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Preface

Planning, industry, and business firms and their operations
continue to increase in size and complexity. Accordingly, planners
and managers must turn to the new tools and techniques to cope with

the many critical decisions which must be made.

Mathematical programming is one of the newer scientific
techniques to planning and managerial decision making. The ability to
make long term plans and the cost reduction are often the objective

of the mathematical programming objectives.

For this purpose, we present here a computer package programs

for many mathematical programming techniques used for solving Lp Models.

A brief discription of the different techniques have been
presented. The computer programs have been written in BASIC:-language and
tested on the HP-9830A calculator., Throughout the programs, many remark
statements were written to describe in details the model parameters and

the comming steps of the algorithms procedures.

The flow charts are introduced to assist the user to code the com-

puter programs for his model in any computer language he wishes.
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The first section introduces the Original simplex algorithm
that will be used for solving a Lp models in extended fprm (OSA/E). 1In
these'extended,fogmé,,;he simplex table includes an identity matrix, the
columns of the initial basic variables.

SéétionAZAPreéénté iﬁe drféinal siﬁblex élgofithm bﬁﬁ:in‘céﬁpact
férﬁ ;ince we.ﬁoié fh&t the columns of unit vectors included in the
previous algorithm offer no significant information other than to de-
signate the initial. basig-variables and it will be convenient to gmit
these columns.and, place. instead the subscripts of the basic variables

in, only one column to the, left of the simplex table (OSA/C).

The, third sep;;pn,iptrpguceﬁ,the‘reviseq,simplex‘g}gor;thm(RSA)
although.it may, appear to be unjustified since the OSA is much more
simple from the theoritical point of view and numerically both algorithms

‘ Il.i

appear to be 1dent1cal but this algorlthm is very useful specxally in the

economlc actlvitles.

B B A I

,sectiop:4Jpxesent§/the.duallsimplex‘algorithm“in extended form
(DSA/E). to help the user to solve his model without using artificial varia-
bles. It is very useful for example in games and strategies used by pla-

yers to find their optimal strategies and game values.
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The dual simplex algorithm in compact form (DSA/C)

has been introduced in section five.

By a coﬁbinagioﬁ of the OSA and the DSA, artifiéél."‘
variables ma? be a§oided completely which reduces ﬁhe size of the
simplex table and makes a marked reduction in the number of
iterations necessary to optimize the objective function of the model.
For this purpose, the primal-dual algorithm in compact form (PDA/C)

has been included :in the last section.



Section: 1

The Original Simplex Algorithm for Solving
Lp Models in Extended form (OSA/Extended) :

Introduction:

In developing tﬁe simplex aigcrithm, G.Dantzig made use of
the classical Gauss=Jordan elimination'method which is famil;er to
anyone solved a system of linear equationé. The key idea is to take a
multiple of one equation and add it to or subtract it form anothér equa-
tion in order to eliminate one of the unknowns from the second equation

hoping to change the original system to an equivalent one easier to solve

for the remaining unknowns.

The simplex algorithm is an efficient mehtod which is routinely used

to solve the Lp models on today's computers.

Outline of the Simplex Algorithm:

Our Lp model has the following general standard form:

. * n
R Max . 2 = C.X,
Zi::__J 373

j=1
S.to: ) .
n S
2___,a x, £ b, ,i=1,2 m
ij j 1/ g govey
=1 &b, >0
& x, >0



ii, After converting this model to equality form, the initial simplex

table takes the form:

‘ 1 ]
eq.no: Basic Coeffs of : r.h.s.
Variables .
o . L%
i e A xn~..7;“,;".” Lanrm
o Z. fcl. "°2{“f° -cn 0 0 .... O | -0
l xn+1 ) all alzbté'.ﬁualn 1‘ 0 v ooe 0 . bl
2 xn+2" ay a22 cveceay 0 { '"ff_‘o : b2
m a . a uouoa 0 0 DY 1 b
n+m mi m2 mn - : : m

iii, now the simplex algorithm consists of the following 3 steps:

I- The Initialization Step{Iteration no.o):

It starts at a corner-point feasible solution (origin).
This is equivalent to selecting the original variables (xl,xz,xn) to be
the initial non-basic variables (equal to zero), and the slack variables

(xn+l' xn+2'"'°xn+m) to be the initial Basic variables (equal to r.h.s).

II. The Stopping Rule:

The algorithm stops when the current corner-point feasible solu-
tion is better than all its adjacent corner point feasible solutions. In
this case the solution is optimal. The current basic feasible solution

is optimal if and only if every coefficient in eq o is non-negative, If



it is, stop; otherwise, go to the following iterative step to obtain
a better basic feasible solution which involves changing one of the
non-basic variable with one of the basic variables and vice-versa

and then solving for the new solution.

III- The Iterative Step (Successive Iterations):

Move to a better adjacent corner-point feasible solution.
This involves replacing one Non-basic variable (called the entering
basic variable (EBV) by one of the old basic variables (called the

leaving basic variable (LBV). This can be done through the following

3 parts,

1. Determine the EBV: Select the variable (automatically a Non-basic

variable) with the greatest-ve coeff., in eq.0. Let it be le; Ji

refers to the column below this coeff. and called the Pivot-column.

2. Determine the LBV: The leaving basic variable XIl can be determin-

ed such that:

Il ( i
/ ’

311,01 i,J1 34,3150

Il refers to the pivot~row no.,

/

aIl,Jl is galled the pivot-element.



3. Determine the New basic feasible solution by

constructing a new simplex table as follows:

1

0ld Pivot row

i - New pivot-row =
’ Pivot element

ii- Any other row = 01d row - "#ivot-Colunn caeff” X new. pivot-raw
; "pivot-column coeff" ‘is the' element in
this row that is in the pivot-column,.

(note that the pivot column. except the pivot element became zero

after this pivoting operation)

iii- The subscript of the leaving basic variable is replaced by

the subscript of the Entering basic variable

Illustrative Example:

(This ex is due to F.S.Hillier (1))

Max. =3X] + 5x., .
. X e

S.to: 1. e 4
4

2x2 < 12

3x, +2x, & 18



The Equality form of this ex is:

max. 2
S.To:
2 —3x1 -5x2 =0
xl +x3 =4
) 2x2 +x4 =12
3x1+2x2 +x5 =18
&

Xy 20 %35=1,23,4,5

The Initial Simplex Tableau is:

Coeffs of
eq.no: Basic _ r.h.s.
variables % x % x %
1 2 3 4 5
0 z -3 -5 0 0 4] 0
1 x3 1 0 1 0 0 4
2 x4 0 2 0 1 0 12
3 x5 3 2 0 0] 1l 18
- 7

IS. The Initialization Step (Iteration No. O)

From the above tabie,the Initial basic feasible solution is:

(0,0,4,12,18) & 2 =0



Now, go to the stopping rule to determine if this solution

is optimal or not?

II. Th:: Stopping Rule:

The ex has 2 -ve coeffs in eq o, ~3 for xl & -5 for x2, which
means that this current solution is not optimal; so go to the itera-

tive step.

III. The Iterative Step:

1. To determine the EBV; the largest -ve coeff in eq o ig ~5

for Xy SO X, is the EBV and Jl, the pivot-column no.; is equal 2,

2. To determine the LBV; it can be seen from the table that the

LBV is x4 which is associated with the minimum ratio indicated

in the table, and there fore Il is equal 2 also.

3. The new basic feasible solution can be determined by
constructing a new simplex table as follows:

i, . _
the new pivot-row = the old pivot-now

the pivot-element

so, the table for this ex at this point has the appearance

shown:



- - !
eq.no. Basic Coeffs of r.h.s.
Variable X % % x
1 2 3 5
0 -3 -5 0 0 0
1 x3 1 0 1 0 4
2 X, 0 2 0 0 12
3 )(5 3 2 0 1 18
0 z
1 X3
2 X, 0 1 0 0 6
3 ‘xs B

ii. To eliminate

every row in

new table by

new

for

-(-5)

the new basic variable from the other equations,

the table, except the pivot-row, is changed for the

using the formula:-

row

ex, row o becomes:

(-3
(0

(-3

-5

1

0

N om-

0ld row-"Pivot-Column coeff" X new pivot row,

0)
6 )

30)

and so on for the remaining rows, i.e, the new simplex

table becomes:




The solution at this iteration is:

Now, we have to go to the stopping rule to check

(0,6,4,0,6)

& 2 =

whether this solution is optimal or not?

(-3 for xl)’

tive step to determine the next basic feasible solution.

*1

Iteration |eq.no. ?asic Coeffs of r.h.s.
o Variable
*y 2 X %4
0 2 -3 -5 0 0 0
1 X, 1 0 1 0 4
3 x5 3 2 0 0 18
5
0 z (E}) 0 0 5 30
Ve 0 b ] -
1 !:3 1 c 1 o] B <
3 X 3 0 o 1 6 | &
5 3
S —_— —_— e —_— —

The stopping rule: Since the new eq.0 still has a -ve ceeff

this solution is not optimal and we return to the Itera-

Following the instructions of the Iterative step, we find that

is the EBV and xs

iteration becomes:

is the LBV.

Then, the new simplex table for this



i r
Iteration | eq.no. Basic  _ Coeffs of r.h.s.
Variables % " x %
1 2 3 4 5
0 z -3 -5 0 0 0 0
0 1 Xq 1 0 1 0 0 4
2 X, 0 2 0 1 0 12
3 X 3 2 0 0 1 18
5
1 0 2 -3 0 0 3 0 30
1 1 Xq 1 0 1 Y 0 4
2 X, 0 1 0 3 0 6
3 Xg 3 0 0 -1 1 6
3
0 z 0 0 0 7 1 36
1
1 -
2 1 Xy 0 0 1 3 = 2
2 X, 0 1 0 3 0 6
1 1
3 X 1 0 0 -3 3 2

The new basic feasible solution at this iteration is:

(2,6,2,0,0)8&2-=36
Goiflg to the stopping rule, we find that the solution is optimal

_because none of the coefficients in eq o is -ve, so the algorithm is finish-
ed and the optimal solution for the problem is:

2
6

Z = 36

ku the ordinary variables
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The Breaking in the Simplex Algorithm:

Case of Degeneracy:

One difficulty arises when two cr more basic variables tie
for being the LBV in the iterative stép} Special procedures have
been constructed for breaking all ties in a way to make cycling
impossible. One procedure, for ex, consists of changing the r.h.s."
column slightly so that ties do not occur. The prograh to be
presented here resolves such problem by using the charnes-ccoper

method (4). Anyhow, the rest of programs written for other algori-

thms do not bother with the possibility of cycling because cycling

usually donot occur in practical situat.ons.

Case of No Leaving Basic Variable (Unbound Solution):

This would occur if the EBV can be increased indefinitely wit-
hout giving zero to any of the current basic-variables. This means
that every element in the pivot-column (excluding eq 0) is either
negative or zero. In such cases, the algorithm would stop with the

message that the solution is unbounded.

