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Abstract

Linear model (LM) provide the advance in regression analysis, where 1t was
considered an important statistical development of the last 45 years, following general
linear model (GLM), principal component analysis (PCA) and constrained principal
component analysis (CPCA) in the last 25 years. This paper introduce a series of
papers prepared within the framework of an international workshop. Firstly the LM
and GLM has been discussed. Next, an overview of PCA has been presented. Then
constrained principal component has been shown. Some of its special cases, related
methods and ordinary least squares OLS estimator as a special case form CPCA has
been introduced. Finally, an example has been introduced to indicate the importance
of CPCA and the different between PCA and CPCA.

Key words: General linear model, principal component analysis, constrained
principal component analysis, bootstrap.

1. Introduction

LM play a central part in modern statistical methods these models are able to
approximate a large amount of metric data structures in their entire range of definition
or at least piecewise. On the other hand, approaches such as the analysis of variance,
which model effects such as linear deviations from a total mean, have proved their
flexibility, and error structures of most ecological data.

According to Gauss Markov theorem, which is based on the linear regression
model {LM),

Yn.l :Xn.p[}p.L_‘_En.l (1}
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componuus '\/[athemattcally, PCA depends on the eigen decor mposition of DOSIUVL
semi definite matrices and on the singular value decomposition SVD of rectangular
matrices (Kruger and et al, 2008) and. In case of multicollinearity problem, the
rescarchers used another forms to estimate the parameters like principal component
regression PCR (Batah el al, 2009), where this problem occurs when the predictors
included in the linear model are highly correlated with each other. When this is the

case, the matrix X X tends to be singular and hence identifying the least squares
estimates will face numerical problems. (Massy, 1965), (Marquardt, [970), and
(Gunst and Mason, 1977) used the orthogonal matrix T in the GLM to get the PCR
estimator for 8 as:

Ynl XTLP7PPTPPﬁp1+EPLI (4)
They made spectral decomposition of the matrix XX given as

’ A, 0 [ i
XX = (Tru Tpér‘ ) ( O Ap—r') (Tp—r‘) ())

Where A, = T.XXT, is diagonal matrix such that the main diagonal elements are the
r largest eigenvalues of XX, while the main diagonal elements of the A,_, matrix are
the remaining p — r eigenvalues.

The PCR estimator for §§ can be written as

Bec =T, (TLXXT)™* T.XY (6)

Expectation and variance:
E(Bpc) = T/ T, = [.B (biased)
var(ﬁPC) = GZ Tr (Ar)_lTr

3. Constrained Principal Component Analysis

It is a method for structural analysis of multivariate data that combines features
of regression analysis and principal component analysis. In this method, the original
data are first decomposed into several components according to external information.
The components are then subjected to principal component analysis to explore
structures within the components (Takane and Shibayama, 1991).
The constrained principal component model is:

ZN.n = GN.pMp.qH;;.n + BN.qH;Ln + GN.p Cp.n % EN.n (7)

where Z is an N x n matrix of responses, G and H are observed matrices of the
variables, assumed to have full rank, M,B,and C are matrices of unknown
parameters , and E is an N X n matrix of error terms assumed to be multivariate
normally distributed with mean 0 and variance covariance oI . (Takane, 2014)
estimated the unknown matrices of parameter as:

M= (GKG) GKZLH(H LH)~ (8)
B=K" KQG/KZIH(HIH)“ (9)
C=(GKG)y GKZQy, LL (10)
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4. Some Special cases and related methods of CPCA:

(Takane, 2014) introduced about 20 special cases and related techniques for
CPCA as PCA, CANO, and Redundancy analysis (RA) the next part indicates some
of them and illustrate the assumptions that lead each case to CPCA.

4.1 CPCA reduces to unconstrained PCA when there is no additional case or
variable information to be incorporated in the analysis. In this case G = [y
and H = [, can be set, researcher also usually assume that K = Iyand L =
[,, (Takane and Hunter, 2001).

4.2 Canonical correlation analysis CANO, proposed by (Hotelling, 19306),
analyzes relationships between two sets of variables.

