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Abstract:

In this paper, a new class of life distribution namely exponential better than used in
convex average and denoted by (EBUCA), or its dual (EWUCA) is introduced. Testing
exponentiality against (EBUCA) based on U-statistics is investigated. The percentiles of
these tests are tabulated for samples sizes n=5(1)40. The power of the test is simulated for
some commonly used distributions in reliability. Pitman’s asymptotic efficiency of the test
is calculated and compared. Data for 40 patients suffering from blood cancer disease
(Leukemia) is considered as a practical application of the proposed test on medical data.
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1 Introduction

The aging life is usually characterized by a non-negative random variable X >0 with
distribution function (cdf) F and survival function (sf) F =1—F. Associated with X is the
notion of “random remaining life” at age t, denoted by X, where X, ¢has an sf as

E(::):%, %20, (1.1)

Note that X, % X, or F, (x)<F(x) (st denotes the stochastic ordering) if and only if
F'is an exponential distribution. Comparing X and X, in various forms and types create
classes of aging useful in many biomedical, engineering and statistical studies, see Barlow
and Proschan (1981). It is well known that the relation X ¢ £ X or F, (x)< F(x) defines
the class of new better than used (NBU). On the other hand, the relation
E(X;)< E(X)defines the class of new better than used in expectation (NBUE), decreasing
mean residual lifetime (DMRL), and exponential better than used (EBU). Testing
exponentiality against anyone of these classes forms a vast literature pool. Most of the
testing procedures are based on developing empirical estimates of departure from
exponentiality in favor of the alternative class. The result test statistics are mainly version

of U-statistics. For this vast literature we refer the reader to the surveys by Hollander and
Proschan (1975) Doksum and Yandell(1984); Loh(1984); Hendi et al(1993) and Abu-
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Yussef and Elsherpieny (2003). In the present paper, comparing between the life
distribution of a new unit with that of the remaining life or a used unit in increasing convex
average order leads us to introduce a new class of life distribution. This new class is larger
and perhaps more practical than the EBUC class introduced by Hendi and Algofily (2004).
Our new class compares a new life to that is used (of age t) in a new or ordering sense which
we call “increasing convex average” ordering.

The paper is organized as follows: Section 2 contains notations and basic
properties which are used to introduce the class of the“exponential better than used
in the increasing convex average” (denoted by EBUCA). In Section 3, we use U-statistic to

testHy . F' is exponential(y) versus H, : F e EBUCAandnotexponentia, where 1= B F@)du.

Also, we simulate the critical points for the statistic used in the test through Monte Carlo
methods for sample sizes n = 5(1)40. Next, in section 4 we calculate the power of the test
based on some other alternative life distributions, including the linear failure rate, Gamma
and Weibull distributions. To show the efficiency of our results, we calculate Pitman
asymptotic efficiency and compare our result by this given by Kango (1993). Finally, we
apply the test to real practical data given by Abouammah et al. (1994) in section 6.

On the other hand, an ordering of life variable that proved useful in producing
classes of life distributions is due to Stoyan(1983), Bhattcharjee(1991) for definition and
properties.

2 Definitions and properties

In this section we present definitions, notations and basic properties used throughout the
paper. We also give the definition of the new better than used in the increasing convex
average class of life distributions.
Let X and Y be non-negative random variables with distribution functions 7 (x) and
G(x) respectively, and survival functions F(x)and G (x). We say that X is smaller than
Y in:
(i) the usual stochastic order (denoted by X <, ¥),if F(x)<G (x)forall X ;
(ii) the increasing convex order (denoted by X <., Y), if
FPF@)du<[? G(u)du for all X ;
(ii1) the increasing convex average order (denoted by X < i X Js
Iy Fu)dudx <[ [° G(u)dudx forall X .
See Ahmad et al.(2006), Deshpande et al.(1986) and Kaur et al (1994).

