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General Head Boundary package in MODFLOW computer program has a vital
importance for the transient flow simulation in the groundwater model. It
involves two important parameters; head on boundary and hydraulic conductance.
The present study aims to modify the flow and hydraulic conductance equations
for groundwater model boundaries and volumetric flux. The following two
hydrogeological factors are suggested in the equations; Porosity and Tortuosity,
which control essentially the flow channels within the rock materials or into
subsurface zones filled with sedimentary deposits. The obtained results indicate
that the volumetric flux is the product of the following parameters; hydraulic
conductivity, area of the cell faces normal to the flow direction, decline of head,
porosity divided by the length of the flow path (distance between nodes) and
tortuosity. The study indicates that the hydraulic conductance in the groundwater
model boundaries with uniform grid is the product of the transmissivity and
porosity divided by the tortuosity. While for non-uniform grid, the hydraulic
conductance is the product of the hydraulic conductivity, the porosity and the
cross-sectional area of flow divided by the length of the flow path ( in this case,
the distance between the nodes) and the tortuosity. The suggested two factors
were neglected in the previous literatures and omitted in the application of the

MODFLOW computer program.

Introduction

The present paper deals with the study of the
groundwater boundaries with respect to the flow into or
out the boundary. Boundary conditions represent the
mathematical statements specifying the dependant
variables (head) or the derivative of the dependant
variables (flux) at the boundaries of the problem
domain. The flow and hydraulic conductance equations
for groundwater model boundaries and volumetric flux
are modified and adopted in the present work in order to
calculate the flow from cell to cell and the conductance
from head source to the aquifer with sedimentary
materials or other rock materials. The flow and
hydraulic approaches received the attentions of number
of workers in the field of modeling. Among them are;
Bear and Verruijt ™, Mc Donald and Harbough @,
Anderson and Woessner ! ACSAD ™ ACSAD and
DRC B and ACSAD . Hydaulic conductance equation
is used in both the General Head Boundary package in
MODFLOW computer program of different versions
and the volumetric flux equation in MODFLOW comp-
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uter program.

DISCRETIZATION CONVENTION

Figure 1 shows a spatial discretization of a groundwater
aquifer system with mesh of blocks called cells. The
location of which are described in terms of rows,
columns and layers. An i, j, k indexing system is used.
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Fig. 1: Discretized groundwater aquifer system.
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For system consisting of “n row” rows, “n col” columns,
and “n layers”, i is the row index, i =1,2,3 ..... n row; j
is the column index, j = 1,2,3,..... n column; k is the
layer, k = 1,2..... n layer.

HYDROGEOLIGICAL BACKGROUND

For example, Fig. 1 shows as system with n row = 8, n
column = 12 and n layer = 3. Rows would be considered
parallel to the x axis, so that increments in the row
index. i, would correspond to decreases in y; and
columns would be considered parallel to the y axis, so
that increments in the column index j, would correspond
to increases in x. These conventions are followed in
constructing Fig. 1. However, applications of the model
requires only that rows and columns fall along
consistent orthogonal directions within the layers, and
does not require the designation of X, y, or z coordinate
axis. Following the conventions used in Fig. 1, the
widely cells in the row direction, at a given column, j, is
designated Arj. The width of the cells in the column
direction at given row (i) is designated Aci and the
thickness of the cell in a given layer (k) is designated
Avk. Within each cell there is a point called a “node”
at which head is calculated. The dashed line (---- REV)
is the representative elementary volume. It is a universal
average volume; where it is a certain range of averaging
volumes that corresponds to the range of variation in
sizes ["l. These averaging volumes are considered as sum
of AEV (Arbitrary Elementary Volume). They represent
the samples of sufficiently large volume, taken at
different places within the domain which always contain
a solid phase. The domain is an aquifer occupied by
porous medium (solid matrix and void space occupied
by one or more fluid phase).

GENERAL HEAD BOUNDARY

The function of the general-head boundary (GBH)
package in MODFLOW computer program is that flow
into or out the cell i, j, k, from external source is
provided in proportion to the differences between head
in the cell, hi, j, k, and the head assigned to the external

source, hbi, j, k. Thus a linear relationship between

flow into the cell and head in the cell is established ':

Qbi,j,k = Cbi,j,k (hbi,j,k - hi,j,k) 1)

where:
Qbi,j,k . Is the flow into cell i,j,k from source.

Cbi, ik - Is the conductance between the external source
and cell i,j,k.

hbi,j,k . Is the head assigned to the external source.

hi ;. © Is the head in the cell i,j k.

