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ABSTRACT

Comparizons between the life distribution of a new unil with that of the
igng term ramaining life or a used unif in excess wealth order, have fed
gz to introduce 8 new class of Ufe distribulions. This is the new betler
than ysad in excess wealth (NBUW). The relation of this class to ofher
elasses of Wife distributions, closure properies under three refiabifity
aperations are discussed. Stochashic comparlsans of the excess iife time
gt different times of a repewal process when the inter—arrival limes
Belang fo the NBUW class are established. We also provide o simple
argument based on stochastic order that the famiy of the NBUW
distributions is closed under the farmation of parailel systems In case of
indapendant but not identically distributed components. We add a new
rasull when fthe sfochastic comparisens are given in terms of total time
on test transform ordering. Also we show that If the inter-armval times
belong to the NBUW class, then excess iife ime sf { can be compared
with the sxeess Nle tima st lime 0.

1- INTRODUCTION

Stochastic orderings between probability  distributions play 4
fundamental role in probability and statistics, and have been studied by
many authors {see, for example Shaked and Shanthikumar (1984) and
Belzunce af al. (2001), among others) . In reliability theory it has been
found useful to define non-parametric classes of lifetime distributions
by stochastic comparisons of the survival function of the residual
lifetime of a used unit with the survival of the lifelime of a new ane. For
example, if X denotes the random (non-negative) lifetime of a unit with
the life distributions F and survival function F  then X is said to be
MNBU if

Fix+tys F iy F n foralltz 0

Far definitions of such classes of life distributions, see Barlow and
Proschan {1981), for NBUE, Deshpande ef al., (1886) for NBU (2), Coa
and Wang (1881) for NBUC, Other aging classes have been defined In
reliability theory by stochastic comparisons in other criteria,

In this paper, comparisons between the life distributions of a new unit
with that of the long term remaining life of a used unit in the excess
weallh {see, e.g. Kayed and Ahmed (2003) for a justification of the
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name) ordering have led 05 to introduce a new class of life distribution
i.e, the class (NBUW). In Section 2, we give definitions, .nolation and
basic facts used through the paper. Closure properties of this class
under convolutions and formation of coherent structures are studied in
Section 3. In Section 4, we add a new result when the stochastic
compariscns are given in lerms of lotal time on test transform ordering.
Also, we show that if the inter —arrival times belong to NBUW class,
than the excess lifetime at t can be compared with the excess lifetime
at time 0 (that is, the time at which the first event occurs).

2- Preliminaries

In this section we present definitions, notation and basic facts used through II'IE.!
paper. We use “increasing” in place of "non-decreasing” and “decreasing” in
place of “non-increasing”. Let X and ¥ be two non-negative random variables
with distributions function £ and G and survival fum:tmn F .= 1.F and
G = 1- G raspectively, . We will assume that F oy = G (o) = 1 in all cases .
Consider a distributions F , of a nonnegative random variables X, which is
stricily increasing on its interval support. Let p e (0 1) and & = 0 be two
values related by p = F (f) or, equivalently , by ¢=F" (), where F" is the right
continuous Inverse of £ Let % =[ %t | X = 1] denote to the residual lifetime of
X at time 1.

Definition 2.1

For any life variable X = 0, a residual life variable X, is a non - negative random
variables representing the remaining life of X at age t. Hence If F is the
distributions function of X and F is its survival function, then the survival
funclion of X; is given by

F(x+1)
F = ;x =10, 0.
(== T 2.1)

For the definitions and the properties below see Shaked and Shanthikumar
(1994} and Kochar ef al. (2002).

Definition 2.2
Let X and ¥ be two non - negative random variables, then X is said to be less

than Y in ihe ;
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(a) Stochastic order (denoted by X =, Y) if E [(X)] = E [#(¥)] for all
increasing functions ¢ for which previous expectations exist

(b} Increasing convex order (denote by X = ) ifE [$(X)] = E [${¥}] for all
increasing convex funclions ¢ for which previous expectations exist .

