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Outpgt-Productivity and Value AddedfProductivitj.
by Bent Hansen, '

) The Problem.

The physical volume of production of & sector has: to
be measured by means of a production index. Depending upon
how the concept of production is defined, a production index
may be an output—-index or a real value added—index.l)An output-
index is based upon the physical outputs leaving the sector
during a unit of time (possibly including the increase of the
sector's.stocks of finished goods), certain fixed prices beilng
used as weights. A value added-index is based upon the physi-
cal outputs leaving the sector (plus increase of stocks of fi-
nished goods) with deduction for such inputs as are used by the
sector during the unit of time considered,,once more with cer-

tain fixed prices as weights.

Corresponding to these two kinds of production indexes,
we have two: kinds of productivity measures. We can talk about
output—-productivity and value added-productivity- respectively,
depending upon whether productivity is measured in terms of out-
put or real value added. For both kinds of productivity measures,

the concepts of average and marginal productivity apply.

: In practical index-making, we find both kinds of pro-
duction indexes side by side. The tendency seems to be to give
preference.tos value added-indexes often -so=called net-production
indexes. aresnothing but output—indexeSHED When G.N.R. in constan®
pricegs#iswused to estimate productivity,. we are obviously conf-
ronted with a true value added-index. In practical measurements
of: productivity we shall therefore also find the two correspond—
ing kinds of measures. Here too, I think, there is a tendency

1) Sometimes the terms "gross" and "net production” indexes are
used.

2) Richard Stone, Quantity and Price Indexes in National Account.
OEEC, Paris, 1956,
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to give preference to the value added measures. ©Since produc-—
tivity measures are used very often for solvin: practical prob-
lemg, for instance as a guidance in wages policies, it is ob-
viously of importance to know the properties of and the relation-
ships between output-and value added-measures of productivity-
We need here only mention the fact that while, according %o
traditional production theory, the value of the marginal output-
productivity of labour should in competitive eguilibrium be
equal to the money wage rate, gulidance for wage changes is some-
times sought in measurements of the average value added-produc-
tivity of labour. To what extent will such methods of procedure
lead us astray? The intention of this note is to treat this
problem from a purely theoretical point of view.

ii) Production Theory and Value Added.

Consider a sector producing one commodity only. The
physical quantity produced is .called Q. We choose the unit of
this commodity in ‘such a way, that its price, P, is 1. The
number of inputs (factors) used is Dy Qg denoting physical quan-
tities used-up, and Pi prices of the inputs, The traditional
production function (a being an auxiliary shift variable) is

then

(L) Q = (ql, cosy Qs @)
We have now,. recalling that the output price is l,
' —

(2) Q = %piqiq

which simply say; that total value of output is equal to total
costs (in a wide sense). In a competitive equilibrium, we
shall, however, also have

(3) Pl = PQI:L = Q"i'
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Q'i denotes the partial derivative of the production. function

with respect to input i. (3) says that the value of the margi-
nal product is equal to the price of the input, From (2) and

(3) it follows that in competitive equilibrium

n

(4) Q = ZQ'qo

A=

This equation says that total output is equal to the sum of
the products of the marginal products and the gquantities of
the input factors.l) The equation can also be interpreted in
value terms (recall that the output price is 1) to say that

the total value of output is equal to the sum of the values

of marginal products times the quantities of the input factors,
which in its turn (see eq. (3)) is equal to total costs.

Value added, V, is defined as

n
(5) v=Q - )b

1=J
where the input factors J to n are those "intermediary" inputs
which are used up in the sector and which should be deducted
from the output value to obtain value added, while the input
factors 1 to j-1 are the "originary" input factors. Exactly
how the line of demarkation between these two classes of inputs
shall be:drawn, we need not bother about in this connection.
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We have then four concepts of productivity:

Average output productivity =Q/qi s 1=1l; eeess
Marginal output productivity :Q’i Pigh i by g 1 B
Average value-added productivity =V/qi i b ne Sl BT
Marginal value-added productivity :V' 1 N i |

1) This is not Euler's Theorem about homogenﬁous functions,but
51mply a result of the assunption about competitive equlllb—
rium, see P.A. Samuelson, Foundations of Economic Analysis,
Cambridge, Mass., 1947,p.81 £.f. We could also have ‘assumed
homogeneity of degree one in all inputs and dropped the as-
sumption of conpetitive equilibrium. To be able to continue
the analysis,we would then however, have to add a correspon-
ding assumptlon concerning the inputs to be deducted to ob-
tain value added.
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V'i being the partial derivative of value added with respect

to input number i. Following traditional procedures, the value
added concepts are only defined for the "originary" inputs; we
cbuld in principle also talk about the value added productivi-
ties of the "intermediary" goods, but we don't need This concept.

iii) A Simple Case: Labour Only.