CANO can be derived from CPCA in two different ways. One is by
seiting Z=l.K=Land L =I. The eilhee i by seiling Z=
(GG)"GH(AH)", K = GG L = HH,G = LandH = L

4.3 RA 1s a useful technique for multivariate predictions. It extracts a series of
orthogonal components from predictor variables that successively account for
the maximum variability in criterion variables. [t maximizes the proportion of
the total sum of squares in the criterion variables that can be accounted for by
each successive component. The set of components thus obtained defines, in
the space of the predictor variables, a subspace best predictive of the criterion
variables. This is in contrast with canonical correlation analysis CANO
between two sels of variables, in which componeﬁts are extracted from each
set that are maximally correlated with each other. A large canonical
correlation, however, does not imply that the two sets of variables are highly
correlated as a whole (Lambert et al. 1988). RA follows from CPCA by
setting H = [LK = land L = [.

4.4 Correspondence Analysis (CA) When both G and H consist of dummy coded
categorical variables, CANO specializes in correspondence analysis CA of a
probability table F = G H.

4.5 Multidimensional Scaling MDS, [n MDS we represent both rows (cases) and
columns (variables) of a data matrix in a multidimensional Euclidean space in
such a way that those variables chosen by particular cases are located close to
the subjects, while those variables not chosen by those cases are located far
from them (Takane, 2014).

4.6 Growth Curve Models GCM also known as GMANOVA (generalized
multivariate analysis of variance), provide useful methods for analyzing
patlerns of change in repeated measurcments, and investigating how such
patterns arc related to various characteristics of cases.

4.7 Extended Growth Curve Models ExGCM, it is a generalization of GCM
which has more than one structural term like GMH (the first term in the
CPCA).
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* Two sided inverse -

A two sided inverse of a matrix A is a matrix A7 for which AA™t == A"1 A
This is the inverse of A. When r = n = m; the matrix A has Full rank where n and m
are the order of matrix A.

» Leltinverse

Recall that A has full column rank if its columns are independent; i.e. if t = n. [n
this case the nullspace of A contains just the zero vector. The equation Ax = b either
has exactly one solution x or is not solvable.

- The matrix A A is an invertible n by n symmetric matrix, so (A A)"L A A= [, A7
left = (A A)7'A is a left inverse of A (Hefferon, 2012).

Note that; AA™! left is an m by m matrix which only equals the identity if m = n. A
rectangular matrix can’t have a two sided inverse because either that matrix or its
transpose has a nonzero null space.

» Rightinverse

—_—

[f 4 has full row rank, then r = m. The nullspace of A contains only the zero
vector; the rows of 4 are independent. The equation Ax = b always has at least one
solution; the nullspace of A has dimension n — m, so there will be n — m free
variables and (if n > m) infinitely many solutions. Matrices with full row rank have
right inverses A~ ! right with AA™" right = [. The nicest one of these is A (AA)L
When times A to A (A A )7tis I (Hefferon, 2012).

“ Zyn = GBous + GG )R (R(GG)T'R) 7' —
GG TR RE GO)TR)'R Bous
= GPous + GG O 'R (R(GG)™*R)7'(r — R Boys)

~

Zon = XPors + XXX R (RE K TR) I =R Bors) = XBoes (12)

The equation (12) indicate that:

BSs = Bows + XX TR RE X)) — R Bors) (13)

(This is the same result as (3)

6. Example of unconstrained PCA and CPCA with real data:
The data represent 1058 units of air condition that sold from July 2007 to March 2013
in an Egyptian company called Pure technology, we decomposed these units as The
[SM frequency data on traditional vs. modern views is used, that found in (Hunter
and Takane, 2002), the data are as follows:
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Table (2): the cases constrained matrix

M F C Y N summer winter autumn spring

)
—
()]
N
(D]
[95]

G4 G5 G6

o)
~J

G8 GS

1

1 1
1 0
1. 0
1 0
1 1
i 0
e 0
1 1
1 0
1 0
1 0
0 1
0 0
0 0
0 0
0 1
0 0
0 0
0 0
0 1
0 0
0 0

