endogenous variables as functions y of the instru-
ments, Ui - - g . B
AR N 1 ERXEL O & (i=l,e.050)  (25)
The Gphelimity functign becomess R

' P z @ '(ui‘é:f.'. ,ﬁﬁ; zl, .-:._._,zg_) R N (26)

'ﬁ? dispense completely with the\structuralﬂéquations we have to
use them to eliminats the target and irrelevant variables from

tﬁe,reatyictions. Thus all restrictions become functions of the

' instruments only: J , : R
| By (uypensigs Bpreeesfgy) = 0 (1=lyeensB) - (27)

Tyt S0guy Y

;_ ' Now some .0f the ﬁéunda£$71neQualitiea.impose non-negaetivity
- _cér-panspesitivity,.easiljfreversed by change of sign) conditions
" on single instruments. The rest (n in number sey) are conditions
-,éithqr.pn.sinsla instruments involving finit€ non-zero bounds, or
on othqh endosanpus-variables, involving finite (zero or not)
bounds. . .(We ignore infinivé bounds). We can easily restate.
these inequalities in the. shape of equations by introducing sleck
variables, .each of them.equal.téuthe.differanca=betwean the two
sides of en inequallty, such that they elso satisfy non-negativity
conditions. This means thatdthe”n.drisinal.inequalitiea-will be.
restated a8 n equations ‘annexed with & new set of n inequalities,

)
.

¥
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tak;ns %he' 8hape of nonﬁnegatlv1ty gondltlons on the n Black .
nvarlablas. ~The number of boundary conditions will remain E, all
of them.non~negat1v1ty conditions, while the.number of liniting
' condztions becomes. R' = R +.n. At the same tlme we consider the
_'new-variables as slack 1nstruments, which brlngs the total number

of instruments to N' =N + n. - o
Thus the model can be resﬁated as follows.

It is requz.red to optimize ¢ where,

CP j (ul,...,uNl, Zl,o»vgzK) _ . (29)

subject to the R' llmltlng conditions:

F (u ""’U'N" Zl,-.a,ZK) - 0 (i:l,oico,R’) (30)

and E;boundary conditions. . | : A

- _ \u >0 _ | (J=1l,..43B) (31)
In this form, all varlables have been uneguivocally 1ntroduced, -
although in reality they%ﬁlght have zero coefficients (e.g.,
the n slack instruments in the ophelimity function). It is -
clear that any model can be always expressed in this foru;
hence its name.

:-X - SOLUTION OF _THE MDDEL ] THE DECISIONAL FORM:

Startlng from the. standard i‘orm9 we have to find some way
for determ;ning the values of the Ainstrunents requlred to attain -
the optlimum targets. . Once their values are determined, they

can be substituted in equations (25) to obtain the values of

the target variables, ag&.the irrelevant variabies. Two

posslbllltles arises -

1. The exogenous variables are a351gned specific values. The
‘golution can give directly the required values of the
instrumants, and hence of all other endogenous variables.

.2+ The solution takes the form of+a set of functional relation-

shlps which express the ingtruments in terms of the exogenh
- ous variables.. This case subsumes the previous one as a

Sy@Clal case, sxnce we can always substitute for theexngenous;-.
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K : Rl SO
@nm;mblw& ALY gavem VQ}Q@&:EQ obibain @he.values of theximstruments.
However, this case is not alway& avallable, a8 might be n0tlced
from.problems of lingar programuing, and we have to use the
‘previous way, changing the. values of the exogenous variables and
studying the effects of the changes on the decisions bo be taken.

To obtain the solution, we have o sﬁecify the economic
approach on which the statement of the problem was based. Two
main approacines can be d;btlngulghea each of them enballlng a
different mathematical technique of golutions. They are:

a) marginel analysis, and '
©) ectivity anslysis. _ :
,GonSidér first the classical marginel analysis approach. Tae
following conditions have to be satisfied: '
l,'The.boundary conditions are geldon stated explicitly. Non-
- pegabtivity -+is usually assumed to hold for the relevant range
of study. This leaves N' = N, and & = 0. af _
2. The number of limiting conditions is less bGhan th@@énstruments.
"R« N, Thus the problem becomes:

, . to opbilmizes: d? é@(ui,,,.,uq zl,,..,aK) ‘ - (32)

subaect o the R restrlctions.