Assume first for the sake of simplicity. that there
is only one “originary" input factor, say number 1, which may
be labour. We have then

— i 1
(e) -V =1p79 = Q"9
which immediately gives us the average value added-productivity
of labour,

(7) V/ql = Q.'ls

and the marginal value added-productivity of labour,

] it = 1 1
(=) i S
In words: The average value added-productivity of labour is
equal to its marginal output-productivity (eq. (7)). And the
marginal value added-productivity of labour is equal to its
"narginel revenue" in terms of output (eq. (8)).

If we keep labour constant and assume a change in the
shift-variable a (to indicate a change in technical knowledge) .
we find

, 11
‘) S Al
(9 s gt
1L
i,e., the relative increase in total value added is equal to the
relative increase in marginal output-productivity.

In this simple case, the average value added-product-
ivity gives information about the marginal output-productivity.
The concept of marginal value added-productivity seems less in-
teresting in itself, It is important to notice that the product
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of the merginal value-added-productivity of labour and the
quantity of labour is not equal %o value added (with Q"ll< O
this product is actually smaller than value added). From the
total differential (keepingqas‘..., CES constant or.iancluding
them in. a)

(10) 4V .= Q'ldql + Q"llqldql + inaqlda?

and (6), we finally get

1" 1n

gy % Q" 1dap+ Q7 da
relative relative increase
increase in marginal out-
in input put productivity
.of labour of labour

The relative increase in marginal»output-productivity
of labour can obviously be found either from (7)., or from G2,
namely through deducting the relative increase in input of la-
bour from the relative increase of output. This will of course
yield the same result as (7).

iv) A Less Simple Case:. Labour and Capital.

Consider then a case which corresponds gquite well to
standard aggregative thinking. We assume that there are two
"originary" input factors, Labour and Capital, and one "interme-
diéry“ factor, Raw Materials. The symbols explain themselvesg
Value added is now

(12) . V = Q - ppag = P9, * Poe

The average value added-productivities become (see eg,(3))
¢13%) V/qL = Q./qL = qu‘R/qL = Q"L + Q.'ch/qLﬁ and
e V/og = /a5 - PrIp/d; = Q'C + Q'Lap/qg
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We assume, that both output price and raw-nuterial
price are constant and consider first eq. (13), The treatment
of €14) is completely analogous to the treatment of (13).

Equation (13) gives us the relationship between ave-
rage value added-productivity, average output-productivity, and
the marginal output-productivity of labour and capital. As will
be seen, we havé the obvious relations

V/ar ¢ @/qp, >Q'y and V/ap > Q'ps

But this is 8ll we can say without further assumptions,
and unfortunately there seems to be no obvious prior kncwledge
to be applied here, If, for instance, we assume, that the margi-
nal output-productivities are always proportional, i.e. Q‘C= kQ'L,
then the relative change from one point of time to another in
average value added-productivity of labour will be helpful in es-
timating the relative change of marginal output-productivity of
labour (and capital as well) provided that the input-proportions
are also unchanged. Letting the superscripts 1 and O denote
time 1 and O, respectively, and assuming that Q‘c= kQ'L, we get

Qs L Wes ) e
R e aGi/aDs .

Since we assume that Q‘L and Q‘G are not directly ob-
servable, we don't know the numerical value of k. Therefore (15)
is only helpful directly if qCQ/ qLO = qcl/ qug in which case
the relative increase in sfhe marginal output-productivity of la-
bour will be exactly equal to the relative increase in the ave-
rage value added-productivity of labour. In case % and ar, do
not change in the same proportion, we should, it is true, be
able to say that
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which would at least be better than nothing., Buf,,when the in-
puf-proportions change our assumption of proportionality between
the marginal output-productivities becomes untenable (competi-
tive equilibrium requires decreasing marginal output-productivi-
tiesﬁgwand unfortunétely the effects of changed input-proportions
work in a way to make (16) break down. (In the first inequality
nAMEKoTds if "< " holds in the second 1nequallty, but this meﬁns
that;.ldbour.;increases relatively more than capital. end this in
its turp tends .to, decrease the left -side-of the first ipegualisy).