Case of Multiple Optimal Solutions:

- Somethimes, the problem has more than one optimal basic feasible

solutions since at least one of the Non-basic variables has a coeffi-~
cient of zero in the final (optimal) table, so increasing such varia-

bles not change the value of Z. Therefore, other optimal solutions
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usually can be identified by performing additional iterations of the
simplex algorithm, each time choosing a non-basic variable with a zero

coefficient as the EBV.

Anyhow, the algorithm breaks the tie among these optimal
solutions by stopping with the first optimal (basic-feasible) solution

it finds with a messagz of multiple solutions is written.
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10 REM A COMPLETE PROGRAM 1D ‘OIVE Ao LE DFY THE TYPr <=

20 REM. THIS PROG. RESULVE“ beFNrfuL\ WHEN THERE la A TI&(Q) FOR THE L.
30 REM.. L.B. V.

40 REM. PRDbRANMED BY THEZ ¢1UHENT:;“!UU.IN‘ “THE. COGRSC 1416 .

50 REM. SUPERVISEL BY DR.  ABDALL#A EL - DnDUSHY. S | .
60 REM. APRIL 1981 .. C Lo e DR .
70 REM. .. ...o . i ',.a.‘. : S e T T T

80 DIM B(21),A(21,31), R("l)

81 OPEN "PF:",1,1 :

90 PRINT “ENTER N.N,CASE NO "

100 INPUT t. N, C

110 Mi=M+1

120 Ni=N+{i+ B T R

130 PRINY "ENTER THE - INITIA! SIMPLEY  TaBLEAU” 0. o .

140 FOR 1=1.70 M1 : L ' |

150 FOR J=1 TO N1

160 INPUT A(I,J)

170 NEXT J

180 NEXT I | S ~ -
190 PRINT ON(1) "CASE NO. 9, C: PRINT (1 )"=========.==:=:==-=:.="‘ :
210 PRINT ON(1):PRINT ON(1) SR T
230 REM. CREATING THE BASIS .. ....

240 B(1:=0 - . ' I

250 FOR I=2 TO Ml ’ T

260.B(I)=N+I-1

270 NEXT 1 |
280 L=0 £ - |

290 REM. L DENOTE THE ITERATION NOL. {0 FOR THE 1 s TABLAU.

300 REM.

210 REM. THE OUTPUT OF THE ITERATICH HO. "AND THE SIMPLEX TAELEAU. .

300 PRINT ON(1) "ITERATION NOG. ", L:FRINT oNtx)_"—-f~~-—----— ~~~~~
340 PRINT ON(1) R j
341 PRINT ON(1) TAB(14)," *;

350 FOR J=1 TO Ni-1 MY

360 IF J>10 THEN 400

370 PRINT ON(1) J,

380 GO TO 410

400 PRINT ON(1)

410 NEXT J .

420 PRINT ON(1)

430 FOR I=1 TO M1

450 PRINT ON(1) B(I),

440 FOR J=1 TO Ni.

470 1IF J>10 THEN 510

480 PRINT ON(1) ACI.J),

490 GO TO 520 :

510 PRINT ON(1)

520 NEXT J

530 PRINT ON(1)

540 NEXT I



o431
S50
560
570
580
520
&GO
4610
&20
&34
&40
&S0
660
680
&90
710
720
730
750
760
770
7890
750
800
810
U 0
50
850
860
870
880
890
00
210
920
?30
940
250
9460
970
980
390
1000
1010
1020
1030
1040
1050
1060
1070

PRINT ON(1):FRINT ONC1)
REM. |

REM TEST FOR OPYINMALITY
REZM.

FOR JU=1 TO -1

IF Ac1, J)-20 THEN 910
NEXT J

REM.

REM.

OPTIMAL SOLUTION .. ..
REM. .
PRINT Ofi(1)
PRINT Or(1)
PRINT Giica) ¢ i
FOR I=2 TG M1

PRIWNT GriC1) v AN TS I IRLL B

NEXT 1 L
PRINT ON(1)
PRINT Onic1) o
REM.
REM.
REM.
FOR J=1 TU Mi-1

FOR 1=Z 10 Mi

IF B(I)=J THEWN Eed
NEXT I T

IF, (4, D200 THEN B80

TEST FOx

PRINT 0il(1) Tali(sé), “mUL TIPLL

STOP

NEXT J

STOF

REM.

REM. TO FIND THE E.L. V.. ...
REM. .

e=0 )

FOR J=1 TO Ni-1

IF A1, U)2=0 THEN 970

IF G>=ABS(A(1,J)) THEN 970
G=ABS(A(1,.)))

J1=J

NEXT J

REM.,

REM. J1 IS THE PIVOT-COLUMN NO. £i%r X(J1)

REM.

¢0SUE 1320
REM.
REM.
REM.
REM. THE NEW BASIC
REM.

P=A(I1, J1)

VLR TADLE

“'r‘;(l.

Vet gt
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FHE OFTINMAL SOLUTION"

MOLTIPLE SOLUTI: |

ST TONY

1S THE EBV. ..

THE NEW SIMPLEX TABLEAU. . .

oo THE NEW ROWS OF THE TABLEAU.



Ed

1080
1090
1100
1110
1120
1130
1140
1150
1160
1170
1180
1120
1200
1210
1220
1230
1240
1250
1260
1270
1 20

=70
1300
1310
1320
1530
1340
1350
1360
1370
1380
1390
1400
1410
1420
1430
1440
1460
1470
1480
1490
1500
1510
1520
1530
1540
1550
1560
1570
1580

-19-

B(l1)=u1

FOR J=1 TU N1

ACTY, J)=Alit, /7P

NEXT- J )

FOR I=1 TCQ M1

IF I=I1 THEWN 118G

FOR J=1 TO W1}

IF J=ul THER 1170

ALT, D=aAlT, ND-AlLT, J1)+AlT1, 0
NEXT J

NEXT I

REM. . . NEW PIVOT-COL.UK.
FOR I=1 TO Mi '
IF I=I1 THEN 1230

ACT, J1)=0

NEXT I

REI1. :

REM. SULROUTINE TO DETERMINTD THE LEAVING BASIC VARIABLE .
R(1)=1E+36 .
K=0

FOR I=2 TO M1

IF A(I, J1)=0 THEN 1410

R(I)=A(I, R1)Y/ACT, J1)

K=1

S=R(I)

I11=1

G0 TO 1420

R(I)=1E+36&

NEXT 1

IF K0 THEN 1480

PRINT ON(1) "URBOUND SDLUTIUH ......

STOP

REM. CHDOSE THE ABOVE S§ TO TEET FUR THE SMALLEST +VE RATIO. I.E..
FOR I=2 TO M1~

IF R(I)=1E+38 THEN 19530

IF S<R(I1) THEN 1530

11=1

NEXT I

REM. TEST IF THERE IS ONLY OWiL ShHALLEST VALLUE.

REM. SUPPOSE R(I1) 18 THE ONLY SANLEST+VE VALUE IN THIS COL.,S RATIOS
I=1

FOR I=2 TO M1

IF I=11 THEN 1640
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1590 IF R(OI1)-2R(I) THFN 14730
1600 REM. THERE IS A YILO
1610 T=T+1
1620 GO TO 1&40
1630 R(I)=1E+030
1640 NEXT I
1650 RETURN
1660 REM. = .
1670 IF T=1 THUN 2050
1660 REM. THERE 14 A 11E(S)
1690 FOR 19=2 TU MI
1700 IF R(IS)=i[C437 THEN 10740
1710 FOR I=2 TO M1
1720 IF RCOIV=1E+423 THLil 1780
1730 11=1
1740 IF AC(I, JY) <=0 T 1780
1750 RUI)=ACI,L(19))/ &C1, J1)
1760 S=R(1)
1770 1i=1
780 NEXT I
1790 GOSUB 1360
1800 REM. . .
16810 IF T=1 THLCWN 2(S0
1820 REM. . .
1630 NEXT I9
1840 REM. THE PROBLEM OF DEGERLFADY SIILL ARISED.
1850 REM. WE AKRE GOING 70 REFPEAT T ALL COLUMNS.
1640 FOR J=1 TU Ni-1 .
1870 IF J=J! THEN 1990
1880 FOR I=Z TO M1
1890 IF R(I)=1E+38 THEN 1940
1900 IF A(I,J1) <=0 THIM 1940
1910 R(I)=ACI, UY/A(1, UL
1920 S=R(1)
1930 Ii=I
1940 NEXT I
1950 REM. . .
1960 GOSUB 1480
1970 REM. . .
1980 IF T=1 THEN 2050
1990 NEXT J
2000 PRINT ON(1)
2010 PRINT ON(1) “ NO LEAVING BASIC VA&RIZBLE.
2030 STOP
2040 REM. .
2050 ‘RETURN
2060 END
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Section 2:

The Original Simplex Algorithm for Solving Pp Models in

-

Compact form (OSA/Compact)

Consider again the following illustrative example:

Max. Z H= 3x1 ot sz
s.t.o.
x1 < 4
2x2 < 12

To save computer storage,the unit vectors which correspond
to the slack variables in the Extended table will be omitted
and instead, we place the subscripts of the basic variables in
one vector to the left of the table and the ordinary columns

~will be labeled at the top of the table with the subscripts
of the corresponding Non-basic variabies in an.other vector.

For ex, the Initital Compact Simplex Table for~the above ex will

appear as follows:



oy 2
} ’ R
3 1 .0 4
12
4 0 2 . 12 32 =6 e min
5 3 2'| 18 ¥=9
LS . ) 'S

To determine the next table directly from the proceeding

one, the following 6 Steps constitute the original simplex

Algorithm in compact form:

1-

Determine the pivot-element in the same way as for the
original simplex Algorithm in Extended form.
New pivot-row (except the pivot-element itself)

0ld pivot - row

Pivot - element

New pivot-column (except the pivot - element)

0ld pivot - column

Pivot - element
For the remaining entries of the table (except the

elements ih both the pivot-row and the pivote column).’



q{ j n+l
a e e
pq /b3 ®pn+1
aj_q aij . . . ai'n+1
1/a a ./a a
+
Pq pi’ “py, pn+l/a,
a a,, a,_ a ’
-a a a,. - 1L Pl . a ‘ee . i N+
iq/ - ij < . ) _EIaJ.J.
pa Lm~ Pq
%ig * o3
(aij) = (aij) -
a
Pq

new old
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New row = old row - pivot-column coeff" % new pivot~-row;
"Pivot-column coeff" is the element in this row that is

in the pivot - column.
‘ 1

0ld pivot - element

5- New pivot - element =

6- Inter-change the subscripts of the LBV and the EBV.