Al

i(ul””’uN' Zl’°'°’ZK) (izl,a..,ji{<'\’ N)  (33)

3. All these functions possess contlnuous dexlvatives up 0 the
second order at leasb.
To solve this problem, two albernative approaches are
available: | | . | o
i) The first is Lo use the R eguations in eliminating R instru-
ments, thus reducing the problem as one of optimizing the
ophelimlty index as an unrestrlcted iunct¢on in:

= N - H
instruments. <Lhe choice of the specific F verisbles is arbitrary,
"and F is the actual number of degrees of freedom. The decision-
maker is free bo determine the values of F instruments, the ifree




instrumentsp Once this is done, the remaining R 1nstruments ‘

"~ follow by necéssity from the R restricting equations; which means
,*ﬂfthat there are R restricted 1nstrumentsc.

"i appropriate set 1s to be. chcseno

, To obtaln a"solutien" we hava to introduce F new equations,
such that ‘their solutien would determine the values of the F -
free 1n$truments, which lead to the optimum value of‘qﬁ If the
solutlan slves mnore than one set of values for those 1nstruments,_
- 8- test should be avallable to offer a criﬁerlon by Whlch the

-

, Suppose that we have declded o solve the R restrlctlens
" (55) for the last R 1nstruments.

uF*. = d,; Culsooasqwa leoﬂoszK) (lal,noo,R) (34)

Substituting these values in (32), we obtain the unrestrlcted

" -0Ehelim1t1 functions

tp #?(ulswvﬂsura leo-osZK) | (55)

, The problem is then: to obtain Lhe optimum value of (35),
with no additional restrlctlensq_ To do this we calculate tHhe
flrstnerder partial derivatives:

J %éy
Y, = =yu;

' Bquating these derivatives to zeT0, we obtain the F equations:
*’ (uiaﬂoovuys zls°-°9z ) =0 -(i-lsooosF) (37)

'.These equatmns2 together with (34) are sufficient to determine ° -
the N instruments. Substltutlng thezr values in the B= M + L
'structural equatluns, (22), we can solve for the values of the

gizlp.oongi?) - (56)

,@f‘thecmmihumognéilmlty index is that obtained by Subbbltutlng
in (20), or its equivalent (35). Hence the decisional form is:

wi‘(\ﬁlia.o;‘,'a.F; zl,ooc’ZK.) - O (i:l,oelo,F)

or their solutions: by = ai(_zl,,;-.a_,zx)  (d=ly0..,F)  (38)



- values is selected and tested according to . second-order condltlona,

, —P8m
| eguations. (34) uF+1“'d{ul""*uF*‘Zl"“’zK) (¢~l,.‘,R) ,(or33)
‘ & equatlons (2&) gi(yl".‘,y;ﬁ“é Zl,f. l,éK)—- G -(lﬂnL’.l’U)

) . ‘:«,{\' - ~
taccs, e opuims <Y Gy

These solutions determine the values of all J = N + M + L= F+R+S,
endogenous variables as. functions of the exogenous variables
For amy glven set of values of the z's, we can obtaln

Zygesesk
.1 ] H K .
the ¢orresponding set of values of the y's.. The optimum set of . !

of a, meximum or a minimum. The 1mpllcat10ns of such conditions )
can’ be formulated in terms of certain conditions to be satisfied

by the fungtlons_determinlng the selutions for the endogenous

__variables, a.nd by the ophelimity function iteelf. '

ii) An alternatlve method of solubtion xuns ag follows: - We LT
introduce a set of pseudo instruments equal in number %to.the
restrictions, say >i,..f, 2%, The complete set of instruments
contains N + R = '+%1mwmmm.mp"q%%“m,;huu w.
The ophelimitvy function is. rewrltten as follows, using (26) and
(33): , : . - R _