The relationship between cell i,j,k and external source
is plotted schematically in Fig. 2.

The constant-head source is represented by the
apparatus on the right in Fig. 2, which holds the source

head at the level h, . The link between the source and the
cell ij,k is represented by block of porous material
bi, j.k

ﬁliu'J',k:
H« %’JJ‘C:
Aquifer o .
- RSty
Conductance
Cbi,j',.‘::
between source
Cell i j,k and cell i,j k Constant -
Head Source

Fig. 2: Schematic diagram illustrating principle of general-head
boundary package in MOFLOW computer program (after ).

HYDRAULIC CONDUCTANCE EQUATION

Flow into cell i,j,k in the row direction from cell i,j-1,k
(Fig. 3), is given by Darcy’s law 21 a5 following:

Cell i,j-1,k Cell i,j,k
/
/ /
/ /
|
: [ A\Vk
! qi,j-1/2k !
! ‘ /\Ci
/\ri-1 /\ri
e ————
/\ri-1/2
Fig. 3: Flow into cell i, j, k from cell i, j-I, k..
. (h' '—1k_h"k)
Ui jasox = KRi,j—l/Z,kACIAVk o~ = )
rj—l/z

Where :

0 ja/2x - Is the volumetric fluid discharge through the
face between cells i,j,k and i,j-1,k (m*/day).

KR; _1/2x *1s the hydraulic conductivity along the row

between nods i,j,k and i,j-1,k (m/day).

CiAVK.:Is the cross sectional area of the cell faces
normal to the row direction (m?)

h Is the head at node i,j,k (m).

h.

-1

. : Is the head at node i,j-1,k (m).

Al Is the distance between nodes i,j,k and i,j-1,k

(m).
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The hydraulic conductance is the product of hydraulic
conductivity and cross-sectional area of flow divided by
the length of the flow path ( in this case, the distance
between the nodes) as follows 1 +4!:

ACIAVK
CRi,j—l,k = KRi,j—l/Z,k H 3)

Where :
CRi,j—l,k: Is the hydraulic conductance (mzlday).

KRi 12 1s the hydraulic conductivity (m/day).

AVK : Is the thickness of layer (m).
ACi :Is the width of layer (m).

Ar, ), s the distance between nodes (m).

AQUIFER THICKNESS

The thickness of the aquifer in an open pipe (L), while
the thickness of an aquifer filled with sedimentary or
other rock materials (Lo) Where ¢ is the effective
porosity P! The cross-sectional area of flow in the open
pipe is A. While it is (Ag) in sedimentary or other rock
materials. Any fluid particle moving in an open pipe
must travel across a distance (L), while any fluid
particle moving through sand section must travel
distance Lg. Since the flow path must necessarily
involve a tortuous movement around the sand grain.
Thus the crossed distance must divide by its tortuosity
(+) . Consequently any thickness of an aquifer filled

with any sedimentary or rock materials must multiplied
by the effective porosity (¢) and divided by the
tortuosity (7 ) by the following equation:
H=t? @)
T
Where :
H : Is the thickness of groundwater aquifer (m).
L: Is the thickness in an open pipe (m)
:1s the effective porosity of the sedimentary or any
rock materials (dimensionless).
7:1s the tortuosity (dimensionless).

FLOW THROUGH CONDUITS

In flow through conduits, the Reynolds number (Re),
which is a dimensionless number expressing the ratio of
inertial to viscous forces acting on the fluid, is used as a
criterion to distinguish between laminar flow occurring
at low velocities and turbulent flow occurring at higher
velocities. The critical value of Re between laminar and
turbulent flow in pips is around 2000. By analogy, a
Reynolds number is defined also for flow through
porous media :

Re=94 1 (5)
L

Where d is some representative microscopic length (m)

characterizing the solid matrix, v is the kinematic

viscosity of the fluid around 1x10°® m?/sec or 8.64 x 107

m?/day (corresponding to water at 20°C) and 9 is the

specific discharge. 9 is calculated from the following

equation:
q=V X n (m/day) ™ (6)

Where;

V: Is the velocity of the fluid (m/day).

n: Is the effective porosity (dimensionless).