OODOHHHHOOOOOOOOF—‘HP—‘DGDO

OODOOOODHHHI—‘DOOOOODI—‘H}—*H
HHHHOOOOOOOOH)—‘!—‘HOQODOOO
HHHHHHHHHHHHOOOOOOOODOO
QOWODDHOODI—‘OOO»—‘OOOOOO‘-—*D
OHDDOHDOOHOOO»—‘ODOHDOHOO

HOOOHDOOHOOOHC)OOHDO.—*OOO

0 0
(The data represent the constrained that found in cases, we get it from Table (1))

And the column constrained was constructed by combining between the power of

the unit measuring by HP and the kind of this unit (cold only or cold and hot) and
the matrix H was as follows:

Table (3): the variables constrained matrix H

1.5HP 2.25Hp  3Hp b c
H1 H2 H3 H4 HS

1.5 HP/b 1 0 0 1 0
2.25 HP/b 0 1 0 1 0
3Hp/b 0 0 1 i 0
1.5 Hp/c 1 0 0 0 1
2.25 HP/c 0 1 0. 0 1
3HP/C 0 0 1 0 1

(The data represent the constrained that found in variables, we get it from Table (1))

We also use the profit of the unit as dependent variable to compare between OLS,
PCA and CPCA the data is as follows:
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Then the data matrix order become 23 x 2 and it consists from
Component 1 and Component 2 where:

Component1 = —0.409 z, — 0.423z; — 0.419z; — 0.4262, — 0.44525 —

0.313 2.

Component 2 = 0.328 z; + 0.221z; + 0.254 z, — 0.243z5 — 0.844z.

The scree plot indicate that the first component contribute more than 75% of the
variation of the variables, where the second component approximately contribute with
10% as we shown in Figure (1) as follows:

Figure (1): Scree plot for the explained variance by each component in PCA method
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CPCA shows that the first two components explain 98.45% of the total
information, i.e. when choosing two only component in case of reducing variables or
removing multicollinearity only 1.55% of the total information in the data will be lost.
Then the data matrix order become 23 x 2 where and it consists from
Component 1 and Component 2 where:

Component1 = —0.391z, — 0.418z, — 0.36923 — 04297, — 0.439 25 —
0.3992;.

Component 2 = 0.52 2, + 0.295z, — 0.602 z3 + 0.237 z, — 0.47 1z

The scree plot indicate that the first component contribute more than 80% of
the variation of the variables, where the second component approximately contribute
with 18% as we shown in Figure (2) as follows:

The Egyptian Statistical Jqurmi_l Vol.62, No. 1, 2(}18




On Consirzline(?li’;iincipﬂl Cgmponcui /\nal/ysiisi(ib_l’figﬁm &8
- _ With Application on Bootstrap

Table (7): confidence intervals for the estimation of the parameters for each air
condition type.

2.50% 97.50%
1.5 HP/b (7.54) 472.42

| 225HP/b | (2633) | 1,100.86
3Hp/b 525.74 1,749.54
1.5 Hp/c 35064 | 814.48
2.25 HP/c (756.89) | 313.70
3HP/c 75.51 476.47

These intervals indicate that the profit of the 2.25HP/c product falls between -76 5 and
313 pound, and this with confidence level 95%, and the products 3HP/b, 1.5HP,c
3HP/c always achieve profit and did not make loss at any case. The values of the
predicted value was as follows:

Table (8): the predicted value of the regresston.

1 2 3 4 5 6 7 8|
523425 | 27754 | 7,6268 | 51,518.5 | 10,0619 | (388.8) | 45283 | 12128
9 10 11 12 13 14 15 16
14411 | 2,2819 | 69945 | 44,3585 | 56059 | 24,4469 | 50,882.8 | 2,930.8
17 18 19 20 21 22 23
3079.1 | 54265 | 1,8656 | 9,815.0 | 14,8088 | 12,079.4 | 27,226.5

The sample number six means that the Females that live inside the cordon do not
achieve profit in autumn season; this might need more advertisement for females in
the cordon at autumn season. ANOVA table indicate that the all product are highly
significant as follows:

Table (9): ANOVA table for OLS.