.JE Lul, ey UpgiZygees ,ZK) - -,é.l \F (u.;l seoe ,uN,zl, .o ,zK)
. A I ' ' (39)
This new function accounts £or all restrictions, hence if is
itself unrestricted, snd its pseudo number of degrees of freedom’
iz F' = N + R = F + 2R. Solution of this problem requires the
construction of an equal anumber of restrictions. |

“Let us differentiate partiallj with respect o the u.,

. J
and put: - : ,
- 3 _ bu
Further we d;fferentlate partlally with respect to the psaudo S o

1nstruments. —h
_ | N _F
N TR

"‘\_
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‘;thus obﬁaining F‘wpartial derivativesa. Bquating each of Them to

an 0,,we obtain the decisiﬁnal form as fellowsn_

izl 13‘13(111,49-3“}3]-, Zl,..,zK)

%—C-‘ﬁ? censliyi Bpaeneaty) # 2
| | (3:1,@N). | (40)
By (B aonyfys gppeeenzg) =0 (ml,enB) (33)

Solution of thesa F'. squations glves the values cf the N .
actual imstruments ua, ‘and of fthe R- pseudo lnstruments )\ - Bub-

-*~Stitution in (59) gives the eptimnm ophellmlty,

&’* %(ul’aﬂ#&ﬂlq, ZlaﬂennZK) - Q

' As before the values of the target and irrelevant variables can

be obtained hy substitubion in (22).

It can be shown that ‘the. solutlens Obt&lned in. thls way are
the seme as those obtained under (1) before. It is clear that

. the solution would depend on the shape of<p and its parameters.

Unless a unique form of ¢»is given, no single set of functional

relstionships can represent the actual poliey to be adopted by
- the decision-maker, However, as mentioned before, mesningfulness
~ of the solution from an economzc point of view would help to

ascertain certain conditions to be fulfilled byu#;. Notice that

. no non-economic considerations (eth;s.cal9 moral or whatsoever)
-are 1mplled by such conditions. S

The above approach is not the only alternatmve, methods of
activity analysis, have been recently developed %o deal with a

| famlly of decision-making problen under somewhat dlfferent

conditiona. The ‘conditions sbated by the standard form (29)- (51)
are assumed to hold. The u's are certain alternative activities,

‘and they represent a finlite number of choices open To tThe

decision-maker, among which he haa to make his final choices.

' As befors, we assume that the number of exact limiting conditlons,

R, is less than N, the number of instruments (ox activities);
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This leaves bhe number of degrees of freedom as before equal toj;

| F=k-R
In the pﬁocess of éonverting bbundary conditions other than tue
non-negativity condivions on single instruments, both N and £ are
increased by n', which leaves the number of degrees of freadom
unaffected:

N* ~“R'=N-R=F

It remains only to decide on. the appropriate mathematical techni-
gue t0 be used in determining the. optimun. '

If equations (29) & (30) are all linear the mathematical
technigue would be that of linear programming. The standard

fprm is Then: i
. N _
.. e :
to optimize: &}3 = ;;l fiui + fo (41).

subject to R' limiting condltions:

J?i. — . ty . l
.y L = 8y (i=l,eea ) (42)

& N' boundary (non-negativity) conditions:
us 2 O (J=l,000,8")  (43)

 where: £ & &;  ere linear comblinations of zys..sy2g, the data in
the problem. Given the values of all fi and :axi,’j we can apply The
technique of linear programmning to obtaln the values of the u's.

Solutions of the model are available only numerically.