(c) Excess wealth ordering {denole by X S Y)if E[4(X)]=E [a0Y)] fior all
convex funclion for which previous expectations exist.
Theorem 2.1
Let X and ¥ be two non-negalive random variables, with distribution functions F
and G, survival functions F and G |, respectively , then :
{a) X £ . ¥ if, and only if,

n e

Fu)du = Fﬁ{u}du, for all x 20,

(o) X = & Y if, and onby if,

_FF_(:-: )y < _[E{x}d.‘r. forall  pe(0])
Fipl F{p)
For the previous orders we have the following relationships
XS oY = XS ¥ = X SiY
U
E(X) = E [Y).
For the sake of completeness we give the definitions of the non-
parameiric aging classes that we have pointed out in this paper (see, Bariow
and Praoschan (1881) for NBUE, Deshpande ef al. (1986) for NBU{2), Cao and
Wang (1991} for NBUC, Belezunce ef af. (2001) for NEBU,) .

Definition 2.3

Let X be a nonnegative random variable with distribution function F, we say

that:
{a) X { or F) is new better than used {denated by X = NBU) if

Diedta J, Sci, 2005, 29, 51-63
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LY

¥ =g X foralltzg;
{B} ¥ {or F) is new better than used in the concave order (denoted by X &

NBU(2); if
WNE o X foralltz0;
(c) X { or F} is new better than used in the Laplace order (denoted by Xe
NBLU2) ) if
Nz X foralltz 0.
Following these ideas, we have defined of the new better than used in excess
wealth erdering (NBUW) class of life distributions.

Theorem 2.2

Fe NBUW if
j‘F{rH:Icﬁ:ﬂ_?{.r} jF{x}lnﬂq forall x, t=0and pe(0,1) (2.2)
Figl F il

Proof

The proof is obvious from (2.1) and (2.2) and hence is omitted . The following
theorem gives the relationship between the NBLW class and the two well
known classes NBL and NEUC .

Theorem 2.3
(i) If X NBU then X is NBLIW .
(iiy If X is NBLW then X is NBUC,
Proof
(i) From (2.1) we have X is NEL = LA forallt= 0
= X2 X, foralliz O
= X, s NBLW

The Proof of [ i ) is similar.

3. Preservation properties

The three operations discussed in the theory of reliability are convolution |
mixture of distrbutions and coherent systems .

3.1 Preservation under convolution
Convolution of certain life distributions have been given great attention in the
litargfures, It has baen shown that the classes NBUE, NBLIC and NEL (2) are

closed under this operation (Bardow and Proshan ( 1981 ), Cao and Wang
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{1991} LI and Kochar ( 2001 ). In the next thearem we establish the closure
property of NBUW class under the convolution operation .

Thaeorem 3.1
Suppose that Fy and F; are two independent NBLW life distributions, then their
convalution is also MBLW .

Proof
The survival function of the convolution of two life distributions Fy and F; is

F=[F, (v -2 dF, (2):

By Fubini theorem and NBUW property, we have, forallt =0, x = 0 and
pe(0, 1),

ff{p+t)iﬁ: ;r' Tf{y vt —z)dF,(z) dv

F' el Fp)

=I f F,(y+t-z)dxdF, (2)

E]Erl;f] IF{y—z)cix:dF (z)

F{p)
“[Ro [ [Ro-2dr, @b
] Flpg] 0

where the last inequality follows from the fact that the convolution of two
independent nonnegative random variables is stochastically larger than gach of
them. This proves that F is also NBLW.

3.2 Preservation of parallel systems

Consider an n-componant system, and let the vector X = (M1, ....¥n) & such that
X, = 1 if component | functions and X; = 0 if it falls, fori=1,...n. Let also w(X) =1
if the system functions and w (X} =0 otherwise. The structure functions y of the
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system s said to be coherent if it is non-decreasing and not constant-in any X
isee Barow and Proschan (1881) for details).