On the other hand, in reliability theory, it has been found useful to define non-
parametric classes of lifetime distributions by stochastic comparison of survival function of

the lifetime of a new one. For example, let X ¢ =[X —t/x>t] denote the residual
lifetime of X at time 7 , and it is the time to failure of a unit with lifetime fand let X be a
non-negative random variable with distribution function F. We say that

(i) X (or F) is new better than used (denoted by Xe NBU)If X<, Y forall >0,

(i) X (or F) is new better than used in the convex order (denoted by X e NBUC )if
X<, Y forall £20;
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The NBU was introduced by Bryson and Siddigqui (1969) and independently by
Marsharll and Proschan (1972). It has been extensively studied to become one of the most
studied classes life distributions. The NBUC class is due to Cao and Wang (1991)1. And
(EBU) was introduced by El-batal (2002).

Following the same ideas, we now introduce a new aging class of life distribution
by stochastic comparison of the survival function of residual lifetime of a used unit with that
of the lifetime of a new one in the increasing convex average order sense. In a formal way:

Definition 2.1: F belongs to EBUC iff

TF@)du<pF(tye

x+H

x>0 2.1)

>

Using the above definition to introduce a new class of life distribution namely
exponential better than used in convex average order (EBUCA).

Definition 2.2: A life distribution F is said to be exponential better than used in convex
average order (EBUCA) if

© o o -y ‘
[ [F@)dudx< uF@t)[e "#de | x>0 2.2)
0x+f 0

The implications among IFR, IFRA, NBU, NBUC, EBU, EBUC, EBUCA, NBUE,
and HNBUE classes of life distributions are:

IFR — IFRA — NBU — NBUE —» HNBUE

4 T
EBU — EBUC — EBUCA

We propose a test statistic based on the U-statistics for testing
Hy:F is exponential (11); vs: H: F is exponential better than used in convex average order

class of life distribution (EBUCA) and not exponential. In addition we use Monte Carlo
method to compute the critical points for sample size n=5(1)40. The power of the test is also
simulate for some commonly used distributions in reliability. Pitman’s asymptotic
efficiencies of the test statistic given with comparison with other procedures. Finally, an
example using data from Abonammoh et al (1994) is used.

3 Testing Against the EBUCA Class

To test Hy:F is exponential (1) against H:FeEBUCAand not exponential we use
the following measure of departure from H 0-

.42
O =E[H2F(f)— IEZ“dF(xH)J G.n
0

or
@-1?°
2

5r = [UPF@) - [ 4 arayar
0 t

(3.2)

0 00 2
:—;-uz - j(”;’) dF (u)dF (z)
0t
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Note that o =0 under Hyand &y >0 under H; . By using a random sample of size n,

the empirical estimatedpis & . Let Fj,(x)z1 :‘EI(XJ- >x)denote the empirical survival
=]

distribution, an(x)zl, M is estimated by the sample mean X, then & F is given by
n n

using (3.2) as:

- ® .17 1 »

op, = [IX* =Y I(X, > %)~ — 2(X; -x)*I(X; > X)|dF, (x) (3.3)
0 L 2n Jj=1

1e

- 1 »nnnn

Op, == LU L 2IXe X, —(X; - X)) I(X, > X;)] 49

i=] j=lk=1I=]
1 x>y

Where 7 =
B0 2 {O otherwise

Thus to make the test statistic & in (3.4) is scale invariant we take

~ B

AF = _n

n X2
e n xj i
Where X = 3 —, is the usual sample mean.
j=1 1
'I’ F

Setting ¢( X7, Xy, X3,X4) = X3X4 — (X, — X,)*(X; > X,), and defining the symmetric

(3.5)

1 .
kernel \P(XI,X23X33X4):E %gﬁ(X,-[,Xiz,)fiB,X'&)Where the sum is overall
arrangements of X,,X,X; and Xs then A in (2.5) is equivalent to the U-statistic

1
Up == Z ‘P(XI,XZJX3JX4) (36)

" n\icj<k<l
4

The following theorem gives a summary of the large sample properties of A F,0r Uy
Theorem 2.2
(i) As n— o, Jn (u -~ Ap) is asymptotically normal with mean 0 and variance is given by

0? =VarliPFG) -2 | 4 fdu=1 XEF O+, uftadter
‘]

5 G7
~ | [ £ G)dudv- [VEF () £ 0)dv+2] [vefia)f (v)dud]
0v 0 0 v
(ii) under H , the variance reduces to
o’ =var[2X, ——%X]Z ~1]=1 (3.8)

(1ii) if F is continuous EBUCA, then test is consistent.
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Proof
By using the standard theory of U-statistic [Lee( 1990)], one can easily prove parts (i)