L4



- rewritten as follows:

3

XI - EXAMPLES: | | .
Eﬁample (1): The static model of consumer's behaviour bakes the
' following basic form: To optimize <= U {U denoting preference
- or utility): Structural; equations comtain the equation defining the
utility index, U, which is the single target variable:
U:U(Xl’ 400 BXH}' . ‘

where X, 1s the quantity consumed from commodity i, the x's being
" the instruments. The limiting condition is the imcome-expenditure
‘equstion; sometimes called the budget eguation; '

‘ N >
LB X =5

'-.I

where Py are the given commodity prices (being the market prices),
and 2z 1s the consumer's income, .all of them considered eXOgenous -
to the model. -
The standgrd form iss *
- 130 maximize ¢H= U(Xl, seeog XN)
subject to ;Z: 'Pi Xi = & o S
' i

‘This can be rewritten alternatively ass . .
to maximize Y= U(Xyy oos s ) - N Jpyxy - Z)
: : ' L ‘
‘The decisional form iss

“‘%;‘Bé&'{ U(j;}lgo s 0 QXND hal l\ pi = 0 (iﬁlgn e o QN;)

jf}a Xﬁ &7 =0
If explicit expressions are ewailable, this latter foxrm can be

o

] Xi 2 di (pl, e o ’\ PI\Ts Z) (ile Al ?N> .
A= ) (P'_'[_’ eoe 5 Py¥ Z)



- The functions 4 sre the demand functions of the consumer, while
“1ls the marginal utlllty of expenditure "at equilibrium”. Fronm
the declslonal point of view )\ is a pseudo imstrument, hence 1rr~'
elevent. The determination of any (N-1) commpdities determines the
-consumptlon of the Nwth, through the 1ncome&expend1ture aquation.
Hence the number of degrees of freedom is (R being = 1):

Fz=N-R=§N-1 or, F=(&R)-28=0N-1

Hixample (2): A more elaborate model is provided by the study
of the statlc equilibrium of a monopolist, producing a single
output X, using-n variable inputs B 1Y with given prices Qs and
- facing a market with a demand functlon d relating the price p of
the oubtput X to its level and to other - exogenous ~ variables
(e.8., prices of other goods; consumers' income, etc ... Y, /M
(j=1,...ym). The producer is producing according to a production
function f relabing his output to the N variable inputs Fi and
to other n fixed (hence exogenous) inpubse.Denoting his profits

by 7", total revenue by R, total costs by T, we can write the model

in its basic form as follows:

to maximize cﬁ? = /I
with the structural equations:
T= R - C
R = BX
P o= dA(/X; 519 ous ’ﬂm) |
| C .= %qi Fi +j£¥ii0 |
(Wherecx- total fixed costs, and might be written as-Cﬁ; =
d(&i,...¢x ) « Notice that such gnaexpre881on does not count as

a restriction on the model, since 51l its members are e€xogenous
varisbles). The optimum is subject to the limiting conditions:

X = £(Pyy «ee » Hpi Xgyeeey00)

&

I
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In thls formulation_we haveu

H-

1 target varlable 7))

3'5 : lrrelavant varlables”(ﬂ, 2, ¢)

= Bl 1nstruments (Fl ,'..._,”an X) “

=m+a+r+l gxogenous variables Ggi,.ag,ﬁag ql,ts.,gn,“l,,..,¢§;og)
'; i +.L:=g4 structural aqﬁabiong L ‘ '

= 1 limiting conditions

o p o ..ﬁ‘_.sa‘ W

= N;E.a'nélqlﬂn degraes bf'fre@damy

It is clear that one can consider bath P and X as irrelgvant
varlables, if we choose %o llmlt the 1nstruments to the actually
free ones, say, the m vaniablalnpubsu Once they are determined

jboth output X and price P are determined through the productlon

function and the demand function. Altamugh.x is an 1nstrument, _

it is a ‘restricted one, Elternatlvemy, We can consider ¥ plus (n~1).
variable factors- sse free instruments, the n-th being restricted

by the production function. On the other hand, althgngh Tevenue

R, and hence price P are essentigl ln.detenmlnlng the level of o
profits, they are irrelavant to the deeisional problem since

they are nok eomplﬁtaly under the control of the producer. It

- might be observed here that there is nothing which prevents the

producer from using p as his instrument, but this would deprlve
nim from any contrel on his “sal@abl” output and X becomes