‘Similar remarks apply to (14):.

Assume on the other hand, that Q'ch/qg_ kl and Q LqL/qC—
k (k .and ke being two positive constants). Then it would follow
that : J- IQ"q )

NPA 'l !

%3L</_\Q ~ and Avjqc /\/—\g
, T lel
the relatlverchanges in the average value added-productivity of
labour (capital) would always be smaller than the relative changes
in the marginal output-productivities of. labour.(capitalj). The
twowassumptions on which this last result was based may be sourd
iﬂﬁcasegdfkohangﬁs in the quantities of the-input Ifactors), but
they preclude changes in the production functiom, i.e. in techni-
cal knowledge, and for that reason they cannot be accepted.

"9

Bo far,:we are left in mid-air. The average value
added-~productivities tell us nothing directly about the marginal
output=prodlictivities except in special cases. Let us turn then
toﬂthe‘ﬁarginal value added—pfoductivities and consider the total
differential
(17) aV=(Q"1+Q"11,90+Q" 01,900 A9+ (Q 0" 1o 41+ 00 960 2 0*

+(Q", 9+ Q"5 900 08



Putting dqc and da = 0, we find the marginal value
added—productivity of labour

) Vip = Qlp Qg 8grdge

1t is seen that we can only assune equality between

the marginal value added-productivity and the marginal output-
productivity of labour if the second derivatives Q"LL and Q"CLE

1 11 11 i st -
or at the least the sum Q 1,9, Q or,9g» @re equal to zero. and
although they may be zero there is not a period reason why they
should be. It will be understood also that we can say nothing a
priori about the orders of magnitude of V'Laﬂd Q‘L because

it 3 H

QIL<O.mm.QCL>On

A similar expression holds for the marginal value

added-productivity of capital
¢} 1 = 1 " "
(19) Vo =2l *+ RigglytH Qinatne
The comments to (18) apply here, mutatis mutandis.
From the total differential (17), and (12) and (3) we
can finally form the following expression (compare with eq. (11)):
1 1
AW, - varoont eads
1 1
PR
W’

(20) +

relative, weighted
average in "originary"
input quantities

it 11 1 131 it T
19t ¥ende, . Y redtY god dch 1299 ca% 4.
Ot f 1 =hpaaait 1 LT T
< LG‘L "'Q, CqC L Q'LqL +Q ch Q LqL+ QE?_C//
e - :
relative, weighted average increase in
the marginal output-productivities of
the "originary"™ inputs

+
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What we have done here is to split the relative incs
rease in value added (at constant prices) into. two parts: one
giving us the relative weighted average change in. the quantities
of the "originary" inputs, the weights being the. marblﬂal input-
productivities, the other giving us the relative weighted ave-
rage change in the marginal output—productlv1tles of the "origi-
nary" inputs, thé weights being the gquantities of the "originary"

inputs.e

The second part is further deyided into three compo-
nents, showing us the relative weighted average increaselin the
marginal output-productivities of the "originary" inputs due %o
changes,lqu and’dch in the quantities of the "originary"lin—
puts themselves and to changes, da, in technical knowledge™ ",
respectively, the weights everywhere being the gquantities of

"originary" inputs.

It will then be seen, that even if we adjust the rela-
tive increase in value added for the changes in input quantities
(iwme. deduct the first part of the right hand side of (20) from
AV/V) 5;-.(20) will at most give us the weighted average change in
the margﬁnal output-productivities unless additional assumptions
are ﬁadef But to be able to compute the weighted average change
in' the <dinput quantities, we have to know the weights, 1.eq, We
have to know the proportion between the marginal output-produc-
tivities,r unless the inputs happen 'always to be in constant pro=—
portion, -But this means that the situation is exactly the same
as with egs (13) above,

v) The GenerallCasea

We could now develop the same analysis on a more gene-—

ral level, for instance through including land among the origirary

inputs, or on- a completely general level considering j—1 unspeci-
fied originary inputs. We abstain from this, however, because it
will bring us nothing new in principle.

1) Chenges in the quantity of raw-material inputs will act upon V
exactly as-a change in a.da can therefore be interpreted to
include changes in raw-materials inputs.
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vilﬁTbg Pragtical Problem.

We have seen that a: study of real value added-produc-—
tivity will not in general help us to come acrogs: the fundamen-
tal marginal output-productivities, They should in princiﬁle
be studied directly upon the output. In many countries, however,
only value added indexes of production are available, or, exist-—
ing output series may be too short to permit statistical infe-
rence about the marginal output-productivities. The practical
man,, i.e, the policy-maker who has to form an opinion about the
marginal. output-productivities whether he likes it or not, may
beinsthe.situation where he has to judge:about marginal output-
prodyciivities .on the basis of value.addeds. What's to do then?