Let us apply this algorithm for the example:

K (3)
1 2
b4 -1 -5 0
Iteration O 3 1 0 4
4 0 2 12
5 3 2 18
L (D),
1 4
b4 -3 5/2 30
Iteration 1 3 1 0 4
2 0 1{3) 6 <
5 3 -1 6
| 5 4
Z 1 3/2 36
Iteration 2 3 ;;23 1/3 2
2 0 - 1/2 6
1 1/3 { -1/3 2




A proof that the 6 steps of this algorithm hold is

accomplished by compacting the tables of the Original simp-

lex Algorithm in extended form and then comparing these

tableswith those of the algorithm in compact form. For ex-

ample, let the extended table :akes the following form where

x is the EBV, x 1is the LBV, and a
s u jole|

is the pivot - element:

eq.no.l B.Vs cou:ffs of r.h.s
coe X . xj oo X, o
.t (/ ‘a . a . 1 b
p ( *u o PJ P
. .
i ’ , 0 b,
i aiq ai; i

The pivoting operation on this extended table produces the

following table where xs in now a Basic variable:

1)
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} .
coeffs of
eq. no, | B. Vs r.h.s.
LN xs . L] Xj LN I 3 xu o e 0
P xs 1 apj 1 b
3y ay £
Pq
i 0 @ £ $
@ =a - a 3y
i " fiq JH b
Pq $=Db, - a. —P
i ip a
a j 2
g - . 4
a
Pq

Now, compact the extended table (1) by dropping all
columns of unit vectors which associated with the slack-

variables, we have:

Q)
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g coeff. of
eg. no.| B.Vs . r.h.s,
.. xs o e xj cee
. A (3)
P X a a .,
u Pq PJ bP
i a, a, a,. :
ig iq ij b‘.

Also, compact table (2) and reorder column X with that

of X and drop all other columns of unit vectors, we have:

coeff. of
eq. no. | B.Vs r.h.s
cee x .e ' cee X e
[ 3j u
. (&%)
he) X a a__ 1 b
u pq j <] p
i a, a,. 0 b
J iq ij i

The 6 step algorithm now is clearly evident by comparing
the compact tables (3) and (4)

Note that:

The simplex Algorithm for selecting the pivot-element
applied as well to the compact table as it did to the extended
table. The only difference is that the pivoting operaticn is

now carried out by the compact table pivoting algorithm.
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SOREM. JUNE. 1981

JOREX REFERENCES' (.S WOLFE,LP WITH FORTRAN &
BOREM F S HILLIER ,OR

GOREM

100REM

110REN

1200114020, 30), L(20), K(30), R130)
1250FEN"PRL: ", 2. 1

130FRINT

140ERIHT

130PRINT

1&0PHINT"ENTER M, N, CASE NO. . & PRINTER CUDE"
170 THPUTH, N G, W1

1800 =i+

190M1=N+1

200F6 (MTENTER THE SUBSCRIPTS oF NDM -BASIC V8"
210F0RJ=110N

220 INPUTH(J)

Z30RELT 5

J40FRINT ENTER S. TABIE WITH SUBSCRIPTS OF B.VS"
250+ OH I=1T0M1

260 iNCUTLLT)

270+ =1 TONT

280 INFUTACL J)

J90HELT

SO0KE LTI
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. OPAGE 2

(OREM
~20REM
- ARER.

40L1=0

3507T=1 |
OFORJITON
F70PRIHTON(2) TABLTH, k(D).
980T=1+10 -
“390NE AT

410PRIHTON(2)

420F 01 [=1TOM!

4237=1 |

408K NG TARE DY L (D),
450FTRJ1IONT
4557=1+10

SH0PK INTONE2I TABETY. ACL U,
4B0KF Y1 |
ASOPRINTINGD)

500k AT

9lunrit

S20RE

530HE

340F(F = TON
90irat 1, JICOTRENESD

840 {1 |

5 1Ghe

sgoRe* OPTIMAL St vliDN
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PAGE

SYOREM
00FRINTON(2)

A10FRINTON(Z)USING" 1= @@eeeeee eee",A(1,N1)
530PRINTON(2)

b40FORT=2TONY

650PRINTON(2)USING"X ( €@ ) =@gpeee. eee",1,A(1,N1)
b70PRINTGN(2)

ABONEYTT

S90PRINTON(2)

710PRINTON(2) *=====WKICH 1§ THE OPTINL SOLUTION-====*
T20REN

J30REX  TEST OF MULTIPLE SOLUTION.

740REN

750F DRJ=1TON

7601FA (1, JVOOTHENS

T70FR INTON(2)

T50PHIKTIN(2)" ===AND MULTIPLE SOLUTIUNG=mmmmmmm=m "
B00SOTO40

BI0NEXTJ

B20GGTO140

BICREN |

RAOREX  EBV

850RE

BAOG=(

870F 0. i=1 TON

B801FR i COTHENSTO

BYORE M
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PAGE
BISAEM THE ABOVE TEST IS USED ONLY IN CASE OF TWO-PHASE ALGORITHM
F00RER. IF K(J)=-VE, THIS COL 1S SKIPPED AND NEVER USED AGAIN IN
FIOREM. CHIOSING A PIVOT-ELEMENT. ANYHOM. IN OUR CASE—~ K(J) ALMAYS +VE
J20REM. BUT NO HARM TO INCLUDE THIS TEST HERE .
GI0IF(ALL, J)+. 1E-5))=0THENGTO
FA0IFGI=(=AL1, J) ) THENT70
9506=-(1,J)
960412
TTONEXT
9BOREM
990REM LBV & LEGENERACY TEST.
100CREN
1010R(1)=. 1€31
102011=-1
1030F OR 1 =2TON1
10401F (A{L, J1)= 1E-5)C=0THENL100
10SOR (1 =A(L N1) /A (1, J1)
10675
1070851 1)
108u1 1]
109060101110
HOMR(1)= 1639
0N T
L2086
H301F 11X THENT IS0
Ak INTONCD)
UGUFR IHIONG) " UNEGUND SOLUTICN
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PAGE 5

11766070160

11BOREM USE THE ABOVE S TO TEST FOR THE SMALLEST +VE RATIO.
1190F0R [=2T0M!
12001FR(1)=. 1E37THEN1240
1210TFSCR(T) THEN24D
12205=R(T)

123011=1

1240NEXTI

1250REM TEST IF ITHERE IS ONLY ONE SMALLST Ve UE. ..
12407=1

1270FUR 1221011

12B01F I=T1THEN] 340

129071FR ({1)ORT) THENISS0
1300REM

I310HEM  THEk= 1S ATIE
1320KFM

13307=T+1

134060701360

1356R(T)= 1E®

1360KNERTT

1370REM

1380REM

1390REN

1400KEM

14151F1=1THEN1290

1420REM

1430REM  THERE [S ATIE(S)
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1440REN

1450PRINTON(2)

1450PRINTON(2)USING"THER 1S A @¢ée TIE(S) "/ 1
T4BGFRINTON(Z)

1450F 05 1=2T0M1

15001%R(1)= 1E3STHENT 930

1512021

1530KEXT]

1940REN.

1950KEH CONTING AU MODIFY THz CONSTANTS.IN CASE OF CYCING. .

155078 3
IS70RER  P1VOTIHS-OPERATIONINEW S, TARLE .
1SBOREN

C1590R=1/4(11, J1)

1609F DR J=1T0N1

1610411, =AU J¥P

1620EXTY

18334411, J1)=P

1640F R 1= 1 TOM!

16501F 1=11THEN1 710

16605 (RJ=1TON

16701F J=JI THER 1460

188511, J)=h 1 Jimai 1 JD)RALTTL )

1697 2X1J

170411, J1)z-4(1, J11ef

171GHENT

YERSES

PAGE

b
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PAGE
1730%1=¥ (J1)

17408 1J1)=LL11)
1750L (11)=X1.

1760REN

17700 1= 141

17B0KEH.

1790REH. . OUTPUT GF THE NEW SIMPLEY TABLE. .
1B0OREN.

1B10PRINTON(2)

1B20PR INTON(2)USTHG " TTERATION HO. eee”,L1
1B4GPRINTON(Z) |
1BSOREM. . ..

18606070350

* 1870END
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1' =]

0 -25 20 o)

3 2 0 &£00
4 4 2 1200
) 2 3 1200
ITERATION NO. 1

4 2

0 6. 25 3z.5 "' 7500
3 -5 -1 o

1 . &5 .S 300
9 -5 - 600

1= 7500. 000

X4 . 2)= 00006
X ¢ 3) = 300 000

~==——UHICH I§ THE OPFTIMAL SOLUTION~—-—- '
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Section 3:

The Revised Simplex (shadow prices) Algorithm for solving Lp

Models (RSA)

Introduction:

The Algorithm here may appear to be unjustified since the OSA
is much more simple from the theoritical point of view. Also numerically
both algorithms appear to be identical since both of them pass through
the same set of feasible basic solutions. But in fact, there are many
advantages of the algorithm here which sometimes called the simplex -

Multipliers or the shadow prices algorithm.

1) One good advantage is that the original data of the model will
not be changed through the pivoting operations of the algorithm
so that it will not be truncated by rounding errors.

2) A very useful advange of this algorithm is that the shadow-
prices are availab;e (these are not computed by the OSA); these
beside their practical meaning can be used for any post-optimi—
zation studies such as the effect of modifying the constraints
of the model on its optimal solution, or any other sensitivity
analysis on the model.

3) In large-scale mathematical programming modelé where the tech-
niques of Decomposition have to be applied, we cannot procede

without the matrix-form, not only because the large amount

i
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of data to be handled, kut also because the shadow prices pro-
vided by the master program will be needed to determine the

preference functions for the different Sub-models.

Now, the general form of the Lp model in matrix form is:

Max.‘ Z = CX

S.to: AX < b (1
X > 0

C = qu %3 =1,2, ..., n

X = [xj] ¥3=1, 2, ..., n

b = [bi] ¥i=1,2, ..., n

AV= [aij] ¥+ i, j.

The constraints in equation form take the following

matrix form:

X X
[A, I]) - = b; > 0 (2)
xs xs
; X =[x .]1vi=1,2, ..., m,
s n+i
I = mxm unit - matrix, &
0 = (n+m) - zero - vector.

If we consider the objective function as a constraint,

the whole model in equality form can take the following form:
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Z
1 < .0 X 0 (3)
b

We recall that the Ordinary Simplex Aléorithin (OSA here-
" after) is to obtain one basic feasible solution after anothex
until the optimal solution is reached, One of the key féaf:ures
of the RSA involves the way in which it obtaihs basic feasible

solutions. A basic solution is the solution of the m equations: |

. X
LA, 1 J N P B
=3
in which n of the '(n+m) elements of {;‘} + the non-basic
s

variables, are set equal to zero.