_irrelevanﬁq The model can be reformulated to represent this

cau&,o The straatnnai equation.beﬂomeﬂ
M= R=-C
= P.X
= :E(Flgsvo ?Q D<130°°9D%)

::;q F_-i-@c
(=t

QK w

- and the limiting conditich would be

P_d(X°£ B )

1 ] e ¥ & 9 m
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This formulation of th# model is less Lfamiliar; but it woulﬁ yleld
the same salution° :

Re$umum:¢vto the former basiec form, we use the structural
equations to eliminate the target and irrelevant varlables,
keeplngtenly the 1nstrumental variahlesa ~Phus

R = P.X = x.ad(x 31, a9 ,ﬁ ) ‘ .
Bubstitnting in the expression for T, we ohta;l.n the sta.ndard form: B

'kO maﬁmiz8»¢"- d.(x ﬁl’vnv‘gfg)ex 4(11 i u-f
. (,"‘{

ﬁnder the limiting_condition;

X: =." £(F'1'.a’oo gF {klg "R V’ C?‘:r)

.Or, 1ntrcdu01ng the: Lagranga mnltiplzer,’?k

1;9 mamlzeely _d\sxgﬁ ,u--,ﬂ ) X"’,g_,ql ""'ag + Ex_’f(Fl,ﬁ-o,F ;
i«l

with no restrictions. In this formnlation the pseudo number of '
degrees of. freedom,ls Ff = n+2

‘ If thﬁ producer is worklng under competltlve condltlons, P has

to be. ccnsldered exogenous, hence we drop it from the list of = v
irtelevant varisbles and in the meantlme drop the market demand
function from the structral equabions. The rest of the model

remains thé same. The solution of the system determines both the
production and input policies of the producer. The input policy is
in fact the demand function of the producer for the n variable ;
inputs. It is clear that these demand functioms can be written in
terms of the parameters of the production functiom, the prices of
thevariable inputsand that of the output, as well as the parameters

of the demand funﬁtion. The textbock treatment would not go that much -
muchs the level of the output—itself would appear as one of the
varlables explaining the demand for inputs, which means thet the
process of substitubion does not go 40 its far and. Another feature.

of the model is that it contains = demand function which itself is

a result of the solution of another action model.

f
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 The main difference of these models lies in the fact that.
more than one . uniﬁ o declslonwmaklng have to be eonsi&ered in the
model in an esaential way. This means that there will be an
eqpivalent nnmber of aphellmity functions to be optimized gt the
same ‘time. Let us assume that there are two declslonﬂmakers, A
and B with well-defined ephelimity fmactiomcf and;b ~ Since the
actions of each decision-maker affect the behavioar ef the other

'the two processes of optimlzatlon have to be carrled out simult-

uments of A should be taken.lnta eongi~

aneously. Certain

" deration in determining the optimum for B, and vice versa. The
- followzng cages can be distinguished (see see. VI ahove) |

1. Each daaxsionrmakar considers the set of lnstrumants under the

command of the- other Gesision-maker as exogenous to his problem
of aptimizatlon#, A solution aan.be-obtainea £er each decision-
meker. iqdependentlxg by*con31derlﬁg the otherws ;nstruments as
exogenous varisbles. This means that the insﬁmuments of each
ﬂeclsionpmakar are obtained as functions of - smong others -
" the instruments of the other decision-maker. Phese Punctions

._can be considered.aa reaction fnnﬁtlnns,expr9551ﬂg the way in vt

- which each. decision-meker behaves in the face of amy deelslons
taken by the other.