= w.x—t ; ;
and (ii) to prove part (iii) Let D(x,0)=p*F(f)- j(%)zﬁ in (3.2) and since F is
t
EBUCA and continuous, D (x,#)> 0 for at least one value of (x,#)call it (xg,%p) - Now
let (x,8)=inf{(x, ) /(x > xy and t > £y)}, F(x)= F(xy) and F(f)= F (ty) Thus,

X‘—tl X

D=1 F )~ [CC 0 dr 2 12 F ) - JES 0 dF
f 4

X

= © x—f
= 2 F(ty)-| 2”)2dF=D(xo,r0)>0
14

And F(xl +51)-—(F(x1)> 0 andF(tl +52)—F(t1) >0 and SiﬂC&Xl and [ are
points of increases of F, thus Ax >0 then the test is consistent. To use the above test, we
calculate Jn— A F, [ 0gand reject Hyif it exceeds the normal vaniate Z;_,, .

By using Monte Carlo methods, we calculate the empirical critical points of A F, in

(3.5) for different samples. Table (3.1) gives the lower and the upper percentile points for
1%,5%, 10%90%,95% and 99%. The calculations are based on 1000 simulated samples sizes
n=5(1)40.

Table (3.1): Critical Values for percentiles of A F,
1% 5% 10% 90% 95% 99%

Z

5 -73744 -38227 -24436 29417 .32178 36515

6 -76339 -36279 -22952 .29060 .32426 36561

7 -76365 -33432 -20354 27870 .30960 .36247

8 -62843 -36945 -21896 28112 30479 36713

9 -71701 -39820 -23580 26260 .29294 .35024
10 -72191 -37831 -25455 25737 .28729 35401
11 -66843 -36067 -24209 .24240 .28281 .33636
12 -67945 -30511 -21051 .26111 .29213 33135
13 -74705 -41252 -24820 .24672 .27410 32883
14 -70292 -34191 -21569 .23684 .27092 31404
15 -.67595 -34895 -22733 .23456 26512 .33165
16 -59832 -36606 -24983 .23079 .26395 30975
17 -66002 -35772 -23658 .23003 .26707 .32508
18 -62885 -32886 -21700 .22886 .26035 .32034
19 -63041 -33618 -21470 22060 .24823 .30731
20 -68709 -35137 -21663 .20706 .23559 .28596
21 -62186 -30824 -20521 .21499 .24577 - .29861
22 -56914 -30723 -20836 .20756 .24599 28895
23 -62139 -30715 -20870 .20338 .24314 28819
24 -57148 -33255 -22418 .19191 22493 28387
25 -.69867 -29831 -19967 .19829 .22832 28751
26 -57855 -29736 -.19600 .18944 .22082 .26543
27 -57609 -31540 -19664 .19123 21887 27755
28 -47441 -28937 -20370 .18709 21780 .25776
29 -.55312 -28170 -19398 .19038 21637 .27797
30 -.44403 -26430 -17968 .19247 22016 .29233
31 -.51922 -27731 -19344 .18833 21770 .26959
32 -48681 -27831 -18624 .18814 21347 25728
33 -57383 -29343 -21183 .17715 .21002 .24710
34 -48793 -27135 -18889 .17454 .20558 .25059
35 -51067 -28637 -17935 .17109 .20373 .26904
36 -48326 -27843 -17493 17928 .21764 27439
37 -40224 -23927 -16078 .17634 .20027 25285
38 -.52726 -25409 -17594 .16800 .19994 24455
39 -40285 -26104 -18274 .16717 .19787 .23393
40 -46174 -24528 -17690 .17217 .19491 .24053
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4 The Power Estimates

The power estimate of the test statistic A g I (3.5) is considered for the significant level

at 95% upper percentile and commonly used distributions in reliability modeling. These
distributions are:

i) Linear Failure Rate: 75 (x) = exp(——x—%ﬁxz) ;6 >0,x2>0.

(i) Makeham : F, (x) = exp(-x -6 (x+e* —1)) ;8 >0,x> 0.
(ii) Weibull  : F3(x) = exp(~x?) :6>0,x>0.