Eliminating these n variables by equating them to zero leaves
a set of m equations in m unknowns, the basic variables,. This
set of equatiorns cah be denoted by:

BXB = b - (4)

Where XB = the set of basic variables




X

XB is obtained by eliminating the non basic variables from [xs

B = the Basis Matrix
®11 Big o+ Big |
B = Ba1 Bya +++ By
B, B, - B
-/

B is obtained by eliminating the columns corresponding to
coefficients of non-basic variables from {é, f].

From (4), we have:

X = B lp (5)

‘Letting CB be the vector obtained by eliminating the coefficients
of non-basic variables from Eé, d] and reordering the elements
to matchAxB, the value of the objective Function for this basic

solution is:

Z = C_X_ = C. B b (6)

For example, consider the following example:

Max. 2 = 3x1 + 5x2
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S. to X1 <4
2x2 < 12
3x1 + 2x2 < 18
xl, x2 > 0
We have:
_ 1 01 0 O 4 x1
c=13 5, (a1 =0 201 0|,b=12}, x| | ¥s7|x
.2 0..0 1 18 xs
The complete set of the successive simplex tables for this
example (as presented in Hiller, Operations Research) due to
the solution by the OSA is shown as follows:
| | .
; ~ Coefficients of
Iteration | B.Vs - — . - R.H.S.
' *1 *2 *3 *4 -
2 -3 -5 0 0] 0 0
Xq 1 0 1 0 0 4
0]
X, 0 2 0 1 0 12
Xg 3 2 0 0 1 18
Z -3 0 0 5/2 0] 30
1 X3 1 0 1 o - 0 4
X, 0 1 0 1/2 0 6
Xg 3 0 0 -1 1 4
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cont./
Yz ' oo 0 0 3/2 1 36
x3 0 0 1 1/3 -1/3 2
) ‘
x2 0 1 0 1/2 0 6
x| 1 0 0 -1/3 1/3 - 2

We notice that the sequence of basic feasible solutions
obtained by the simplex Algorithm (ordinary or Revised) using
the matrix notation are the following:

For Iteration 0, we have:

fx 100

'3 r X, ooll 4| | 4
-1 _ N -
XS, 001 | X5 ‘O 0 1}§18 18
=0 00}, soz=cux -(00o0)|12y= o0
18
For Iteration 1, we have:
%) T1 00 000
' -1
xB= x2 B= | 0 2 O B = 0 ¢ O
X 0 2 1 0 1 1



- -
So Tx) [1.00] T 4] Ta
3
xB = x2 =10 % 0], 12| =| 6
X 0 1 1 18 6
S
. - J ~ -

‘ 4
¢, =lo s 0], s z=[oso)-g
For iteration 2, we have:

ng3 1 0 1 1
-1
Xg = | X,[,B5f0 2 0[,B7 =0
So
fx, (1 1 1) r 4]
| i
xB= x2=0i o . 12 =
X, o % 18
- . | _ {
2
X =[0 5Z2],s02=[0 5 3]'[ 6] =
B
2)
Now, for any basic feasible solution, we
X = B-lb & Z = cB B b
B
So the R.H.S. of (3) has become:

-

Z 1

\

30

n

36

A
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Premultiplying both sides of (3) by | CB B . , we have:
' 0 g
( P ' 1 -1
1 c_ B |1 -c 0 ''1 C_.B A-C C_B
: P B ‘ B
. "1 - ‘! _l -1 (8)
C 0B c 1o A1 ) F0 B "A B
( A ! .
The desired matrix torm ol the sel of equations (3) for any
iteration is: ; _
¢ B-1 _ B-1| [ 5-11
(1 ¢ a-cC Cy |2 Cy 9
s x |=
-1 -1
I 0 B 1A B ) Xs B b
R - L Y

Consider, for example, the final iteration in our example. We

see that: ' 1 1l 1
. -1 3 )
c, = [0 s 5] ., Bl o 3 o0
’ -1 1
~ - 3 3
1 0]
so sla=|0o 1], c,”'a-c= Eo--éL ¢’ = 10372 1)
1 0
and since XB = B-lb and Z = CBB_lb have already been found
above, we have the following set of equations:
- “y - - Fasl ~
"1 0 0o o 32 1 s T3
’ ' X 2
TR T B S VE S v 1 o2
1 2 =
o o 1 0o 172 o ||% 6
. X4
0 1 0 0 ~1/3 1/3 Xg 2
AN J _J
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Which is the same as shown in the final simplex table above.

We can also see that:

i, The m x m Basis-matrix B is obtained ﬁy iliminating the
columns corresponding to the coefficients of Non-basic
variables from [A, I]

ii, XB= the set of Bas.c variables. Their values can be
obtained from XB =8l

iii, CB= the vector obtained by eliminating the coefficients
of Non-basic variables from j?, 03 and reorderihg them
to match XB'

iv. 2, the value of the objective function, can be obtained

from:

We notice that:
1) Only B™! needs to be calculated to calculate all the other
numbers in the simplex table from the original model para-

meters: A, B, & C.

‘Brlb'

2) Any one of the numbers in this table; except for Z= CB

can be ootained by performing only a part of matrix multi-
plicaticis. Therefore, the required numbers to perform any
iteration of the algorithm here can 5e obtained as needed .
without expending the computation effort to obtained all the

numbers.



3) The columns of the original matrix A could be stored on
magnetic tape, durm, or disc instead of being stored on
the whole matrix in the main storage of the conputer.
This is because bnly one column of A ‘is required at a
time for computing the relevant parts necessary at each

iteration.

4) A representation of the inverse matrix called the "Product-

Form" of the Inverse" is used to minimize the amount of

_computation and to derive certain other benefits. Anyhow,

the auther intends in a further paper to introduce this

. very useful feature of the product-form of the inverse

>

since there was no time to include it hers.

Outline of the Algorithm:

1.

The Initialization step (Iteration 0):

Beside the Original parameters of the model (A, b, c),_the following

informations are needed:

. . . -1 . .
a, the Basis matrix at this iteration is B= I=B (MxM unit matrix)
b, The subscripts of the Basic variables at this iteration are:

V(i) =N+i &%= 1 =1, 2, ..., M,



c, The se;-of Basic variables XB = X (V(i)) = bi-va= 1, 2, .o, M

d, The value of the Objective Function Z = C, Xy = C (V(1))* X(V(i))
fio distinguish pet the Basis matrix B from the right hand side
tb\from the computer programming pgin; of-view)’we reﬁer to B by

LF and b by B hereafter ,

The Stopping Rule:

To test for optimality, we have to check the coefficients of the non-
basic variables in Z-row. If one of them is negative, the curient
solution is not Opiimaland ve _have to continue with_thé iﬁerativ_e
step. Otherwise, the current solution is the uptimai sblution.
The vector of these non-basic variables coefficients is computed from
the following matrix multiplications:

B-1

CB A-C=2C (V(i)) *E*Aij - Cj for only j not in the Basis

subscripts i.e., for only j f v(i).

The Iterative step:

i) Determine the Entering Basic Variable (EBV): to determine EBV,

compute the greatest-ve coefficient of the vector defind above
(the vector of coefficients of the non-basic variables in Z-row).
X (J1) will be the EBV and J1 will be the pivot-column in the

pivoting operation.



[

ii) DetermlAe the leav1ng Basic varlable (LBV) : tb determine fhev
LBV, the other coefficients of X (Jl) in the rest of equa-
tions i.e., the coefficients of the pivot-éblgmn comes from
the relevant part of the matrix multiplicatioﬁé

-1

B A= E*Ai' J1 = Pi -V1 =1, 2, ..., M

The LBV and therefore the pivot-row can be found such that:

x(vp(m =min.%i=1,2, ...m&P, > O
____i i
i.e.,
x (11)' - . x (V (i))
'P' (I1) - mli.'n ( P (1) >
P (i) > O

X (I1) is the LBV & Il is the Pivot-row number.

here, we note the following:

a) If no EBV is found, the current solution is xjﬂtiénagﬁo stop.

Otherwise find LBV,

b) If no LBV is found, the solution is Unbound. Otherwise, con-

tinue.

. . -1
iii) Determine the new Basis Matrix B and therefore new B ~. The

matrix B‘(and therefore B-l) chénges very little from one



-54-

iteration to the next. It is much more efficient to derive
the new B-1 (denote it by B-lnew)from the 13»-1 at the preceding

iteration (denote it by glé). For the initial basic feasible

solution,vB=I=‘B_1

. For the current iteration, the method for

computing Bfl is based directly upon the interpretation of the
elements of’B“1 and the procedure used by the orainary simplex
Algorithm to obtain the new set of ejuations from the preceding

set.

To describe the method formally, let:

. xK = the EBV,
a = the coefficient of X in the current equation i
i=1,2, ... M

These coefficients are calculated already above.

r = the number of the equation containing the LBV.

-1 a .
(B Y., - ik -1
Therefore, y old'ij ;;; (Bold)rj ;1 f r
B 1y, T | ' | |
ij -
new 1j _.a_.l__ (Bolj:d)r"‘ i=r
rk J

‘This is equivalent to the following steps in the computer

program:

El1, 5 ° En,

(note that the vector P is used here for the pivot-row)

i) j/ P(I1) %3j =1, 2, ..., M

ii) Ei =B, . - Pi * E . W i 1, 2, ..., M & i f I1

J ij I1, 3
1' 2' ooo'N

.
I
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-~ Compute xB as follows:

-1
XB = B b

i.e. X (V(i)) = E.., * B (V(i))

ij

-~ The value of the objective Function is:

Z=C_X_ = C(V(i)) * X (v(i))

B B

3. Go to the stopping Rule. Check for the optijal solution. Repeat

the same process until the final optimal solution is reached or no

basic feasible solutioh is fouhd, or the solution is unbound.

Illustrative Example:

Consider again the previous example:

Max. 2 = 3x + 5x2

1
S.to: x < 4
1 2
2x, < 12
3x1 + 2x2 < 18
& xl, xz > 0
For all the coming iterations, wWe have:
1 0

\

12

18
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Initialization steop:

1X3 ! 0 0
x= 1%, , 8= |0 10 =2, c.=10 o o
B 4 B
X (e} (o} 1
s 5 1 T4
© X =B b= [12], & 2 = €c_x_ = 0
B 18 B “B

Stopping Rule:

To test if the current solution is optimal or not, we have to
check the coefficients of the non-basic variables in Z-row. To do this,
compute only the relevant parts of the following matrix multiplications:

CBB—IA - Ci.e. C (V(i)) *E*Aij - Cj for only j not in the Basis.

i.e., for only jf vV (i).

B 1 0 ¢|l1 o
CB A-C = [0 0 0] § 0 1 0]l0 2f{-1[3 5] ; X0 X, non-basic var-
0 1 3 2

iables = [-3 -5)., LO

both coefficients of x1 and X, are e and X, has the greatest -¥e co-.
efficient, therefore:
the current solution is not optimal and X, is the Entering basic varia-

ble.

