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Ingroduction

........

This paper attempts to apply methods of mathématical
prograwming to the analiysis of economic problems and the
el.abogation of algorithm and programms for solving economic
modelse Such models provide us with analysis of national
develépmenﬁ which depends on, and interacts with, national
economic conditions.

The paper attempts also to present some methods That
can be usea 1 the field of mazro economic planning, which

includes control in addition To planning.

The planning problem, in this paper, is conceived as
trying to determins the optimum level of actigities, in the
light ~f *the given objectives, and within the existing
constraints, so formulated the problem of planning is confined

to a problem of mathdmatical programming.

In the following, I will try to show a new approach to
the problem of mathematical programming with several objective
functionse

Multi=objective formulation is a new way in dealing with

neny problecsz, not only ir sconomics, bub also in secience,

industry, etc ,



Which throv ;. Cou.r complexit: require the simultaneous

consideration o. :rzral goals. The problem consists in
optruizing se . ibjective functions ( some of then having
To be  uxiiicss  and others minimized ) provided tnat the vari-—

ables sihould veritiy":l system of linear or non - linear const-
"aints. As drule,'it is lmapossible to fipd a point in the field
0L adimisible solutiong waich snould optimize the set of objective
functions. ilost olften, the optimal solubion after a functioni
is not optimal for tie other functions as well, soume being even
very disedvonta_eous. For tais reason, in the case of several
objective functions, the Nation of optimal solution is replaced
by the Nations of solution which achieves the best coupromise
also in the case of single objective function, having as coeft-
iclents random variables wita a certain distribution function
two deterministic objective = functions are naturally appearing
wiich should be taken into account:
The maximizing of the mean value is pursued on the one
and and the mimizing of the objective = function dispersion
. the other hand. It is not sufficient to find & solution
i maxinizes the mean value because if it leads uo high

L poD8lon a8 parctically in acceptable solution is Tesulting.

The concsete case we shall refer to is the fo.lowing,

=

s S b



Lat us congider the multi -« objective linear progrmming pro.lem

as

under the
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is the unknown Ncolumn
vector.

is a column vector
with components

Tepresenting the objective

=functions
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set of admissible solubtions for the problems

For fivire the fdeas and with_out the loss of the general ity

we shall suppose in the following that all fnetions are of &=

AT »



It this condition is not fulfilled, then we can use the
Trons ToMation.,

. F(x) = = max:zc-ﬁ‘(xﬂ

Which transtorm all the functions to be of maximum forme.

our problem new is consist in rinding that vector

E_ - *x ® G
X% Xn

C X[y X5y ey }G;D which should be "as gcod as posible

from The point of View of the set of objective functions
EIJ (h. = 1, s0ay I ;o e

Thé definition of X#‘is under the défLﬁgéion “the best compronuise®.
In the case of several objective functions. <1he optinial solue-
tion for: function is not optimal ror the others too=that i1s

why we introduce one of the notlons known as a solution "achiee
wing the best comprenuise™ an “undonunated®™’ solution an efficient
solution, on efficacious soluvion.

In order to define the Vector X= we group the various attempts

to find this vector as follow.

1= X®is the vector aptimizing a synthesis=function of the
refficiency functions
h. (F} @l h ( E—‘, Fagone, FT° :3
bunction b may be defined in various way
a) h ( F 9000 P, ) =2 optimum z Fy (x)% o, m Npese st

b) for r = 2 it is possible that &
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Which leads to a usual problem of fractionary programming:

, s By
) b ( Bygeeey B ) = 2:_%: ( F(x) ) “3 %y By O,

i)

Q) b ( Fiyeees B ) = ] X, oxp (<F(x)); K. 05
fal

2= X% is the vector minimizing =fn optmallty criterion of the
&

4
form

Ckaﬁj Umirl h (_‘?:_{,Y b X}, seeg sce n (Y; = QQ'I XGD

Wheres: X. = { X;g900 0y T ) is the optimal solutiion of

2 e o 3

the objective function F"i
Lx

between Ves®2 x & D and the optimal solution ch of function

and Y? 1s a function of distance

in
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Lhe conerete selection of functions h and’\[/k allows to

obtain perticular cases of expression (4) for example.

s n

a) b/ (x) = -o{k (:écj-:x;jk) : ST s B0
kel  J=l
T il

B) Sh () =) PLgEST \ Fy = Fype \ ;



C) b (x) = max VE (x - X}_{ ) i K= lysos,r
o %

QB =Y N e B2
Jessh,

5 X# is the Yector belonging to a set of efficient points
which is definded as follow; A point xoea D is said to b=
efficient if and only if dcse not exist onther point x& D
so that B &9 EﬁE¥,£ET; y B =l w8 l,eesy B uand for ab
least one hy we should have Fp o (¥) > Fro (Xp}, supposing

that z2ll]l functions are of maximim.