" Po veadl & Pinel solubtion, we have to study the results of
the 1nteractlon ariging frem these fornulae of reaction. This
means- that we have Ho con31der some sort of am interactlen ‘

. model, 1n which the two sets of instruments ave considered |
as endogenous and determine their values in terms of the .
“°rea1lY'exbgenous variables in the model. The simultaneous
- solutions of the reaction functions will determlne the
policies of both decision-makers in such.a way . that the
- decisions they take would be con51stent, ‘hence harmo&y
would prevail. The Cournot equlllbrlum,ln duopoly is an
| example. ' ' '
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2. £ A considers B's instruments as eX0genous, while B considers

}A’s instruments as irrelevant, and expresses them as functions

" of the variables relevant to his process of optimization, the
situation becomes different. If, and only if, this. function
is exactly the one obtained from the solutlon of A's optlmlar

U ing pxocess, the results would be consistent, and a unique sol-
ution is obtalnablea Again harmony of action is muaranteed.

~An example, 18 the case of a leader and s follower in duopoly.

3. If B (or 4, OT both) agsumes thalt some of A's (or B‘s) ingtruments
e .are related to his own instruments in a form which differs from
‘/f;ﬁthe actual one arising from the actual process of optimizatbion,
-Vthe model becomes 1neon315tent. Unless the postulated function
_is reconclled to the actual one, the optimum sought om its basis
'will not be achieved, and the actlon becomes contradictory. Now
this reconcilatlan opens an infinite number of possxbllitles,
and any solution to the model has to be built on certain
_aﬁsumptlons a8 to the factors determinlng reconciliation. The
fact that game hheory fails to give a unique set of answers in
gemes lﬂwalvzng more than two persons, ig an indication of the
type of problem involved. This is usually taken asg an indica-
tion of the limited power of the theory itself, at least as far

85 economic problems are concerned. Howeverg this is an unfalr

conclusiono

If we start by assuming harmony of action° we Will get it 11

But the fact that The model showsa harmony is not a proof that it is .

. realisties; in fact it may be an indication to the contrarys To
illustrate bthe point let us consider the beauwtiful abstraction i
dominating economic thlnklng, glways pubting a happy conclusion
to the sbtory in the shape of therexlstence of a static equilibrium.
One might go further and prove thé stability of this static
”nqullibrium, either by static or dynamic methods of analysis. It
ig usually assumed that since harmony is thus established, and
since the static situation is a limiting case to the actual dynamic

£ {
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reality, harmony can be postulated in actual life. It is true ﬁhat
for each dynamlc model, one can build a statiec llmlt but the

fact remains thst an infinite number of dynamic models have the:
same static limit. Bul they need mot all of them possess the

sSame propertles, and the study of conditions of stability in each
dynamic case might lead to qulte divergent results. Hence we have

-Fo review all stébic eonclu31ons, and obtain more reallstlc eXpos—

1t10ns through the speciflcatlon of stabillty condltlons in the
dynamic case°

Our main conclusion is that useful as ﬁhey are, familiar
models of economic anslysis. avoid an important aspect of real

life by showing s great bias towarde short-cuts for harmony.
. More can be learned through models of centradictory action than
through models of harmony. They might be more dlfflcult, and

They might require resort to other fields of social science, but
that is the price which economicshas to pay in order to beccme

" ‘more realistic. I am.51mply stating the problem, but I am not

ready to offer any concrete solutions; not at this stage»

XIIT - GONDITTONAT, ACTTON MODELS:

Eotevery ‘model in economic theory purporﬁs to carry a given
pollcy problem to its. far end. A deeper 1n31ght in many asPBGts :
of the policy making process leads %o the study of what we suggest
o call Yeonditional action” models. ILetb us. illustrate’ by an
example familiar to students of the theory of production.

As shown in Sec. (XI) above, a cbmpleté soluﬁlon of'the producerts

‘ problem, requires a statement of two polieies; the 1nput—pollcy, and

The output-policy. In order to study the various aspects of the
input-policy we usually assume that the level of output has been
somehow determined. Given the level of output, the problem is to

~ find that combination of imputswhich maximizes profits; but this
‘means that revenue would be constant, hence the problem is equiva~

lent to the search for minimum costs. In this sense, the suggested
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policy'iS'COnditicnal and the maximum abttained is not an abgolute

'_one. However, there mlght arise cases when such as approach can
lead to a wellwdeflned policy of action.