Iteration 1:

i, EBV : X2

ii, LBV: to determine the LBV, we compute the relevant part of the following
matrix multiplication to obtain the other coefficients of x, i.e.

the elements of the pivot-column.
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a0 1 o0 .2 =01 P(i)
0 -1 1 .2 L o]
Using this resulted vector and the vector of XB computed

from the previous iteration. The L.B.V. is computed such

that: 3¢
X .
Bi = min ; P. > O
P, i
i
i.e. X)) gy (XWVED s ey, 2, s m
P(I1) . P(i) .
Now i pu.))a
X3 4 0 "
XB = x4 = 12 & Pi = 1 T &~ nin
Xg L18 0

X is the LBV.

iii) (B;1 ) : Applying (iii) of the iterative step putlined above,

~ we find that:

0 o
e ydo 31 o (note that k = 2 and r = 2)
new
o 1 1 .
10 0 2] [a
K3 _ -
XB-sz = 8 =|lo 3+ o 12 |l 6

N
0
(@]
x
n
o
v
2
—_—
oo a
"
w
o
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The stépping Rule: To test if this solution is optimal or not, we perform

the relevant parts from the following matrix-multiplications:

c B'IA-C = C (V(i) *E*A..-yﬁcj; J'f Vv (i) i.e. for j = 1, 4 only.
B l)

(We note that X, is out of the mutrix multiplications and it contained

4
in CBB'-1 and there is no need to compute its coefficient because it is

already a slack variable)

Now

c; I .)= (—3. ]

1 0 o0
[9 5 o] o + 0
0 -1 1 )

i J.

The non-basic variable X1 has a coefficient of -3 which means

that the current solution is not optimal and x1 is the new EBV.

Iteration 2

i, EBV : X T :
! 10 o1 . 4
i1, tBv: B a=j0 % oflo . | = | 0| (computed already in
0 -1 11}}3 3 the previous iteration)

From this vector and the vector of the previous XB,.we f£ind that xs is

the LBV.

iii, ey . g} -

[
|
new | ’
L
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X, o 13 5 4
| _Fi'
o E R NI
I 1 1
Xs . 0--3— g 18
~ A' - " . J \ i
6
z = ¢ % =(o s 3) g = 36

The stopping Rule: Applying the stopping Rule, we findithaﬁfthe}curfent

solution is the optimal solution, so stop., .-
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1 Stutio

[Nwe.m:o;meuej

V(T =31 |
H=1/H+ ¢ ,

X(v(1)) = X(v(1)) +E(L,]) %8(3) ,- -

h*—--—*-@

222 4+ c(vm))xX(V(DH) | :.,

- - - o

E(I1,3) = £(I1,T)MH




i0
24
30
40
50
&0
70
B0
GO
100
101!
130
1439
130
140
170
180
190
200
210
220
230
2490
250
260
270
230
290
300
310
330
340
350
370
360
370
450
410
420
430
450
351
4&0
370
4830
4-‘90
0
510
i .,L)
5350

REM.
REM.
REM.
REM.
REM.
REM

RiZH.
REM.
REM.

OPEN
PRIN

A LDMPLEIE PROGRAM T0O S0
THE REVISED SIMPLEX" METHUR
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e A LR MODLL DF THE (~ FDRM
(5 USED o

THIS PROGRAM DO NOT GOTHERN WILTH IHE‘THE'PDSSIBLITY OF CYDLING

INCASE OF. DEGENERACY

PROSRAMMED BY STUDEMTS 7!HUV!H( I'HE COURSE 14"4

SUPERVISED BY DR. ABDALLA f1
MAY, 1981

"PR: ™, 1,1
T “ENTER M, N, & LASE ND

INPUT M, N, NO
PRINT"ENTER THE N LOEFFQ OF Z-Function
FOR J=1 TO N -

INPU
NEXT
FOR

Cl)=
NEXT
FRIN
FOR

T C(J)

J

JEN+L TO N+M
0

J

T "ENTER THE ELLMFNIS OF 1+

I=1 TO M

FOR J=1 TO N

INPU
NEXT
INPU
NEXT

T A{L D)
g
T B(I)
1

PRINT Own(1)

PRIN
PRIN
FOR

T ONC1) M. N, NO
T ON(1)
J=1 TO N

PRINT ONC1) C(uy,

NEXT
PRIN
FOR

FOR

PRIN
NEXT
PRIN
NEXT
PRIN
REM

REM. . .

REM.
L.=0
MAT
FOR
Vil
X{Y¢

J
T ON(1)
I=1 TO M
J=1 TO W
T ON(1) ACILL I,
J
T ONCI)B(LY
I
T DN(l) PRINT ON{YT)

INITIALIZAT LON S1EP

E=IDnN
I=t TO ™
=N+1
I)i=B«(I)

RS P FEYR oMY

DIN C(30). A 10, 207, BOLO) ECLG 10, P'!O),X{IQ) 

SIR1X @ AND ROH. 5,

REM. DUPUT OF INFUT DATA FOR FUitFUSE OF CHECKING. ...



240 NEXT. I

350 Z=0

350 REM.

970 REM. . . QUTPUT OF ITERATION NO i

280 REM. :

590 PRINT ONCI)®ITERATION NO. “iL:PRINT ON(i)"———— e "
610 PRINT ON(1) ’ N

620 FOR I=1 TO ™

630 PRINT ONCII"X("; VL), ")=", X(V(1))

650 NEXT 1

660 PRINT ON(1)

&70 PRINT ON(1)"2=",2Z

690 PRINT ON(1)

700 REM. ‘

710 REM. THE CDEFFS OF NON-BASIC VARIABLES IN Z-ROW. THE GREATEST -VE
720 REM. ONE OF THEM , AND THE TEST FOR MULTIPLE SOLUTIONS
730 REM. ,
740 Ji=-1

7950 G=0

760 REM. .. ... .. ..

770 FOR J=1 TQ N

7680 FOR I=1 TO M

790 IF J=V(1) THEN 940

800 NEXT I

810 X0=0

820 FOR 10=1 TO M

830 P(I0)=0

840 FOR K=1 TO M

850 P(IO)=P(IO)+E(IQ, K)+A(K, J)

860 NEXT K :

870 X0=XO0+C(V(I0))#P(I0)

880 NEXT 10

890 X0=X0-C(J)

00 IF X0 >=0 THEN 940

210 IF G>=ABS(X0) THEN 740

920 G=ABS(X0)

930 Ji=J

240 NEXT J

250 REM.

260 REM

970 REM.

980 REM. .. TEST OF OPTIMALITY. ..

990 REM.

1000 IF J1<>(-1) THEN 1090

1010 REM.

1020 REM. .. OPTIMAL SOLUTION. ..

1030 RENM.

1040 PRINT ON(1) _
1050 PRINT ON(1)TAB(15), “WHICH TS THE ORTIMAL SOLUTION. .. *
1070 STOP
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1080 REM.
1090 L=L+1

1100 REM. .. THE EBV IS Xx(Ji)...
1110 REM. .. T3 FIND THE LBV. ..
1120 REM. THE PIVOT-COLUMN. . .
1130 REM. THE. . ........ ON. . .
1140 FOR 10=1 TO M

1150 P(10)=0

1160 FOR K=1 TO M

1170 P(IO)=P(IO)+E(I0, K)=A(K, J1)
1180 NEXT K

1190 NEXT 10

1200 REM. ... ..

1210 I1=-1

1220 S=1E+38

1230 FOR I=1 TO ™

1240 IF P(I) <=0 THEN 1300

1250 D=X(V(I))/P(1)

1260 IF S <=D THEN 1300

1270 5=D

1280 Ii=1]

1290 H=P(I1)

1300 NEXT 1

1310 REM. ... ...

1320 IF I1<>(~-1) THEN 1400

1330 PRINT ONC(1)

1340 PRINT ON(1)TAB(&), "UNBOUND SOLUTION"
1360 STOP .

1370 REM. :

1380 REM. .. THE NEW BASIS, THEIR VALUES ., & THE VALUE OF Z...
1390 REM. :
1400 V(I1)=Jl

1410 H=1/H+0. 000005

1420 REM. . ...

1430 FOR J=1 TO M

1440 E(I1, J)=E(I1,J)#H

1450 NEXT J

1460 FOR I=1 TO M

1470 IF I=11 THEN 1570

1480 FOR J=1 TO M

1490 REM

1500 E(I, J)=E(I, H~-P(I)#E(I1, J)
1510 REM

1520 REM

1530 NEXT J

1580 REM. . ........ ... .. .. ....

1550 REM. ... ... ........ ... ..

1560 REM. . .. ........... ... .

1570 NEXT I 4
1580 REM. ... ... L



11590
. 1600

1610

1620
1630
1640

1650

. 1660

1670

1680
1690
1700

11710,

REM. ...... i
2=0 . .. :
FOR I=1 TO
X(V{I}))=0

FOR J=1 TO M

X(V(I)) X(V(I))+E(Iad)*B(Jf.;

NEXT J

2= Z+C(V(I))*X(V(I))‘

NEXT 1

REM.
PRINT: ON(1)
60TO 590
END

’Tiﬁifsz%?”;ﬁfi."'
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3 2 1
3 5

1 0 4
0 2 12
3 2 18

ITERATION NO. O

X( 3 )= 4
X( 4 )= 12
X( 5 )= 18
= 0

ITERATION NO. 1

X( 3 )= 4
X( 2 )= 6. 00006

X( 5 )= 5. 999688

z= 30. 0003

ITERATION NO. 2

X( 3 )= 2. 00001

X( 2 )= 6. 00006

X( 1 )= 1. 99999

Z= 36. 00027

WHICH IS THE OPTIMAL SOLUTION. ..



R
ny .
n

2 ch
1 2. 4
1 1 3

ITERATION NO. O

A e & et e e e S e e . e o o s

Xt 3 )= 4

XC 4 y=_ 3
2= N o

ITERATION ND. 1

o e W e e e e s Same e 2t

X¢ 2 )=" : 2. 00002

X¢ 4 )= .. . 99998
Z= ' - 6.00006

ITERATION NO. 2

X( 2 )= 1. 0000175
X( 1 )= 1. 999985
7= - 7. 0000225

WHICH I8 THE OPTIMAL SOLUTION.: .
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ITERATION NO. O

12
18

VRO N
»

————— o ———— T G e A T S s

X( 3 )=
Xt 4 )=
X{ 5 )=

—— - —— o Wt S S T G P G e

X( 1t )=
X( 4 )=
)=

- X¢ 9

=

ITERATION NO. 2

R . abhanle od

Xt 1 )=
X( 4 )=
X( 2 )=

12
18

4. 00002
12
5. 99994

12. 00006

4. 00002
3
3

18. 00006
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WHICH 1S THEAOPTIMAL SOLUTION. . .
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SECTION 4:-

THE DUAL SIMPLEX ALGORITHM FOR SOLVING LP MODELS

LN EXTENDED FORM (DSA/EXTENDED)

For the dual simplex élgorithm, all the coeffs in eq o of the
initial simplex table must be non-negative’ so that the initial solution

is super-optimal, but not necessary be feasible since one or more of the

basic variables are negative. For this reason, we ‘look for feasibility

rather than optimality.