Df Sum sq Mean sq Fvalue Pr(>F) B
1.5 HP/b 1 9.97E+09 9.97E+09 1.3849E+03 | <0.0001***
2.25 HP/b 1 8.31E+08 8.31E408 1.1549E+02 | 0.00001%**
3Hp/b 1 8.64E+08 8.64E+08 1.2003E+02 | 0.00001***
1.5 Hp/c 1 2.59E+08 2.59E+08 3.5994E+01 0.0001**—
2.25 HP/c 1 9.47E+07 9.47E+07 1.3160E+01 | 0.00208**
3HP/c 1 6.07E+07 6.07E+Q7 8.4358E+00 | 0.0099
Residuals 17 1.22E+08 7.20E+06
Signif. codes: 0O '+***' D001 “++* 0.0L **" 0.05 *.* 0.1 * ¢

the estimation of the parameters for the PCA were as follows:

Table (10): the estimation of the parameters for each linear combination of air condition type using
PCA.

zl.pc z2.pc z3.pc z4.pc z5.pc ‘ z6.pc
(7,884.98) | 1,420.00 | (2,233.42) 54.57 (2,944.00)‘(6,600.26}

The second combination z, is the better one because it achieves the most profit (1420
pound). The confidence interval for these parameters were:




The interval also indicate that the first combination is the worsl one, it always make
loss. The second combination z, is the better one because it achieve the less lost
(1.044731e+04 pound), but at the same time it did not achieve highly profit as the fifth
combination. ANOVA table indicate that only the first combination is significant at
the same time it did not make any profit and it was as follows:

Table (15): ANOVA table for CPC.

Df Sum sq Mean sq Fvalue Pr(>F) o
- ilcpe 1 4.49E+09 4.49E+09 10.39 0.005%**
| z2.cpc 1 1.02E+08 1.02E+08 024 | 0633
23.cpe 1 3.35E+07 3356407 0.08 0.784
24.cpc 1 2.46E+07 2.46E+07 0.06 0.814
25.cpc 1 1.27€+06 1.27E+06 000 | 0957
| 26.cpc 1 2.15E+08 2.15E+08 0.50 0.490
Residuals | 17 7.34E+09 4.32£+08
Signif. codes: G TR g ognT ERed g DL Yeen g nh fL 8 L 7 i
Conclusion:

Because of the high correlation between the variables, The OLS analysis
refers only to the loss made by the fifth production zs , while the PCA indicate that
the significant first combination that contribute with 77 % in interpreting the total
variation in the variables refers to a large loss falls between 11548.376 and 422 1.576
where all six products made loss, that is the same information that indicated by the
CPCA with 85% of interpreting the variation of the total information where it falls
between 1.034412e+04 and 1.394876e+03. The previous results indicate that the
company is not achieve any profit, it makes large loss, we should advice the owner to
change his trade or deal with professional persons in the market to take advices from
them and change his technique of management.

8. Numerical example using bootstrap

To detect previous results of OLS, PC, and CPC using bootstrap with
different sample size n a numerical example has been made, The bootstrap method
were applied to the original data at different sample size (20, 50, 100, 200, 500, 1000)
with 1000 replications for each sample size, The results indicated the standard
deviation sd, and the standard error se for the coefficients b of all types ol air condition
parameters at the three cases ordinary least square OLS, principal component PC,
and constrained principal component CPC.

The results don’t different in coefficients from the original data, where the
OLS method indicate that all types of air conditions are made profit except 2.25Hp/c,
but the PC and CPC methods indicate that all types don’t made profit and these
parameters don’t have any effect with increasing the sample size, the results show also
the standard error and the standard deviation of the variables decrease with the
increasing of the sample size n, we note that sd and se for OLS < PC< CPC [or all
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