By analogy to the Reynolds number for pipe, d should
be a length representing the cross-section of an
elementary channel of porous medium. Often the mean
grain diameter is taken as the length dimension d in
equation (6). d can be calculated form the following
equation:

k 1/2
=) 7)

n
Where;
k: Is the intrinsic permeability (m?). It is a function only
of the porous medium.
Also d denotes a characteristic length of the microscopic
geometry of the void space . The length d represents
the scale of microscopic inhomogeneity of the void
space.
Darcy’s law is valid as long as the Reynolds number
does not exceed some value between 1 and 10. Most
groundwater flows occur in this range, except in the very
close vicinity of large pumping and recharging wells, or
large spring. Large Reynolds number may also be
observed in very porous aquifers such as cavernous
limestone.

TORTUOSITY

Tortuosity of porous medium is defined as the length of
the sample of porous medium divided by the length of
tortuous flow path which is being traveled by the fluid
particle through the sample °. The tortuosity (7 ) is
essentially an empirical factor. Its values range between
about 0.5 and 0.01 ™Y, While De Mersily ™ gives a
range of tortuosity from 0.1 for clay and 0.7 for sand.

The tortuosity (T) can be calculated by the following
equation

* 1

T; :U_I(SW)(Xi —Xy)u dS  where, )
ow
AU
§=—u 9
AAh ®
i 5= AU, 10
an AAD (10)

For an isotropic porous medium T; * is reduced to:

S

*

T; :g—wéij where, (11)
S
95 E— A 12
Y (12)
and 6, = Yo (13)
UO
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Where:

T, :ls referred to a tortuosity defined by Bear and
Bachmat ™ ™. It is a second-rank symmetric tensor that
expresses the effect of the configuration of water
occupied portion of the REV (Representative
Elementary Volume).

U, : Denotes the volume occupied by water within the
REV.

S,.. Denotes the water-water portion of bounding
surface of the REV.

X, : Is the centroid of the REV.

v, . Is the kinematic viscosity of the fluid. It is the
outwardly directed normal to the surface S .
S : Is the storativity of phereatic or confined aquifers.

In spite of the similarity in the two definitions, the
storativity in each of the two types of the aquifer has
different reasons. In the confined aquifer, it is the
outcome of water and matrix compressibility. While in
the phereatic aquifer, water is mostly drained from the
pore spaces between the initial and final positions of
phereatic surface. The storativity of a phereatic aquifer,
is therefore referred to as specific yield (sy); it gives the
yield of an aquifer per unit area and per unit drop of the
water table.

AU, :Is the volume of water released from storage (or

added to it) per unit horizontal area (A), of an aquifer
and per unit decline (or rise) of piezometric head ( D).
Ah: Is the decline of phereatic surface.
A®: Is the decline of piezometric surface.

A Is the cross-sectional area.

19WZ Is the prescribed water content (or piezometric
pressure head @,
P, . or suction (V) atall points of the boundary

—Volume of water in REV
Volume of REV
_ Volume of water in REV
" Voulem of Void in REV
Where N is the porosity at the considered point.
U, : Is the pore volume of the column.

(14)

:0<6,<n, and 6, =nS,

<s <1 (15)

w

The pore volume (P,) can be calculated by the
following equation for the isotropic medium ©:

P =L6A (16)

While, according to EI Tablawi ", L must divided by
7 . Then the pore volume for the anisotropic medium
is defined by the following equation :

L

P =—6A (7)
T

Where :
L : Is the thickness in case of an open pipe (m).

0 1s the effective porosity (dimensionless).
7 . Is the totuosity(dimensionless).

SO . Is the specific storativity (the total released volume

of water AUW from storage in the aquitard per unit
horizontal area up to time t).
dl; :Is the Kroenecker delta = The ratio of the length

characterizing the individual pores of porous medium to
the length characterizing their cross-section.

POROSITY

The porosity of the soil or rock material is the
percentage of the total volume of the material to the
volume which is occupied by pores or interstices. These
pores may be saturated if the material is saturated with
air and for water or may be unsaturated ™. For soil or
other unconsolidated material, such samples can be
obtained with one of the various techniques developed
for this purpose ™. If the material is consolidated, a
drilled core sample is used. The total volume Vt of the
undisturbed sample is determined. The sample is oven-
dried to remove the water (24 hours at 105°C is usually
sufficient) and the dry weight Wd is determined.
Dividing Wd by the density of the soil or rock material
gives the volume Vs of the solid phase of the sample.
The porosity n is then calculated as ™

LV, -V

n=—t—-:5100 (%) (18)
v

t

The density of the solid depends on the mineral
composition of the soil or rock. For soils and gravel the
density of 2650 kg/m® is commonly used as the density
of the solid phase ). Densities of rock material, such as
limestone and granite, are usually in the range of 2700
to 2800 kg/m°. Basalt may have a density close to 3000
kg/m?.

