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Abstract:in this paper some generating functions for the general
3)

triple hypergeometric series 1 [x.7.2] have been obtained by

using the technique of integral operators. Some particular cases also

have been derived.

1- Introduction

L(mﬁ) (x y)
In 1991, Ragab, [5] defined Laguerre polynomials of two variables “» 7

as follows:

[0 (1) = DOt @t DI p o) & () LD ()
n! SriC(@+n-r+DI(B+r+1)

(a) 7.
where " Iu)is the Laguerre polynomial of one variable defined by Rainville
(see [6, p. 200]).

&

The Equation (1.1) is ‘equivalent to the following explicit representation

(a,8)
ofln " (%Y} qiven by Ragab [5] .

@8 (1 1y~ (a:+1) (ﬂ+lJ S& I )P A
L9 (x,9) = %Z}(wn (BB, el avonaiof, . (1.2

In terms of confluent hypergeometric function ¥, defined by {[7]; p.59 (4.2)}.

' < 24 m-n x
¥, (@7, 7's%,9) = Y, B m! y'
rr:_m:ﬂ (_}/)m (?’ )n m: n'! (1.3)

we can write (1.2) as



Delta J. Sci. (Math.) 31: 1 - 6 (2007)

= (a+1), (B+]),

Dy ¥ [-n;a+1,8+1;x,)y]

L&, y)

The general triple hypergeometric series FO [x,3.2] is defined by {[7],
p. 69 (3))
(@) =(6);(0) (") = () 5 () :(c");
FOlx, y,z]=F® X, ¥, 2
(e)::(g);(g"):(8") :(h) 5 (A)); (H");

2 (@) yinep (0,11, (B, ((B")) i (D) (D), (7)), X" 72"

T 0 (@)morsy (@ on (€ Dy (8" o (), (1)), (A, mirt !
s 5

GENERATING FUNCTIONS of F(3) [x, ¥, Z] .

In what follows, we prove the following result, to be used in our investigation

later.

]’e'[”%)' £, , (st) L=P (xt, yt) dt
0
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3 2

T(b—k+2)(z+s)**2 (#1)
PO b+u+3ub—p+3,-n;—;=: — 5 = jpu—-k+3; x y z
b—k+2: - i@+l B+l =  ;z45 z+S zZ+S

To prove the result (2.1), we use the following result {[3], p. 216 (16)}:

fer 1w,  (stydt
0

r(a-k+)(p+2y™ s 7' A-k+l  ;p+i

DA+ p+ (A= p+1)s" - A+,u+-1-,,u—k+%;p—-;~j|
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I =
And Re(At u)>—5 and Re(p+%) > 0.

where W"'*‘ 2] is Whittker function, defined by Erdelyi et al {[2], p.264 (5)}.

Proof of (2.1):

Let us write A for the terms on the left-hand side of (2.1). Expanding ¥,

power series and changing the order of summation and integration, which is
permissible due to the absolute convergence of integrals, we have

into

(@+]),(B+]), n)r"rf £y _[ (e
Ty p;o(a"“l) (B+1), M.f Poalot)dt

By using (2.2), we get

L @tD,(B+), F(b+p+ Nrp-u+i)s’ 2
(n)’ F(b-k+2)(z+s)™"

(b+y+%)P+q(b—ﬂ+%)p+q("n)-"*‘?[ : ]p[ : ]q

. z Z+S Z+ 5
pig=0 (bﬁk+2)p+q (a+1)p (ﬂ+l)q pi q!

S F b+u+3+p+q, pu—k+i;: z
Lo b-k+2+p+q 32+S

Now, by expanding B into power series and adjusting the parameters, the
result (2.4) yields the right-hand side of (2.1), and thereby (2.1) is proved.

Now, we consider the foliowing two generating functions for Laguerre
(a.B)
polynomial of two variable =7 (x,7) given by Chateerjea [1] and Khan and

Shukla [4]

& nlLEP (x, )t

n=0 (a+l)n (ﬁ"'l)n g OE (_;a+1 ;_xf) DF; (_9ﬁ +1 5 —y{)

DL [ xt yr}
; @), (4D, =(1-)" B4 o+, f+— S (2.6)
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In (2.5), if we replace x by xu and y by yu, multiply both the sides by

2) b
c % W*'f‘ (su) then integrate with respect to u between the limits 0 to ®©
by using the results (2.1) adjusting the parameters and by putting

b-!-,u+-;—=,4, b—,u+%=3, b-k+2=C and s=1, we get

i FG)

n=0

I:A::B,—n;*;—:—;—;C-B; X ¥y 7 ]t"

Coim 1—:—: @+l;8+1; — ;2417 241 C el nl

=F(3}[ AuB;——:i=—C-B; -xt —n Z}
Cim ==L B4 241 " 241 z41| (2.7)

We adopt the same analysis that is employed to obtain (2.7) and, we use
(2.1) to (2.8), following generating function is obtained

i o) A:B,-n ;——:—3;—3C-B; x y z | A1
Ci—i—;—:a+l;8+1; — s z41 241" 241 n!