OUTLINE OF THE ALGORITHM:

I. The'InitializationlStép:4

i) introduce only slack variables as needed to construct the Initial

dual simplex table. Notice that all the coeffs of the basic

variables in eq o are zero and-the coeffs of the non-basic varia-

bles are non-negative or zero.

ii) Go to the stopping rule to see if this solution is feasible,

and therefore optimal, or not?

II. The Stopping Rule:

The determine if this solution is feasible, and therefore
optimal, it is necessary to- check if all the basic variables have
non-negative values? If so, then this solution is feasible and

optimal, so stop; otherwise, go to the iterative step.

Y



III. The Iterative Step:

i) Determine the LBV:

Select the vasic variable with the greatest negative value

to leave the basis. Let Il the pivot-row No.

ii) Determine the EBV:

Select the non-basic variable whose coeff in eq o reaches zero
first as an increasing multiple of eq no., Il is added to eq 0,

This is can be done as follows:

l. Consider only the negative coefficients of the non-~basic

variables in eq no. Il ( the eq containing the LBV),

2. For only the non-basic variables, determine

a ) a. .
ao,le = min aO' : ) %11, <0
11’ J \IPn,sf /2 3

i J1l refer to the pivot-column no.

3. Resolve degeneracy if necessary.

iii) Determine the New Dual Simplex Table:

l. The pivot-element is aIl,Jl

old pivot-row
pivot-element °

2. New pivot-row =

3. Any other new row
= old row-(pivot-column coeff)new pivot row. .
i (pivot-column coeff) is that element in this.row that is

in the pivot-column,



-73-

4, Enperchaﬂge the suffix of the old basic variable, I,
with the suffix of the old non-basic variable, J1,:

5. WNotice that all the elements in the pivot-column, excent
the nivot-element itself, reduces to zero at the end of

calculatina this new{dual simplex table.

Let us consider the dual of the same nrimal-pro-
blem discussed in this memo. to facilitate comparison:
The primal problem was:

max. Z '=3x] + 5x2

sfto:
A] < 4
x] 5 X9 } 0
The dual problem is:
T V.= v + + 3
P 7% 0 14/] 12y2 ]u_/3
sfto:
Y .+ 3y3 > 3
2#2 + 2;13" > 5
& .
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Remember that min Yo = max (-yo) and rewrite this problem in our

standard form, we get:

max (-yo) = -4y1 - 12y2 - 18y3

s.to

-yl

- 3y3 < -3
-2y, - 2%, & -5

y, % 0¥ 1i=12.3.

Using the procedure outlined above, the successive dual simplex

.tables are:

Coeffs of

l r.h.s

Iteration igo B.V.S. ‘
ne- Y, ¥y Y3 Yy Yg
0 (—yo) 4 12 18 0 0 0
0 1 Yy -1 0 -3 1 0 -3
2 Y 0 -2 -2 0] 1 -5
0 (-yo) 4 0 6 0 6 -30
1 1 Y4 -1 0 -3 1 0 -3
2 Y, 0 1 1 0 -3 5/2
0 (-yo) 2 0 0 2 6 -36
2 1 ' 1/3 0 1 -1/3 0 1
2 Y, -1/3 1 0 1/3 -3 3/2
The optimal solution is ‘
(-yo) = =36 i.e. ¥y, =36
Y, = 3/2 , Yy = 1




¢
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4 New '.SI‘MP'Q Table ( DW\J)J

3(11)231
Pz A(I1,71)

Y

N
| A (I,I‘t)':.oi

{

| < ™
A(LI) = ACT,T) - A(L,J1) # A(51,T)
| ~
4

\l/

©



10

20

30

40

S50

&0

70

80

90

100
110
111
120
130
140
150
160
170
180
190
200
210
220
230
240
2920
300
310
320
330
340
350
340
370
360
390
391
400
401
410
420
430
450
4560
470
480
430
500
520
530

REM. .. .. DSA/EXTENDED. . . .
REM. A PROGRAM TO SOLVE A LP PROBLEM USING
REM. THE DUAL SIMPLEX ALGORITHM IN EXTENDED FORM.
REM. THIS PROG DO NOT BOTHER WITH THE POSSIBILITY
REM. OF CYCL.ING IN CASE OF DEGENERACY
REM. PROGRAMMED BY DR. ABDALLA El—-DAOUSHY
REM. MAY, 1931. ;
REM. ............ .
REM.

REM.

DIM B(21),A(21,31),R(31)

OPEN "PR: ", {, 1

FRINT "ENTER M.N, *CASE NO. "

INPUT M, N, C

M1=M+1

N1=N+1

PRINT “ENTER THE INITIAL S. TABLEAU"

FOR 1=t TO M1 |

FOR J=1 TO NI

INPUT ACI, J)

NEXT o

NEXT I »
REM. NOTE THAT THE COEFFS OF THE NON-BASIC VARIASLES IN Z~ROW
REM. MUST BE NON-VE 90 THAT THE I B. SOLUTION IS SUPER OPTIMAL
REM BUT NOT FEASIBLE. .. ..

REM. . . .

REM. INITIALIZATION STEP... ...

REM. BASIS CREATION

B(1)=0

FOR I=2 TO M1

B(I)=N+I-1

NEXT I

L=0 |

REM. THE OUTPUT OF ITERATION NO.

REM.

PRINT ON(1) “ITERATION NO “iL

PRINT ON(1) e ‘

PRINT ON(1)

PRINT ON(1), TAB(14), " ",

FOR J=1 TO Ni-1

IF J»10 THEN 440

PRINT ON(1)J,

cOTO 470

PRINT ON(1)

NEXT J

PRINT ON(1)

FOR I=1 TO M1

PRINT ON(1)B(I),

FOR J=1 TO N1

IFJ>10 THEN 570



540
240
370
580
590
600
610
620
630
640
650
660
670
480
690
700
710
720
740
750
770
780
790
810
820
830
840
8350
B&60O
870
880
890
910
920
30
940
950
260
Q70
280
220

-81-

PRINT ONC1)A(I, J),
GOTO 580

PRINT ON(1)

NEXT J

PRINT ON(1)

NEXT 1

REM.

REM. . TEST OF FEASIBILITY.
REM.

FOR I=2 TO Mi

IF ACI,N1)<O THEN <980

NEXT I

REM

REM. FEASIBLE SOLUTION. . ..
REM.

PRINT ON(1)

PRINT ON{1)

PRINT ON(1)"Z= *, A(1,N1)

FOR I=2 TO M1

PRINT ONC1)"X(",B(I), ")=", A(I,N1)
NEXT I \

PRINT ON(1)

PRINT ON(1)TAB(15), "WHICH IS THE OPTIMAL SOLUTION"
REM.

REM. TEST OF MULTIPLE SOLUTION. .. ..
REM.

FOR J=1 TO Ni-1

FOR I=2 TO M1

IF B(I)=J THEN 920

NEXT I

IF A(1,J)<>0 THEN 920

PRINT ON(1)TAB(13), “"AND MULTIPLE SOLUTION. ... . ... "
sSTOP

NEXT J

STOP

REM

REM. THE ITERATIVE STEP....

REM

REM. . TO FIND THE LBV. ..

G=0

FOR I=2 TO M1

1000 IF A(I,N1)>=0 THEN 1040

1010
1020
1030

IF G >= ABS(A(I,N1)) THEN 1040
G=ABS(A(I,N1))
I1=1

1040 NEXT 1I

1050
1060
1070
1080

REM.
REM.. I1 IS THE PIVOT-ROW NO. AND X(I1) IS THE LBWV.

REM.
REM. . TO FIND THE EBV..



1090
1100
1110
1120
1130
1140
1150
11460
1170
1180
1190
1200
1210
1220
1230
1240
1260
1270
1280
1290
1300
1310
1320
1330
1340
1350
1360
1370
1380
1390
1400
1410
1420
1430
1440
1450
1460
1470
1490
1500
1510
1520
1530
1540
1550
1560
1570
1580
1590
1400
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K=0 ‘
FOR J=1 TO N1-1

FOR I=2 TO M1

IF B(I)=J THEN 1200
NEXT I

IF ACI1,J)>=0 THEN 1200
R(JI=A(1, J)/ABS(ACIL, J))
K=1

S=R(J)

Ji=J

GOTO 1210

R(JI=1E+38

NEXT J

‘REM. . TEST OF UNBOUND SOLUTION. .

IF K<>0 THEN 1290

PRINT ON{1)"UNBOUND SOLUTION. . *

STOP

REM. USE S TO TEST FOR THE SMALLEST RATIO AND THEN TEST IF THERE
REM. IS ONE OR MORE RATIOS HAVE THE SAME SMALLEST RALIO (TIE(S))
FOR J=1 TO Ni-1 .

IF R(J)=1E+38 THEN 1340

IF S<R(J) THEN 1340

S=R(J)

Ji=J

NEXT J

REM. J1 IS THE PIVOT-COLUMN NO. AND X(J1 )IS THE EBV..

REM. . TO TEST IF THERE IS A TIE(S). ..

T=1

FOR J=1{ TO Ni-1

IF J=J1 THEN 1440

IF R(J1)<OR(UY THEN 1430

T=T+1

GOTO 1440

R(J)=1E+38

NEXT J

IF T=1 THEN 1540

PRINT ON(1)

PRINT ON(1)“THERE ARE", T," TIE(S)"

REM.

REM. . IF YOU WANT TO RESOIVE DEGENERACY, YOU HAVE TO INCLUDE
REM. THE SUBPROGRAM OF THIS PURFDSE. OTHERWISE, CONTINUE...

STOP

REM . THE NEW SIMPLEX TABLEAU. .
B(Il)=u1

P=A(I1,J1)

FOR J=1 7O N1
ACILl, J)=ACI1, W) /P
NEXT J

REM. .

FOR I=1 TO M



1410
1620
1830
1540
1550
1060
107G
.80
190
17C0
1710
1720
1730
1740
1750

-33-

IF I=11 THEN 1&&0
FOR J=1 T0O.N1

IF J=J1 THEN 1&50
ACL J)=ACTL, JI=ACL, J1)#ACTL, U
NEXT J

NEXT 1

REM. . .. .

FOR I=1 TO'M

IF I=I1 THEN 1710
ACL J1)=0 ¢

NEXT I

REM. . ..

L=L+1

GOTO 38O

END o



ITERATION NO. 0O
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2
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SECTION 5:

THE DUAL SIMPLEX ALGORITHM FOR SOLVING LP MODELS

IN COMPACT FORM (DSA/COMPACT) .

Qutline of the Algorithm:

1. The initialization Step:
i) Start with a compact table which is optimal but not necessarly

be feasible.

ii) Go to the stopping rule to sec if this solution is feasible, and

therefore optimal, or not?