The porosity of a granular medium with spherical,
uniform particle can be calculated as 47.6 percent if the
spheres are packed loosely in a cubical array, and as
26.0 percent if the spheres are packed densely in a
rhombohedra array.

Porosity can be calculated from the void ratio. The void
ratio is the term more commonly used in soil mechanics
to express the pore volume of the soil. It is defined as
the ratio between the volume of the void Vv and the
volume of the solid Vs. Its symbol is usually (e). Thus

v .

V

S

The value of e varies from about 0.7 for dense sands and
gravel to about 1.3 for unconsolidated clays. The
relation between porosity (n) and the void ratio (e) is:

-_& b3 (19)
e+l

e=
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Porosity ( ¢ ) is approximately equals to specific yield
(sy) and specific retention (S ) in the following

equation for the different rock units as tabulated by
Hazel *® and EI Tablawi [™:

S, =0-5,

Where:
s, :Is the specific retention (dimensionless).

o : Is the porosity (dimensionless).
S,: s the specific yield (dimensionless).

The specific yield of an aquifer is the volume of water
which will drown under gravity from a unit volume of
aquifer. For a section of an aquifer, it is the ratio of the
drainable water to the saturated volume. For the
unconfined aquifer, the specific yield ranges from about
0.1 to 0.3 8 While the specific retention is the volume
of water retained when the specific yield volume has
been released 1.

S, (< n) is sometimes called effective porosity ™.

(20)

Figure 4 shows typical relationships between S , S

r

and particle size.

Well-sorted material = = = = = = = = = -
Average material
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50967
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30%-|

20%0-
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107
Cobbles

103 10'2
Clay Silt

Sand Gravel

Median grain size (mm)

Fig. 4: Relationship between sFecific yield and
grain size (from Conkling et al. ™! as modified by
Davis and De Wiest 1),

PRESENT MODIFICATION OF THE FLOW AND
HYDRAULIC CONDUCTANCE EQUATIONS

In the present work, the volumetric flux of Dracy’s law
(equation, 2) is modified and adopted for groundwater
aquifer system as follows:

(hi,j—l,k _hi,j,k) (Q) (21)
Ar ), T

The hydraulic conductance (equation, 3) for non uniform
groundwater model grid is modified and adopted as
follows:

CRi,j—l,k = KRi,j—l/Z,k

0ijuox = KRy |4/, ACIAVK

ACIAVK 0

AI’H,2 T

) (22)

The hydraulic conductance (equation, 3) for the uniform
groundwater model grid is modified and adopted as
follows:
0
CRi,j—l,k = KRi,j—l/Z,kAVk(;) (23)
If the transmissivity (T) for the uniform groundwater
model grid is defined by the equation:

T = KR AWK (24)

Then the final form of equation for the hydraulic
conductance (23) for uniform groundwater model grid is
modified to the following equation:

CR=T 9
T

Where:
T :Is the transmissivity (m?/day).
cr:Is the hydraulic conductance (m?/day).
0:1s the effective porosity (dimensionless).
7. Is the tortuousity (dimensionless)
The present modification of the two equations considers
the importance of both the porosity and tortuosity for the
proper determination of the hydraulic conductance and
the flow equations.

Example:

A groundwater aquifer consists of sand, gravely sand and
clay at one locality in the area of west EI Nubariya canal
in Egypt. The aquifer having hydraulic conductivity of
43 m/day, an effective porosity of 0.24, aquifer width of
17400 m, aquifer thickness of 105m and hydraulic
gradient of 0.0019 %2, Assuming the tortuosity of such
aquifer reaches to 0.4 in an average according to values
of tortuosity for sand and clay by De Mersily ™. The
annual recharge of such aquifer will be 149265.9 m®/day
by applied Dracy’s law (equation, 2). While the actual
annual recharge by applied modified Darcy by the
author (equation, 21) will be 89559.54 m*/day.

RECOMENDATION

It is recommended to consider the equations (2) and (3)
for the determination of the flow in the open pipe. While
the flow in pipe filed with sedimentary or rock materials,
the equations (21), (22) and (25) are considered in order
to give accurate solution. It is important to modify the
MODFLOW program with different versions by
introducing the equation (21) in the program instead of
the equation (2) in order to obtain the proper
determinations.
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