. @
(iv) Gamma : Fy(x) = [u® exp(~u)du /T (@) ;0 >0,x>0.
x

All these distributions have increasing failure rate (IFR) (for an appropriate restriction
on &), hence they all belong to a wider class. Moreover, all these distributions are reduced
to exponential distribution for appropriate values of &. Table (4.1) contains the power
estimate for A F, test statistic with respect to these distributions. The estimates are based on

1000 simulated samples of sizes n=10, 20 and 30 at significant level 95% upper percentile.

Table (4.1) Power estimates for A s, -Statistic

Sammpl size
=10 n=20 n=30
0.27100 | 0.50400 | 0.59700
0.32200 | 0.58600 | 0.71100
0.35700 | 0.65400 | 0.77900

0.08600 | 0.17500 | 0.14900
0.11800 | 0.15000 | 0.18700
0.14100 | 0.18900 | 0.19900
0.75200 | 0.97700 | 0.99800
0.99700 | 1.00000 | 1.00000
1.00000 | 1.00000 | 1.00000
0.36300 | 0.64600 | 0.68900
0.68000 | 0.92500 | 0.97100
0.85400 | 0.98700 | 0.99800

Distribution

F;: Linear Failure rate

F,: Makeham

F 3. Weibull

F,: Gamma

BN R W R W -F“-b-it\)%

From Table (4.1), we can see that the power values are almostly increasing as
both € and n increasing.

S. Pitman asymptotic efficiency

The “Pitman asymptotic efficiency” (PAE) of any test A F, is given by

(5.1)
6=6,

Since the above test A F, n (3.5) is new and no other tests are known for EBUCA
class, then we obtained the (PAE) of our test as follows:

PAE [Ap (0)]= ;_JE%AF"
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(1)
2

1 2 Fnld - r T r

PAE[A E, (6’)]_—.—2 J’{ ﬂ;o Fé’o O+ FHO (t)2,u,90 Mg — j' feo ()du 6, Odt  (5.2)
;UQO 0 t

We compare our test to other classes. Here we choose the test [ n bresented by Kanjo

(1993) for NBUE class. The comparison is achieved by using Pitman asymptotic relative
cfficiency (PARE), which can be defined as follows:

Let Tj,and T, be two test statistics for testing H : Fy € {Fo,} 6, =6 +cn!, where ¢
an arbitrary constant, then the asymptotic relative efficiency of 1;, relative to 7,, can be
defined as:
1(6p) 01(8)}
T, Ty, ) = { '1( 0)/0160)}
{12(60)/ 02 (6y)}

Whereﬂ5(90)={ im(-2 5z, o @)= Far(fy)i=12 s e oul
058,

variance.

Table (5.1) contains PAE’s of (i) the linear failure rate family, (ii) Makeham family and
(i) Weibull family for & > Oas alternatives, by using (5.2).

Note that Hy (the exponential) is attained at & = Oin (i) and (ii), and attained at

¢ =1 in (iii). Also we give PARE of AFH and U}, tests.

Table (5.1): Efficiencies (PAE) of Ay and U,

Efficiency (PAE) of

Distribution = e(A F.» U,)
Ap, | Ya

Fy. Linear Failure rate 1.000 | 0433 2310

F,: Makeham 0.25 0.144 1.736

Fs: Weibull 1.00 0.132 7.576

The efficiencies in Table (5.1), show clearly the procedure A F, of U-test method performs
well for F;, F, and Fj than the procedure U, of Kango (1993) and more efficient,

6 Application

In this section, we calculate the A F, test statistic for the data set of 40 patients

suffering from blood cancer (Leukemia) from one of the Ministry of Health Hospitals in
Saudi Arabia [see Abouammah et al. (1994)]. The ordered life times (in days) are: 115, 181,
253, 418, 461, 516, 739, 743, 789, 807, 865, 924, 983, 1024, 1062, 1063, 1165, 1191, 1222,
1222, 1251, 1290, 1357, 1369, 1408, 1455, 1478, 1549, 1578, 1578,1599, 1603, 1605, 1696,
1735, 1799, 1815, 1852.

It was found that the test statistics A F,in (3.5) has value A E = 0.3988 which is
greater than the critical value in Table (3.1) at 95% upper percentile. We therefore accept H,
which states that the data has EBUCA property.
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