Lo other words. zg i efficient if there is no point
¥ which should dmpmowe sl least one function, while the
ofthers remain unchaugeds

The nation of‘efficiently optimal solution is playing
an lmportant part in economy in the game theory, in the
statistical decisious theory and generally; in any problems
of decisions with several in compareable criteria.

As we shall see later the determining of the efficient
points includes most of the optimizing methods in mathe-—

natical progrmming.,



L X# is an optimal solution obtaimed by ordering criteria
and which is attained as follows:

We sSolve » problems of mathematical programming, eabh
time ®@Siricting the field D by turning into constraints the
optimal solubtions obtained by solving a certain problem
with a single functions, Mofe exactly, we derermine success-
ively we sets:
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The solving of the problem with several objective functions

represents the derermining of one of several points of sets

T

=

D* . Obviously this set D} is closely linked with the

order of functions. Generally, different sets are corres—
Pondingﬁ io two different orders.

% is a point of the rfield of admissible solution which

is obtained by a'éeekingrmethod according to cerftain criteria
1# belongs to a set: of-prope:ly efficient point which is
defined as follows

i

A point ¥™ is a properly efficient solution if it is effice

lenty, and if there is a scalar M >0 such that Fj (x))>FiCx;}-

implies
F, LK Lo F_3 (}{E)
CACITID N =] C I IEBCDICD S. M

By (x%)= Fy (%)

(x) < F, (¥®) In the linear case the

for some 11\1’5.1'.13}:1'3‘,j . 5

- ’
two sets coinctde.

2= Relationschips Bebween various
methods of soluing the problems
of Multi-objective Functions:
We nove with D™€D the set of efficient solubions and with
SR ; Fo ; s
Dr the set of optimai solutions obtained by ordering the

criteris.
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The connection between the two sets can be seen from
the following : *
Any optimal solution obtained by ordexring the criteria is

an efficient point of these criteria, namely: D (ol

“%o prove this Let us su.ppose9 against all reason, Ghat

e 51; DHE'i that is there is a point x Ei D* so that xﬁ#Dxx
p01nt X no+ belnb efficient it results tnat there exists

anther point x C: D with The characteristic thatb Fk(XS:>
F (x,f E = l,e0ey2 and for at Leas+ on index L ( one of
indicies ljess,r ) Tthe inequality is strict. !
i ) ‘ |
Filx)>=F (x) a5°)
Consider k = lo As ¥ & Dg‘;ﬂa D§ G:DT 9 1t results that
x & D? thus % is a maximum point of function Fie
As we have By CX”} = F (x ) it results that this ratio«
can be verified only with the equal sign, that is
By () = F ()
For k = 2, resulting again will be F (x:) = F2 (xq) thus
h_ﬁ:; D2 o in a similar way we obtain:
Fp (x") = F (x') for gy Vel B
which condradicts (8.
Je saska suggests for solving the problem of linear pProgram-—

mlily Witk Several obyective functions a methnod consisting

in Tinding vector X™ &€ D which minimizes the function



‘shsr ""'”3"1“”“;“ (6)
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Where : Jel ’

X, = {optimum ) Fi Lo SN R e
Ia this way, Vector Xa_ﬁ s .":E Lg0s ey m.],, & D has the character-

istic that it is the least distant modulus from the byerplanes

determined by the r objective. Functions that is

%, -m0

i=L
Functlon h (x) is convex {thus the existence of the minimum

Value is ensu:r:ed) but non. ldsmear, a fact which makes difficult
the effective mumberical! determination of optimal solution. This

101 linear restriction can be linearized as

Ax
e S 0
= o~
(k) :
y ; -~
V"ol Xy 51 =%
(i . Sk
\ - G
VI - x b el Xy (8)
i ( S
min. Y (%) Xn+1
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? k= J.;.,ooo, Ly