II. The Stopping Rule:
To determine if this solution is feasible, and therefore optimal, it
necessary to cheqk if all the basic variables have non-negative values

in the v.h.s. column? If, so stop: Otherwise, go to the Iterative step.

III. The Iterative Step:

i) Determine the L.B.V

Choose the pivot-row Il by picking the greatest-ve value in

the T.h.s. column.

ii) Determine the EBV:

i) Using only the negative entries in the pivot-row, compute the

ratios of the entries in the first row (eq. o) to the corresponding
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entries in the pivot-row. Note that all of these

ratios are negative,

2) Determine the pivot-column, J1, by picking the smallest

absolute value of the ratios computed above.

iii) Determine the New dual simplex table
1. New pivot-row (except the pivot-element itself)

old pivot~-row

pivot-element

2. New pivot-column (except the pivot-element itself)

old pivot-colunmn

pivot-element

3. For the remaining entries (except the pivot-element)
New row = old row - “pivot-column Coeff" x New pivot-row;
"pivot-column coeff" is the element in this row that is in

the pivot-column.

1

4. New pivot element =
old pivot - element

5. Interchange the subscripts of the LBV and EBV,
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Example:

Max (-yo) = --4yl - 12y2 - 18y3

s.to: Yy - 3y2 < =3
--2yl - 2y2 L -5
3 5 .
120 v

The successive dual simplex tables in compact form are:

1 2 3 _
~Yg 4 12 18 0
Iteration O 4 | -1 0 -3 -3
5 0 -2 -2 -5
1 5 3
- 4 -
Yo | 6 6 30
Iteration 1 4 =1 0 -3 -3
2 0 -3 1 5/2
1 5 4
Yo ¢ 2 6 2 -36
3 1/3 0 -1/3 3/2
2 -1/3 -3 1/3 3/2

The optimal and feasible solution is:

y, =3/2, y;=1 & 36

<
o
o
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SECTION 6:

The Primal-Dual Algorithm For Solving Mixed

System LP Models (PDA/Mixed) in Compact form

INTRODUCTION:

By a combination of the OSA and the DSA, artificial variables
may be avoided completelv, Avoiding artifical variables reduces the‘
size of the table and usually makes a marked reduction in the number of

iteration necessary to optimize the model.

Example: This ex is due to C.S. Wolfe (2)

-
|1 2
T
z | -2 -1 0
3 1 7 63
4 -3 -1 -9
5 -3 -2 -15
6 -5 -6 -30
7 -1 -4 -8
N - 3 80

This table is neither optimal nor feasible. This difficulty
can 'be handled by a combination of the two algorithms mentioned above.

All possible pivot-elements should be considered by both the OSA and DSA.
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In our example, the DSA produces no pivot-element since
all the elements in eq o are all-ve. Applying the 0sa, the first
column gives us the pivot-column and the 7th row giQes us the pivot-~

row, i.e., the pivot-element is the element circled above

After pivoting operation, we get the following table:

8 2
z .25 -.25 20
3 -.125 5§§£§i‘ 53
4 .375 .125 21
5 .375 .875 15
6 .625 4.125 20
7 .125 -3.625 2
1 || .12 .375 10

This table is feasible but not optimal.
The next pivoting operation is determined by picking the pivot-

element circled above, This leads to the following final table:

8 3
e

z 0.245 0.038 22
2 -. 019 .151 8
4 .377 -.019 20
5 .358 .132 22
6 .547 .623 53
7 .057 .547 31
1 | .132 -,057 7
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The same result coild be found by using the artificial
variables which requires 7 iterations instead of the 2 iterat-
ions required here. Moreover, the table size has been reduced

from 8 x 3 to 7 % 3.

Anvhow, the main problem arises when the table is neither
Feasiable nor optimal and the two algorithms, mentioned above,
produce different pivot-elements. In this case, a choice may
be made by answering the questions: Which Pivot-element makes
the greater favourable change in the objective value? A Pivot-
element chésen by theVOSA increases the value of the objective
function and advanée toward optimality, while a pivot-elemént
by the DSA decreases the value of the objective function and

advances towards Feasibility.

We know that the value of the objective function after

the pivoting operation with a q as a pivot-element is:

/ ( %p,u1
a = a - a . ’
i,m1 1,N1 1q Py )
§ ‘ . Pa
«. (e
1, . L4 Ny
:' . I
“Ta | a o
P I 0 . PN

This means that the net change in the objective function

va_.ue is the absolute value of the value between brackets.

\
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Let us refer to the Increase in Z2 - value, due to a pivot-

2lement chosen by 0SA, by Io
3

a
. P,yN1

a
Pq
The corresponding Decrease in z-value due to a pivot-ele-

p 1q

ment chosen by DSA is Dq

a
. - 1q
loeo . D - aPNl .

q a
Pq

Now, when the two pivot;elements are possible, the choice
may be made by picking the pivot-element corrgsponding to the
larger of Ip and Dq. Thus, the next tatle wiil make the larg-
est possible change in the copputation procedure either towards
optimality or towards Feasibility. 1In most cases, this éhoice
should result in the fewest number of pivoting operations
necessary to reach the final table.

Let us solve the following illustrative exemple:

Max. Z = Xy + X - 2x‘ - uxu

X: 2 05 J = 1,2,3,4,



(W
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Firstly, the equality constraint is replaced by two

nequalities and we use onlv slack variaktles so that the Irnitial

implex table in compact form appears as follows:

e

i
1 2 3 L

I _ '
A -1 -1 2 4 0
5 1 =2 " -3 | 10
A6. 1 -1 2 ~-b 3 -10

Pl

7 (2. : -1 5| 1s
8 -3 1 (<27 -3 | 12

This table it neither Feasible ror Optimal.

- Applying the 0SA, we find that:

2 g
a 1 % 15
=4
I 5, 7|21 * [= = 7.5
- Applyinz the DS4&, we find that:
) . g13 12 » 2
D, = D3 =lagg - = = 12
JJ
: : a : ' 2 :
L . . 53
- :: D NI, we pick the pivot-element associated with
49 P ' o ‘
the DSA. i.e. the pivnt-element is at (5,3)p = -2.
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1 2 8 4
—z 1| -u 0 1 1 -12!
5 1 -5 0 2 Yy -14
6 G 0 -2 9 14
7 3.5 2.5 -.5 6.5 27
3 1,5 -.5 -.5 1.5 3

Also, this table is neither Feasiable nor optimal., Apply

both the OSA and DSA, we get:

I, = 11,2 % D, = 1.56

I, >D,, ve pick the pivot-element associated

with the O0SA to obtain the following table:

6 2 8 y
Z .8 0 -.6 8.2 -.8
5 1 0 0] 0 0
1 .2 0 -.4 1.8 2.8
7 =.7 2.5 -9 .2 21.2
3 -.3 -.5 1 -1.2 1.8
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This table is Feasilble Lut not OptinalQ
A Final table is determined by choosing the pivot-element

circled above so that the final table is:

6 : 7 4
2| | .sss 1,077 667, 8.333] 6.667
5 1 ‘ o 0o 0o
1 (111 1,111 44 1,889 7.778
8 -.778 2.778 1,111 .222|12.464
3 -.222 -.778 111 -1.222] .ss6

Note that the slack variables Xg and xg are geéessarilyv
both zero since they arose from an equality;éonstrainf, This
final table appears to be degenerate with a BasicHQabiable =0.
However, No fﬁtther pivoting - operation is:possible and so the
solution is unique. Slack variébles aséocigted with'an‘equality
‘constraint must he zero in the ffnal table and dd riot represent
a true degenéracy in the optimal‘basic feasible Qolution.

(The solution to this ex can be achieved in & iteratiohs by

using artificial variables).
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" Let us summarize this Algorithm:

1. All constraints must be Inequalities of the form:

S:gt; aijzj'é:‘bi ¥ i

where bi may Le negative,'zero, or positive,

2. The objcctive function is in maximization form.

3. The initial compact simplex table is bqn;tfugted by using
only slack Variables. This téb;é‘méy‘Be Infeasible, MNot
Nptimal, or both.r

4, Applyinag the 0SAj
i) For nost - ve coeff in Z-rov, detevmine‘Ji (the pivot-

column No.). |

ii) I1 (the pivot-row Mo.) can bte determined .such as

ari,N1 ) (ai;ﬁl‘
= min .
®11,1 \ 25,01 ) ai,Jl> 05 a3 5y 2 °

iii) If.no'pivot-elenent i available, try with the next
most-ve cf the femaining qoéffs in Z-row to deter-
mine J1. ©Repea: this process until either a pivot-
element is founﬁ or none is available.

iv) ;f No pivot-elenent i< availatble, go’to the DSA;
v) If a pivot—eleﬁ;nt is found,vstore il‘and'lland

compute onlv th: increase in Z-value from the formula:
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an, N1
J] a”' J]

P9 = a]’

Then go to the DSA

5. Apply the DSA:

i) For the most negative element in the r.h.s.,
determine the pivot-row no.,I2,

ii) J2, the pivot-column no., can be determined such that:

21,52 >___ min g, 0«\#-.3' .
aIng_ b aI? J\ »J <

a,; >0
iii) If no pivot-element is available, try with the most
negative element of the remaining elements in the

r.h.s column until either a pivot-element is found

or none exists.

iv) If no pivot-element is available, check if tiais is
the final table (Feasible and Optimal) or there
is no basic feasible solution to the model under

consideration.
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v) In case of available pivot-element due to this
USA, compute the decrease in Z.. value from the

formula:
99 = a] ,52 . alz’N] /alz’ Jz l

6. If both st@ps 4 and 5 each produce a pivot-element,
compare P9 with vY and choose the pivot-element asso-

ciated with tneilarger of them,

7. Compute the new simpléx table by'using'the pivot-

element chosen above.

Check for Feasibility and optimality and repeat steps

C-

4 through 7 until the final table is reached or no
pivot-element can be found and therefore no pasic

feasible solution is available.
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The final table may te feasible and optimal. In this case

a solution has Leen found to Loth the primal and Dual programe
of the model.

Tte solution may be degenerate, Lot true degeneracy should

be distingwished from that arising due to equality constra-
irts. For any equality constraint to be satisflied, its two
acsociated out of the Basic, i.e. already zerg, but the other
remains in the solution at zero-value. This is not a true
degeneracy as was in our ezample.

The final tatle mzy be Optimal tut not feasihble and no
~ivotelement can be found, then the primal program has no
feasihle solution and its Dual is unhbounded,

The final table may Le Fcasiktle nut not optimal (since on e
or more element in z-row still-ve) due to the non-positive
elements of the nivot-column. then, the primal program ic
anbounded and the Dual program has no feasible solution.

The final table may also koth Infeasible and not Sptimal.