Consider for exanple the case Wnere the producer adopts the .. .. .

- pokiey ofw fixed share” In €He market. The level of oubput would

be determined through exogenous factors; the only parameter at

the dstOSal of the producer is the actual gshare which he decides

to hold. If +this is determined through past experience, then it

is also predetermlned, Hence the only policy open %o him is to

change his costs so that they attain their minimum according to

the given level of output. But if the level of output is stidl

to be determined, the conditionmal policy would be only meaningful

if the two,poiicies can be separated in such a way that the determ—
ination of one can be achieved independently of the may in which the
other is debermined. _If'this'is the case, we ¢an determine the
absolute maximum in two steps rather than anét Determining the

optimal input policy, we can proceed to determine the optimal

- level of output, moving all the time on the optimal surface in the
1nput sgacea. “We can algo change the orders we can start by determ—

1ning the best output pollcy eerrespond;ng to glven,cost$, vizo ,

the policy which maximizes profits through maximisation of revenue,

given total costs. Later we can look for the optimal input policy

by allowing costs to change, and owing to the independence property

assumed before the result will be the same.

Thls dlscuasion.is qulte relevant ® m@ ;pollcy problems connected
with "£ixed btargets". It is clear that discussions tinder the
assumptlons of fixed targets would be only conclusive if the fixa-
 tiom ig final and represents certain well-defined desires. Other-
wise, this approach should be con51dered as an attempt to simulate
‘certain ‘hypothetical sltuationsxo study their implicatbiorsin some
'detall.' A final policy is determined only after a oompletltlon '
of the model, by allow1ng for the other part (or parts) of
W Dhas wf.‘, ponew Tthe Wﬂ“ k\r\o\V‘ﬂ W\Qﬂmd i‘r fo PEpARIRE, A b
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eehditional actions. This problen will be treated in more delail
in a later occasion where we deal with models of publlc economlc

"_pellcy,‘ ‘ y

XIV. - snqu AND CONCLUSIONS:

In an attempt to approach the problem of conatruetlng analytlcal
models in a systematic way, the followmng elassification is found
useful, espéclally if we have pollcy msdels in mind: Mcdels ofl

action & Mydels of interaction.
o

A. Mbdel@sof action: quite familiar in economic amalysis, have
~been founa to lack formal discussion in the literature.  An attempt
wWas made 1n this dlrectlon, leadlng to the fOllOWng getup.

1. variables. Four categorles are distinguished (Tinbergen's):
' Target variables, wi (1 =1, ey ) :
IInstrumﬁnt varlables, uy (1= Ly eee o N)
Irrelevant variablesy W, (i = Lyese, )
Data or exogemnous varlables, Zy (1“1,,o°$K) b

2. Forms: Threa forms are distinguished:
a) The basic form, summarising the economic formulatlon
of the problem, conbaining
An ophelimity 1ndex,4>, to be Gptimizedo
An ophelimity fun@tlon, exyressed in terms of target
variables. : )
Structural relationships expfeséing both target and
irrelevant variables in Herma of 1ﬁstruments and data.
| Théekr number S = L o+ M,
Two types of restriction:
R limiting conditions in the shape of equations
involving target veriables and/or instruments; E bound-
dary conditionsin the shape of lower and upper bounds
. on.some or all endogenous varlablesa
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) The standard form, which prepares the economic problem for
dlrect mathematical manipulation, by means of standard techne
.iques. Two main approaches in economic forms lead to

: dlfferent mathematlcal technlgues; marginal uﬂalySlS leading
to the appllcﬁtlon of ordinary calculus, and act1v1ty ana1y31sl
leadlng to the application of programming tecnnlqu@s. In
thls form all endogenous variables cexcept instruments are
,Elam;matéd from: the,inodel by.means b the sbructural
rel£$¢0ﬁ3m1p$., A1l boundery.. condlitions sre trensforied
dnto: nonwuegdu1v1 V.. couhauloﬁb, with tho appfopflabc change

of . 11m;t1@g gonditions,

¢) The declslonal form, giving the mathematical solutlon of
- the optimlzatlon problemy ,as an expression of the instru-
mente in terms of the exogenous varisbles. In some cases
the numerical walues of the dabta have to be given befor-
ehand, end numerical methods of solution have to be adopted.