4 = 2,00., n
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sl X’n + 1 is a complementary variable so that

/Xk = By (=) I (9)
e “ \{ an--i-l ;

A
2= The optimal solution ( x, x +1 ) of the programming

problem {8} is equal to the optimal solution (_xi, 8)

of the .v-oblem of non linear programming having the

objective function (&)s. to prove this let us suppase

/

that we havezimin (X) = x_ . _ =
\f/‘ L ..‘J.q}l-: g r\ ,

2850 (% - [yasn Funsf - 1]

X
X =R (x) /
I'_' min max {ﬁ.t‘,"k;lﬁplnfl == Taey
X ],S&Q o 2 [— E Lo g




= max D T T 1 o xf i hs )
Isksr 10
Lo s
Jezd R
Ratio (10) shows that
- _
LBl - (11)
e > §
A

As we can write that min xn+' = X,*! also resulting is

the inequalitys
N

Tl gﬁ ®

Resulting trom (10) and (12) is

2. ¢ . =naex

— LA A
e, X - V(‘K)X ’

l<k<r

“.“Ij;&-p ! I, - A A B RS

Jo Baska gvies anther method for solving the multiple criteria
problem considering instead of function 6, Function
T Eh
Xy LE(KJ/

Leksr X.

h, (x) = max

Which must be minimized. Fo!lowing the some idea of papers of

t mmy, @, I we . onsider thatb



--.l';fu}—— T

o TR ) = W, . - ',
T i XI:LI g j:"l. (Xl'f..) ‘hl (X)

and Ghat h EC/’/; (\X - Xr-f :} goae ’h,f;? (X = XI‘)_]

r _ >
2— [ 3 (Fg) = By (X)J =P (x)
el

i

s o Haung considers the problem of debermining the vector =
nich minimizes function :#> X) and defines it as a vector solv1ng
the problem Wlth several objective functions. ~Thus x> mimmizes
the sum of quadrates of deviations from absolute optimal valwues,

1t is proWed thatb ¥ is on efficient point.

~heorem: Any vector % Binimfzing on the field D function
L 3 3
=t %) @ : At = R, 1
(X, ;_ Fy (%) = F; (X)J (13)

an etficient point,
veoof & let us admit that x* minimizes function<§>(x) that is,

tor any ather point x we have

xr 2 1

[Eﬁ (x3) = ¥y (x3) = F, (x.) = F.(x) 8 Cid)
R A U R R RN !
T sl

wE XT is not efficient, thus there is a point X with the

charagéseristic:
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B (3 P (R 12 Lyl
i e ik ! ? (14)
F-i ‘\_Xi) < F.-: {;-}}') Al 5 K'l"l,o ®a ,I.‘

1 eT hand 15
on the other ha (15)
F. () = & (%) O 21 =1 r
S ¢ e ) K S >/ Lo = go0eag .

E" (XﬁD = F§(i> ;; 0 i = l,a-ng A (16)

From F. (X.) we subtract ratios(Aly)

]

s

and taking into account (15) and (16) we have

Fi CXH} e F% (ij:% F{ (X;) esiag F4 (i)
s els a / e s ,-lj-‘

=
SR | (17)
F:i. Cxﬁ._} et Fi (X;E:j ;, . (Xj_) e Fil: G‘:) ; 0

B\Id
for i L5 lglos, k

from 17 by squaring and totaling according to i = lyesey T On
both sides we obtain

(S

= o _e .z Lk
j;éii:Fi @) -8 @) t3;>2§5 [ I C SR Fi(X{;J

which contradicts (14) « Thus T ig efficient consider now



and
Liﬂ = X hf; (X =X Ju= mgx
[5 @ -3, @ ]=Tt
it can be agrezd that veefor x> which minimizes function Y (%)

siiould be the solution of problem with several objective

Tfunetions.

Point x> minimizes the maxinum deviation from the optimal

value of the objective functions,

Theorem s Any solution x* waich ninimizes function

) = e [ 5 &) -5 o]
‘on the field D is an efficient solution
Proof 3 Indeed, if x* is not efficient there will exist - x /
so that F. Cﬁ}—if Fy (x®) and at least one of the inequalities
is strict,

Hence
By (%) -8y () SF &2 -1y (x%)
that is
miy[F K:Xi) - B (f;sr‘_)] im;stx[ Fy ﬁle) = FiCxil)]
Which contradicts the hypothesis that ¥* mimmizes function

\‘i’\ (X) a



5= Cool Programming
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In tackling so for the problem with several objective

functions we have admithed that r problems of mathematical

programming are solvsd frist and Then, in keeping with the

optimal values found, a synthesis function is built.

