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Abstract

In this paper, we apply the Adomian decomposition method (ADM) to solve Abel integral
equation of the first and second kind. Abel integral equation is one the most important equations
which appear in a lot of applications.
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1. Introduction

In this paper, we shall consider one of the most important fractional integral equations, namely
the Abel integral equations of the first and the second kind;. The former investigations on such
equations are due to Abel (1823), after whom they are named, for the first kind, and to Hille and
Tamarkin (1930) for the second kind. The interested reader is referred to [1] and [2]-[6] for
historical notes and detailed analysis with applications. Some of these applications are, in
evaluation of spectroscopic measurements of cylindrical gas discharges, the study of the solar or
a planetary atmosphere, the investigation of star densities in a globular cluster, the inversion of
travel times of seismic waves for determination of terrestrial sub-surface structure, the
tautochrone problem, spherical stereology. We use Adomian decomposition method (ADM) [5]-
[10] to solve these kind of equations. This method has many advantages; it is efficiently works
with different types of linear and nonlinear equations in deterministic or stochastic fields and

gives an analytic solution for all these types of equations without linearization or discretization.
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2. Problem solving

2.1. Abel integral equation of the first kind

Let us consider the Abel integral equation of the first kind,

1_‘(;))1_& dr=f(), O<a<l, (1)

1 t
F(a)fo (t
where f(t) is a given function. We easily recognize that this equation can be expressed in terms
of a fractional integral as follow,

Ju(t) = f(t), )
and consequently solved in terms of a fractional derivative according to,
u(t) = DUf(0). ©)

2.2. Abel integral equation of the second kind

Let us now consider the Abel equation of the second kind,

At u(n)
u(t) + I"(a)jo i@ dt = f(t), a>0, 4)
This equation can be expressed in terms of a fractional integral as,
u(®) + 4J*[u(®] = (@, ()
this problem was solved before in [14] by using Laplace transform method. This solution is,
u(t) = f() + eq(t; 1) * £ (1), (6)
where,
an—1
e (t; 1) = %Ea(—zt“) = oon = 12( — A)";(Cm), t> 0. (7)
Now, we will solve it by using ADM. Equation (5) can be written as,
u(t) = (&) — @], (8)
Using ADM we have,
uo(t) = f(t),
Un(t) = =A% up-1(0)], n=1. (9)

2.3. Application

We are going to describe in detail the occurrence of Abel integral equations of first and of
second kind in the problem of heating (or cooling) of a semi-infinite rod by influx (or efflux) of
heat across the boundary into (or from) its interior.
Consider the equation of heat flow [14],

U — Uy =0, u=u(xt), (20)
in the semi-infinite intervals 0 < x < oo and 0 < t < oo of space and time, respectively. In this
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dimensionless equation u = u(x,t) means temperature. Assume vanishing initial temperature,
i.e.u(x,0) =0 for 0 < x < oo and given influx across the boundary x = 0,

—ux(0,2) = p(t). (11)
Then, under appropriate regularity conditions, u(x, t) is given by the formula, see e.g. [15],
() . _
u(x, t) = e /Dl gr x> 0,t > 0. 12
wo=z | 7= 12
We turn our special interest to the interior boundary temperature ¢(t) = u(0%,t), t > 0, which
by (12) is represented as,

\/_f PO = 1200y = p(1), ¢ > 0. (13)

t -7
We recognize (3.128) as an Abel integral equation of first kind for determination of an unknown
influx p(t) if the interior boundary temperature ¢(t) is given by measurements, or intended to
be achieved by controlling the influx. Its solution is given by formula (3) as,
p(t) = D¢ (t) (14)
By using equation (14), we can find the value of p(t).
Let us take the following special cases,

1
© O =t=p@®) =5V,

1
(i) ¢ =1=p)= N

We now modify our problem to obtain an Abel integral equation of second kind. Assume that the
rod x > 0 is bordered at x = 0 by a bath of liquid in x < 0 with controlled exterior boundary
temperature u (07, t) = P (t).

Assuming Newton’s radiation law we have an influx of heat from 0~ to 0% proportional to the
difference of exterior and interior temperature,

p() =A[YE®) — ()], 1>0. (15)
Inserting (15) into (13), we obtain
“(r) — ¢>(T)
¢(t) = \/E . ? T, (16)
which can be written as,
o (t) + Y2 [p (D] = J*[p(0)]- (17)

If we now assume the exterior boundary temperature 1 (t) as given and the evolution in time of
the interior boundary temperature ¢(t) as unknown, then (17) is an Abel integral equation of
second kind for determination of ¢ (t).

The solution given in [14] of the problem (17) for y(t) = 1, by using the Laplace transform
method is,

() =1 —Eyjp(—2t1/?) (18)

Using ADM to problem (17), the recursive relations will be,
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£1/2

— 771/2 — 771/2 —
bo(t) = M2 [Y(O) = MV = g
() = =2 [pp1 (D], n=1. (19)
From relation (19), the first five-terms of the series solution will be,
22t 4¢3/223 2% 8t5/2)5
¢(t) = —\/_ —tA% + - + — (20)
Vi 3Vm 2 15Vm

A comparison between ADM solution and Laplace solution for A = 1 is given in figures 1.a-1.c.
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Fig. 1.a: ADM and Laplace Sol. [n=20]
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Fig. 1.c: ADM and Laplace Sol. [n = 60|
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