Number of deeisidnal unibs:. ‘
Modles of. unlwactlon, involving a 51nolerdecmslonal-maher,

consméered as %mgpwesentative of cerbaln homogenocus Eroupl
Models of multi-action; involving more than one decislon-maker
in an. essential way

Harmony of a,ctlono

Models of harmonic actlon where the behaviour of the unit
‘under study is recomcilable to the behaviour of other units
in the same or obther groups.

lModels of contradictory action, where one of the units under
study (at least) develops an attitude towards assigning
unrealistic values to some uncontrollable variables

Modles of conditional acblon are sometimes constructed to
help in the analysis of ‘certain theoretical problems. Cerftain’
target variables are given predetermined values, and the
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;eptlmization problem.ls reformnlated in tersm of the remain-

- ing target variables, thus deflnlng a relatlve optimum.

6. .

- Ba

L.

The number of degrees of freedom is given some attentlon.
The tobtal number of instruments is reduced by means of the -

‘llmltlng conditions, leading to unrestrlcted 1nstruments,

hence the number of degrees of freedom._ Paeudq degrees of ©

_freedom are envolved When we adopt the procedube of intro-=.
‘ duclng pseudo instruments for mathamtical purpo%eso'

LModels of interaction: summarlse the results ofilnteractlon
. among a number of declatan-mmakars whose- behaviour is determlned

by means of action models., The setup TUDS as followsz"

Variables.

.Jblntly dependent varlables, vizg current values of endogen—

. ous varlables, Predetermined varlables, 1nclud1ng‘exogenous

2.

3. ]

4.

'fvarlables and past values of endogenous variables.

Other types of equatlons night be added, belonglng to the
second group,,e.g., demographlc equatiohs. ' -

The structural form: 1ncludes a number ef equatlons equal in
number to the number of Jointly &ependent varlablesa_ it
has as components the agove structural equatlons.

Solutlons of the model, Three types of solutlons are
ﬂlstlngulshed. The reduced form, expressing each JOlntly‘
dependent varlable as a function of the predetermlned

*variables.

?he separated form, expr3551ng each 301ntly dependenb

varigble in terms. of its owIl lagged varlables, and the
exogenous variables only. _ SR

Col i e R |

'1Structural equatlons'Two categorles of three types each are disti-
"gulshed'ldentitles includmns definltional balance, ‘and eqiil-
3priun conditions. Stochastic equations; 1nclud1ng 1nst1tu—
_tional, technical and behaviouristic equatlons. '

K
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The resolved form, giving the value of each Jjointly depen-
dent variable in terms of time and exogenous variables.,

- In the treatment of the aetlan mndels fwo problems bumgut .

apparent'

‘1. The problem of haxmony seems to need further careful inves—
tlgatlon, Most economic models seam to assume some sort
of  passive. harmanws a . fact which has still to be establlshed.

2., The prohlem of aggregation, often,dlspensed.with by means
| of some simplified approach has to be studied in another
1light. In particular, the problem of passge from the
representative unit to the behaviour of the whole group,
- and the properties of the preference function for the
. Whole group have to be given explicit consideration. If
- for example, the nember of a given group trﬁ&to act in some
sort of a eollect;xe manner, Lthe lnd1v1duallstic approach
and the theorems of maximun welfare derived from it have

- to ‘be reviewed. _ ,
‘These_problems are only indicabted here for further investigation.
The above exposition as well as the solutiocn of these latter prob-
lemg are found to be a necessary background for a systematlc_
treatmemt of pollcyhmaking madelso ' :