We shall present anther group of methods known in

literature under tne name of goal = programming

—_—

we consider a vector F z(EI, FZ""’Fr) whose components,

represent the levels to be attained by the objective functions.

For a x:é'D there will be more or less deviations from these

values and the problem is to winimize a function measuring the

distance between vector F and the vector whose components repre-

sent, the possible values of the objective functions.

; 7 A 2 : . ¥
We shall consider the vectorial space n - dimensional R?

endowed with the norm || .|| classically defined.

consider two points q = (giyece; 9yt 8nd T = (Pyjeee, rn) and

i
i~
ks

'

Qs ) xll q = rf’ we shall further use instead of the distance

etween g and r; as a measure of opproach between F and F.

The best known norm is norm[‘p or the Hoider norm.
N
o= L Q P e
i?,‘.:..'-.
In particular cases the following norms are obtained



IPBUEER )
g
|| = 1] = mex 2 | xi/j

Norm H oIl o Tepresents the Bicliden distance If we take the

norm F - F the following cases are obtained which solve the
goal programming prchlem 3
Case 1

=]

;;;;;;; == o= [t

e e

n
i s R = s P]'p
nin Z e ? Ap - [_giif F, = Fi/

e



Case 2

e I TS TS s

m:i.nf (F -7 // o :-:[}Ii lF“ Tﬁ‘—;{ 2] [A}c R x;()f

Cagse &4

=]

N

=

m:i.nz ”E' = ‘E-;// &S max /F_.! “Ei{ ( A e k) 3y X ->/_ 0 5

taking into account Holder‘s inequalities norm H : \IP is
a convex function.

" We also note that other Torms of case 3 as

=

R JIE ) S 2o PN,

]
i

i

L1 in o N P 1——: \2 ; -
m::;g:ﬂ Z H‘H = B “2 = i;}__?(ﬁ. By = F) ]’AX = b X; Oj

Wher &; are The importance coefficients of functions F..

The minimizing of norm”'.E‘ 1-J:— “ y for p>2 leads to nonlinesar
crogramming problems where as the minimizing of norms
“ P = F“Ii, and [ B e F U{) can be done by simplex methoed of the
linear PRorrammning.

In-..haea,”_tet us conslider one of the cases, say case 2 tuls
case was studied by A.Hamza, A.charres and W.W cooperss We note

that with dF 1=y 4 Y :
K(X) and @Kgx} for eacn function, the deviations



= 20 -
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with plus or minus, From values Fk' The problem is to minimizs
the total of these diviations
Case 2 becones

£

e
min ;Z: d{ (x) + dE (x)
Reml

B (x} + d.; nd:;_ o

X & D
As for a function ¥, the deniation from Fk in a point

Takes place only in one divection, it will result that if
+ ! ; - , : e

;h: ase = 0 and rec > ] his
de > 0 in this case 4, and reciprocally if d. 77 0 in thi

case Cilz = 0
Note with e & column vector having relement, all equal
o L, Go I* the unit matrix of the order r and to df and 4

the component vectors df and dz LB can be written in the Fferm

R
win[ ga¥, - i
Flx) = Td'+ Td = b
A =D

X, <1+9 g =0

—

1t can be prwoved thaf any spsimal solution of problem (L&) 11

an efficient solution.



(see Ao Hamza)
Case 4 can by put in the following linear form (see subouitk

S4I:V.A. and I,I, vdeena)
|

min .
SR E B =B )
AX = b
x;)?t)

As régards to case 2 it can be solyed by the method of
generalized inverses » ''ne sclution is

X = R%F +JROB
Where RT having the ordei m x r is the éeneralizea inverse of
R of the aegree q, ﬁo is a matrix nx (n - q ) with the
chaia@veristics that HRO = 0 and B 1is an arbitrary vector with
L = I COmLONEmES, HO and £ oi® mpgrermind from the other
conditions an %, for example from x > 0 that is from R'F + ng;,Q

-

we deremine RO, and from Ax = b that is ARTF  + AROB = b owe

determine B,