A challenging answer to this question would be the
following:. If it is really true that society is always in com-
petitive equilibrium and we have < z.Q'i”JWhy:not simply study
the development of p,?! This would of course be true if we
really  knew that soclety is always in competitive equilibrium,
but this!is something about which we have to.assure ourselves
through showing that (except for stochastical deviations) p;=
Q{i and this in its turn requires observation of Q,i" And for
this -purpose we cannot—even if 1t really is true that p.= Q'iw
substitute V/qilor Vii for Q‘io The practical problem may Jus®t
be. that the.policy-maker wants to control; whether his econony
has’ been,in.competitive equilibrium or notg.

Having convinced himself that society uptil now has
aohually been in the desired competitive equilibrium, the policy-
maker may then be in the position where he believes that he is
ablé to forecast a certain increase in value-added and a certaln
inocrease in the originary inputs, and he may ask himself: AT
constant output prices and raw material prices how much should
money wages and the price of capital.services},(land services

etcow) be changed to keep the society in competitive equilibrium



11~

in future too. Here again, it may be objected that the policy-
maker cannot make a sensible forecast of value-added without
going back. to the output, but don't let us-:bother. about this.

The only thing to do seems then to try to judge about
the -marginal output-productivities from (13) or (20). Provided
that the input proportions do nat change too much, the hypothe-—
sis of proportional changes (due to changes in technical know-
ledge) in the marginal output-productivities may be sound at
the same time as the knowledge of the constant proportion bet-
ween the marginal output-productivities becomes unnecessarye.

In a full employment society, the proportion between capital
input and labour input cannot change much from year to. year.
For society as' a whole, labour input may increase l1-2 pct. per
year; capital may be by 3-5 pct. This will change the ratio
capital/labour very little between two. .successive years and
unless the k.in.eq., (15) is very large in relation to the ratio
capital/labour, we can safely disregard. the correction factor
on the right hand side of (15).. It is obvious that both the
assunption of constant input proportion. and: constant marginal-
productivity, proportion will more easily be fulfilled the shor-
ter the'period considered is;, .and the larger the sector consi-—
dered is in relation to: society as a whole. In a society with
non-full, employment, -.conditions may be different. If a certain
yearhtotal employment decreases by 5 pct..at the same time as

' capixaltincfeases by 5 pct..(which may happen Just after a boom
yean),, the input proporticmms chenge more, but even here it is
obvious that unless k is very largs;. the.correction factor in
eq, -(15) will still be unimportant. So, we still return to the
question of k., What may be the order of magnitude of k?

Let us consider an example which may show the orders
of magnitude. Assume that we have a society in cempetitive
equilibrium with a value added = 60 billions (units of currency),
number -of workers equal to 0,003 billion and a stock of capital=
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300 billion (units of currency).l) Assume further that we know
that about 2/3 of value added is labour income and 1/3 capital
incomes, We have then PIJ = 1% 3353 " while pc_;rQ@Qéé. In compe-
titive equilibrium where input prices equal marginal output-
productivities, k would then be equal to PG/PL =.:.0066/135 3533

= 0,,000005 while qc/qL = 3%00/0,003 = 100 000 and ch/qL accor—
dingly equal to 0.5. If k is constant (approximately), the
correction factor may (in the extreme case of unemployment
above) become at most 1,5/l.4 = l.l. At most an error of about
10 pet should then be done in assuming that the marginal output-
productivity of labour changes in the same proportion as the
average:value added-productivity of labour.. If the latter inc-—-
reaseéfby'4'pct“, the former should ‘then be known. to increase
by bétween 3.6 and 4.4 pct,.which is quite. a good precision.
Foriobvious reasons these figures should be taken as nothing
but. an -example,

Finally, .if society is really :sexiously out of cbmpe-
tidive requilibrium, all the reasonings . we have done will break
downs,. No-.conclusions at all can then be drawn from value added-
productivities to output-productivities. It may,: of course,
stilinsimply be nostulated that e.g. average value added-produc-
tivity is equal to marginal output productivity, but no a priori
rea&bning can. justify such postulates, The only thing to do is
thenstp. study. -output. directlysy -

lj Thé'figures correspond roughly to Swedish conditions.