Assume the component lifetimes of a coherent system 10 be non-negative
random values X. In this case the random lifetime T, of the system can be
expressed as a function t, (x;,..., x,) of the component lifetimes. Such functions
are called coherent life functions. For example, if the system consists of two
active components acting in parallel, with random lifetimes X, and X;, then the
lifetime of the system can be expressed as T; = max (Xy , Xz).

W say that the class NBUW is closed with respect to formation of coherent

systems (or & subclass of coherent system., i.e., parallel or series) if the
distibution of the system lifetime is a member of NBUW whenever the
distribution of the components lifetimes are members of NBUW, Actually. Itis a
well known fact that some aging notations are preserved under formation of
general coherent systems of mulually independent components (see Bardow
and Proschan (1981) for NBU and IFRA, Loh (1984) for NBAFR and Pellerey
{1893} for NBUFR), while others are preserved under formation of simple
parallel or series system (see Bardow and Proschan (1981) for IFR,
Abouammoh and EL-Meweihi (1986) for DMRL and MBUE and Hendi and
Mashhour., (1993} and Pellerey and Petekos (2002} for NBUC).

In the following, we prove that the NBUW class is closed under formation of
parallel systems, with independent but nol necessanly idenlically distibuted
components. We need the following lemma.

Lemma 3.1.

Let X = (X, Xz,..., Xband ¥ = {¥y, Y4, ... , ¥ be two n-dimensional random
vectors, If X 5, Y andg: R" — R is any increasing and convex function, then
9% Xz Ka) S YL Yol )

Obzerving  thal wvector dominance in the excess weallh ordering is
compaonentwise dominance, the proof of this lemma is similar to the univariate

counterpart of Theoram 4.2 of Kochar &f al, (2002) and 15 omitled.

Theorem 3.2.

Let T be component wise concave coherent life function of a system with n
companents, If the components lifelime distribution X, =1, ... . n are
independent and NEBLUW, then the system life iiself T, =1, {X, ... , %4 has a
NELW distribution,
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Proof,
According to the definition of NBUW, we need to prove that
[Ta—t|Ta=t]Sm T. foreverytzl.

Observe that (see Pellerey and Petakos (1999))

[To=t|Tam=t]Se b (PG=t]X >th . { X -t =1 (3.1)
Moreover. the NEUW property of the X, and Lemma 3.1, imply that

b ([ X=X =t o K=t | K=t Sew b (K, K = To (3.2)

Since usual stochastic ordering implies the excess ordering (see Kochar el
al. (2002), relafions (3.1} and (3.2) in conjunction with the transitivity property
lead to
[To=t]1Tn=1]Z2e Ta for every fixedl e R,

and the proof is completed.

Corollary 3.1.

Suppose that B, (=1, ., n) are survival functions of n mutually independent
NBUW elemants X1 . ... , X, respeclively. If all of them have finite means, then
the parallel system of thesa units is NBUW as well.

Proof,

Since the “!*”FI ¥, have a component wise convex funclion, using
ie

Theorem 3.2, it is easy to verify that rl:a: ; X belongs to NEUW.
€

4 -Stochastic comparisons of excess lifetime renewal processes
Let us consider & renewal process with independent and identically distributed
non-negative inter-arrival times X, with common distribution F and F (0) =0. Let

B
Ep=0and 5, = Z ¥, and consider the renewal counting procass MN(t) = Sup

i=l
In : 8 < t}. Several papers have investigated some characterstics of the
renewal process reiated to aging properties of £.

For example, Barlow and Proschan (1981), Shaked and Zhang (1992)
Brown (1980, 1981), and Chen (1994} have investigated the relationship
between the behavior of the renewai function M{t) = E(N{l)} and aging property
of F. Some other results are given for the excess lifetime at fime 1 = 0, that is.
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4 (1} =zeqes -1, which is the time of the next event a time t. {see Barlow and
Proschan, (1881) p. 147 for definition of y (t) ).
Some examples of such results are the following: -

(i} Chen (1684) showed that (a) if (1) Is stochastically decreasing int 2 0.
then F = NBU and (b} if E[y{1)] is stochastically decreasing in t > 0, then F =
NBUE.