~ne of the above situations will occur so that the original
model either has an optimal sclution, or it is untounded, or
it iz inconsistent, or it is both untounede and Inconsistent.
nare must be taken to “Aist'nzuish hetween the RBasic anAd

the answvers from the final
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takble. ?of the Primal prozrém, the»Basic Variables ére
danoted bﬁ'the,suhscripfs L(I)'tqgthe>;eft,qfdthé,rable,
énd their values‘are»foﬁnd in the r.h.s. colﬁmn; For the
hual program, the BasicAVafiébleé,are éeﬁbfed By‘tﬁé”
subscripts ¥(J) across fhe top of the top oftthe téble,
and their valués are fouhd;in the Z-rou. ‘in'§6£ﬁ.ca$§§,

the ﬁon-basic variables are always zero.

- ek e e e e s s G e m S S e om e
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10 REM.

20 REN. : '

30 REM. A BASIC PROG. OF PRIMAL-DUAL ALGORITHM FOR SOLVING
40 REM. A MIXED-SYSTEM LP MODELS. . .

50 REM. PROGRAMMED BY ABDALLA EL-DAOUSHY

60 REM. JUNE. 1982 . .

70 REM. REFERENCES. C. S. NDLFE(LP WITH FORTRAN)

80 REM. & F. S.HILLIER (OR)

90 REM.

100 REM.

110 DIM A{20.,30), H{(20),L(20). K(30),V(30)

111 OPEN "PR:",1.1

120 PRINT "“ENTER M. N, CASE NO. "

130 INPUT M. N, C

140 REM. M=NO. OF CONSTRAINTE,

150 REM. N=NO. OF ORDINARY VARIABLES.

160 Mi=M+1

170 Ni=N+1

180 PRINT “ENTER THE SUBSCRIPTS OF NON-BASIC vg*

190 FOR J=1 TO Ni-{

200 INPUT K(J)

210 NEXT J ;

220 PRINT "ENTER S. TABLEAU WITH THE SUBSRIPTE OF THE BASIC va"
230 FOR I=1 TO M1

240 INPUT L(I)

250 FOR J=1 TO N1

260 INPUT A(I., )

270 NEXT J

280 NEXT 1

290 REM.

300 REM.

310 REM.

320 T=0

321 PRINT ON(1)TAB(14)," ",

330 PRINT ON(1)K(1),

350 FOR J=2 TO N1-1

360 PRINT ONC1XK(J),

380 NEXT J

320 PRINT OGN(1)

400 FOR I=1 70 M1

410 PRINT ON(1)L(I),

430 FOR J=1 TO NI

440 PRINT ON(1)AC(I.J),

460 NEXT J

470 PRINT ON(1)

480 NEXT I

490 REM. THE FOLLOWING W(I) & WV<(I) ARE IMITIALIZED BY
500 REM. ZERDOS AT THE BEGINING OF ©eVERY I[TERATION

510 REM. W(I) WILL BE USED TO SKIP THE I-TH ROW IF THAT ROW HAS
S20 REM. THE GREATEST -VE ELEMENT BUT L1THOUT POSSIBLE PIVOT-ELEMENT.
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S30 REM. IN THIS CASE, THE NEXT GREATEST-VE ELEMENT IN THE R. H. 8. COL.
9540 REM. WILL BE USED TO DETERMINE A PUSSIKELE PIVOT-ELEMENT AND SO OM.
3350 REM. THE SAME FOR V(). . ..

560 REM.ROW I OR COL J WILL BE SKIFPED WHENEVER W(I) OR V(I) IS +VE.
970 FOR I=1 TO M1

580 W(I)=0

590 NEXT I

600 FOR J=1 TO N1

610 V(J)=0

620 NEXT J

630 REM. . . THE ORIGINAL SIMPLEX ALGORITHM.
640 REM.

650 REM. . . EBV/0SA

660 Ji=-1

670 5=0

680 FOR J=1 TO Ni-1

6?0 IF  (A(1, )+1E-0&) >=0 THEN 740

700 IF V¢J3>0 THEN 740

710 IF S >= (-A(1,J)) THEN 740

720 S=-A(1, J)

730 Ji=J

740 NEXT J

750 IF J1<2(-1) THEN 790

760 P9=-1

770 GOTO 1000

780 REM. Ji=-1 MEANS THE SOL. IS5 OFTiMAL BUT MAY BY INFEASIBLE.
790 It=-1

800 X=1E+38

810 FOR I=2 TO M1

820 IF (A(I,J1)-1E-04) <=0 THEN 880

830 IF (A(I,N1)+1E-046)<0 THEN 8tO

840 D=A(I.,N1)/A(I,J1)

B850 IF X <= D THEN 880

8460 X=D

870 I11=I

880 NEXT I

890 REM.

900 REM.

210 REM.

920 IF I1<>(-1) THEN 9&0

930 V(J1)=1

240 GOTO 660

950 REM.

?60 P?=ABS(A(1,J1)#A(I1,N1)/ACI1, J1))

970 REM.

980 REM. . . THE DUAL SIMPLEX ALGSGK! THM.

990 REM.

1000 I12=-1

1010 5=0

1020 FOR 1=2 TO M1
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1030 IF (A(I.N1)+1E-06) >=0 THEN 1580
1040 IF W(I)>0 THEN 1080

1050 IF 8>=(-A(I,N1)) THEN 1080

1060 S=~A(I,N1) :

1070 12=1

1080 NEXT 1

1090 IF 12<>(~-1) THEN 1290

1100 REM.

1110 REM. I2=-1 IN CASE OF FEASIBLE S0L. BUT MAY BE NOT OPTIMAL.
1120 REM. ;

1130 IF Ji=(-1) THEN 11&0

1140 D9=-1

1150 GO TO 1470

1160 PRINT ON(1)

1170 PRINT ON(1)TAB(21),". .. THIS IS THE FINAL TABILEAU .. . "
1190 PRINT ON(1) ' :
1200 FOR I={ TO M1

1210 PRINT ONC1)"X (", LCI), ") =", 4(,N1)

1230 PRINT ON(1)

1240 NEXT 1

1250 GOTO 120

1260 REM.

1270 REM.

1280 REM.

1290 J2=-1{

1300 X=1E+38

1310 FOR J=1 TO Ni-t

1320 IF (A(I2,J)+1E-06) >=0 THEN 1350

1330 IF (A(1, )+1E-06)<0 THEN 1380

1340 D=-A(1,J)/ACI2, )

1350 IF X <=D THEN 1380

1360 X=D

1370 J2=J

1380 NEXT J

1390 IF J2<>(-1) THEN 1430

1400 W(I2)=1

1410 GOTO 1000

1420 REM.

1430 D9=ABS(A(1, J2)®A(I2, N1Y/ACI2. U3

1440 REM.

1450 REM.

1460 REM.

1470 IF P9>D9 THEN 1&00

1480 IF P9<>D9 THEN 1550

1490 IF P9<>(~1) THEN 1%50

1500 PRINT ON(1) _
1510 PRINT ON(1)"——m—m—— NO BASIC FEASIBLE SOLUTION=-=-=—— "
1530 GOTO 120

1540 REM.

1550 P=A(12, J2)
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1560 19=12

1570 J9=J2

1580 GOTO 1660

1590 REM.

1600 P=A(I1, 1)

1610 19=11

1620 J9=J1

1630 REM.

1640 REM. . . . PIVOTING-OFPERATICON.
1650 REM.

1660 P=1/P

1670 FOR J=1 TO NI

1680 A(I?, J)=A(19, J)#P

1690 NEXT J

1700 REM.

17106 A(I9, J?)=P

1720 REM.

1730 FOR I=1 TO Mt

1740 IF I=I% THiN 1820

1750 FOR J=1 TO Ni

1760 IF J=J? THEN 1780

1770 A(I, J)=A{I, N -A(1,J9)%A(I9, J)
1780 NEXT J

1790 REM.

1800 A(I, J9)=-4(], J7)#P

1810 REM.

1820 NEXT 1

1830 REM.

1840 REM. . . EXCHANGING THE SUBSCRIPTS OF EBV & LBC.
1850 REM. 4

1840 X1=K(J?)

1870 W(J?)=L(1?)

1880 L(I2 )=X1

18920 REM.

1900 REM. . . DUTPUT OF THE NEW SIMP_EX TABLEAU.
1910 REMN.

1920 T=T+1

1930 PRINT ON(1)

1940 PRINT ONCGI)"ITERATION NO. "“; T
1950 PRINT ON(l)V====s=o=s=o=m===!
1960 PRINT ON¢1)

19270 REM.

1980 GOTO 321

1990 END
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ITERATION NO. 1

=N WO

ITERATION NO. 2

st et e e omse e e o e s s o s cmee

=~NDUDSNNO

1 2
-2 -1
1 7
-3 -1
-3 -2
-5 -6
-1 -4
8 3
8 2
25 ~. 25
- 125 6. 625
. 375 . 125
. 375 ~-.875
. 625 -4. 125
125 -3. 625
125 . 375
8 3
. 24528302 . 37735849E-1
-, 1BB47925E-: . 1509434
. 37735849 -. 18867925E~1
. 35849057 . 13207547
54716981 . 62264151
. 56603774E-1 . 54716981
. 13207547 - 56403774E-1
THIS IS
0 ) =
2 ) =
3 ) =
5 ) =
6 ) =
7 ) =

e
&5

20
23
21
15
20

10

22
8

20
22
93
31
7

THE FINAL TABLEAU .

22

8

20

22

23

31



DN VO

ITERATION NO.

WNOCvmo

ITERATION NO

WY~ uvo

1 2 ‘3 4 -121-
-1 -1 2 5 o
1 -2 4 -3 . 10
-1 2 -4 3 ~-10
2 3 -1 5 15
-3 | -2 -3 -12
1
1 2 a8 4
-4 o 1 1 -12
-5 0 2 -9 -14
5 o) -2 9 14 '
35 2.5 -5 6.5 21
1.5 -5 -. 5 1.5 6
2
5 P 8 4
8 o) - & 8.2 - 8
1 o . 2220446E--15 - . 88817842E-15 -. 8881 7842E-15
2 0 - 4 1.8 2.8
-7 2.5, .9 .2 11. 2
-.3 -. 5 .1 -1.2 1.8
3
& e 7 4
33333333 1 bbb66s7 . bbbbbeLT 8. 3333333 6. bLLLLELT
1 ~. 61679057€~-15 - 24671623E-15 —~. 93792167E-15 —. 36514002E~14
- 1114111 11111111 . 44444444 1. 8888889 7.7777778
- 77777778 2.7777778 1.1118111 . 22222222 12. 3444344
- 22222222 -. 77777778 - 11111111 ~1. 2022222 . 55555556
THIS IS THE FINAL TABLEAU .
0 ) = 6. bHELEETY
5 ) = - 34514002E-14
1 ) = 7.72777778
8 ) = 12444444

3 ) = 95555554
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