(i) Li and Yam (2003} showed that, if ¢ it is decreasing In t e= 0, in the
increasing convex order, then F & NBUC.

{ili) Li and Kochar (2001) showed that, if v (1) is decreasing intz 0in the
increasing concave order, then F « NBL{Z2) .

{iv) Belzunce el al. (2001) showed that, if v {t) is decreasing in t = 0 in the
Laplace order, then F = NBLU,,.

Mext we show a similar result for excess wealth order and NBUW aging class.

Theorom 4.1.
If v {1} Is decreasing in t for allt = 0 in the excess wealth order, then F & NBUN.
Proof
letul,x)=P(y{t)zx), forallx, t=0
It follows that { see Karlin and Taylor (1875, P. 1993)

u(t, ) =F (x + t)+ | u(t-s,x)dF (s) (4.1)
1]
From (2.2) and (4.1), we have for all pe {0, 1)

in{i‘.,x]dl:= T Fx+tydx+ i iu{r—s,x}dF(s]rh:

Felppy oy ety a
= |y# |y

Since v (1) is decreasing in t in excess wealth ordering for all L = 0 and
pe (0.1), we have from (2.2)

i ju[:--s,.x}dFl[s};Ir

LA
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e, 3

e

o

_[u{f ~ 5,y F {8 )edx

"IH

—

it — 5, x)dF (5)dx

Fi

j#-?

ut — 5, x )l F (5 )dx

= e—

-

ol

=F(r1) fu{i‘ - x)dx .

ey

Thus, we have, for all pe (0,1),

=
.l'[:

Fi

That, is for all pe {0,

jz Fix+t)dx < F(1) _[

=1

-

)

uit — 5, x)dF{5)de = 1[
el

F(x+unndri ar(f, x)helv.

F L

).

L

a(f, xwlx 4.2

FALR)
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I addition, for all t = 0, X = y (0} the underlying distribution of the interarrivals of
the renewal process is stochastically larger than the random varniable v (1), thus,
forallpe (0, 1) andt = 0,

-

[ vroae= | Pow>xdx = [ Feode @

ESLP F1iFy FLpy

By (4.2) and (4.3), we have for allt > 0 and pe {0, 1),

f F{m-:};&? Fr) T F (x))pix.

£ e

ard therefore F e NBLW.

Whereas these results give sufficient conditions for the aging property of F,
in practical situations it would be more interesting fo derive some properies for
¢ (1} from the aging property of F. In fact, given a renewal process it is more
feasible to study it if £ has some aging propery than if v (1) has some of the

previous properies,
A result in such a direction is the following one:

(&) Barlow and Proschan (1981, p. 168) showed that, if F & NBLU. then y (1}
Za v (0}, foralltz 0,

(b} Belzunce et al. {2001) showed that:

() if F = NBUE, then E[ v (1) ] = E[ v (0], foralit=0;

(i} if F = MBUC, then y () <., v (0), forallt = 0;

(i) if F & NBU{2), then y (I} S 7 (00, forallt =z 0;

W
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{iv) if F & NBLy. then y {t) = y(0). foralt=0.
Mest we give a similar result for the NBUW class.
Theorem 4.2.
Given a renewal procass as above, If F = NBUW, then

¥y =, ¥(0), forall t = 0.

Proof
For the equality,

plyit) =z u)= F{f+n}iF{f—s+uﬁM{3] :

see Barlow and Proschan { 1981, p. 168)), given t =0 and p & (D, 1), we
hawve

i P{x(t) = uhda = j F(t +u)du + T

e FoAP ELCET

F(t—s+u)dM {)dn

.ll—.-..

and given that FeNBLUW, we have the inequality

T P{y(t) = u)du < F (1) T u}du+j F(u)F (£~ 5)dM (s)du

ey FAe) ()
nn- "" I
= [u]dul y+ | Fe- s}uﬂl-f[.r}]
.l""“\-l:l i}
J
ey

and therefora v () Sy (O
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