n=0

_ gy [4iByA=imi=i=iCB; o vt z
Cim j—i—i@+1;B+1;—; (z+D (t=1) " (z+D(-1) " z+1

PARTICULAR CASES:

Now we mention some interesting special cases of the equations (2.7) and (2.8)

I- For B = C, (2.7) reduces to

Z F4[A,ﬂ~n;a+l,ﬂ+]_; ~ j—:l{"_

Z3152 115

=e"i’2[A;c.‘c+1,,8+1;fir _—'W}

z+1 z+1 e (31)

Il- Letting x= 0 in (2.7) and taking B = 1+ B, we get

ZF.[A,—n,C—ﬁ—l;C;L, L]i
i z+1 z+1 nl

n=0
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=e‘<I),[A JC=p—1:C; - ,—y[] ...... (3.2)
Z
Ill- For B = C, (2.8) reduces to

> F A —nyealgBal—eta AR
oy 1 z+1

z+ n!
ey A A el i) 2
( +l)(f - l) (Z +1)(f l) ...... (33)

VI- Letting x= 0 in (2.8) and taking B = 1+ 8, we get

if}[ B ey s oA ]Wr

= z+1 z+1

=(1-0"F|4,A,C-p-1;C; - > -
(=1} 1[ s t-1)(z+1) z+1 . (3.4)

where K andF;‘are Appell’'s functions {[7], p.53 } and ¥, and @,

Humbert's functions {[7]; p.59 }.

are
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GENERATING FUNCTIONS FOR THE GENERAL TRIPLE HYPERGEOMETRIC SERIES
&7
F() [x.y,z]
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i i (2,5)
- Laguerre polynomials of two variables L™" (x,y).
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. The general triple hypergeometric series F@ [x,,z] .
Ul syl 5tisd] Uasal (silidl a3l (58 Lol

2 {A::B,—n;—;—:—;";C—B; T il o F }:"

()
DI S ety
Ci— ;—;—:a+1;p+1; —;z+1 z+1 z+1|nl

_ O AoB O st o= g N 2
Ci— j——:@+Lf+]; —; z+1° z+17 z+1

and

z_i 7o) B ongsri=i=iC-B vy 2 | (At
Cu-:—:—:a+1;8+1; —; z+1'z+1" z+1 n!

n=0

_ O A:B, A ;——t—=;—;C—B; xt vt z
- Cim 1—i—ia+1;B+1; = z+) (t=1) (z+D(@=1) " z+1

6 (2.7). Ayl LMl oo aniiiaunlly (3.4) - (3.1) dobsl YL Gasy o] Uil <l 5520l (239
(2.8)



Copyright @ by Tanta University, Egypt

Delta J. Sci. 2007, 31: 7- 10 MATHEMATICS

ON THE STRUCTURE OF SOME GROUPS OF DEGREE 11K
CONTAINING M,,

Ibrahim R. AL-Amrl

Department of Mathematics,Faculty of Science; Taibah University, Madinah Munawwarah,
Saudi Arabia; P.O.Box 30010, profibrahim@hotmail.com

(Received: 24 April 2007)

Abstract: In this paper, we will show the structure of some groups
containing the Mathieu group M;,, and generated by the two 5-cycles(
k, 2k, 3k, 7k, 6k )( 4k, 8k, 5k, 9k, 10k )and the 11k-cycle (1, 2, ...,
11k) of degree 11k for all 2 < k. The structure of the groups founded
is determined in terms of wreath product. Some related cases are also
included.

1. Introduction The structure of all groups generated by an n-cycle and a 2-cycle
or a 3-cycle or a product of two 2-cycles or a 4-cycle are determined by AL-Amri
(see [1] and [2]). AL-Amri also determined the structure of groups generated by the
n-cycle (1,2, ...,n) and a 5-cycle of the form (31. a,a,a, as) for all 1 < a<n a#
a&)r forall 1 <i j< 5 (see [3]).
The Mathieu group M, of order 7920 is one of the well known simpie groups. In
[5], M, is finitely presented as follows;
11 5 4 3 B 4 c 2

M,=(A, B, C|A =B=C=(AC)=1,A=A,B =B )
The Mathieu group M, is Also,/generated using two permutations, the first is of
order 11 and the second of ordér 5 as follows;

Mu=00102, 5 105 112,83, 7, 6314, 8,6,8, 109 )»

In this paper, we will show the structure of the group generated by two
permutations, the first is of order 11k and the second of order 5. We will show that

the group obtained is the wreath product of M, by Ck. Some related cases are also
determined.

Keywords: group generated by n-cycle, wreath product of groups.

2. Preliminary Results

Definition 2.1 Let 4 and B be groups of permutations on non empty sets O] and ‘Qz

respectively, where .(2] N 02 = ¢. The wreath product of 4 and B is denote by 4 wr B
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L
and defined as 4 wr B=4 x_B, i.e., the direct product of [ | copies of 4 and a

e 2
mapping @ where 6 : B — Aut(4 2), is defined by 6’){(1:) = xy, for all x € 4 ‘£ H

| 4251
follows that | Awz B|= (|4]) |B]
Theorem 2.2 Let G be the group generated by the n-cycle (1, 2, ..., n) and the 2-

cycle (n, a). If 1 <a <n is aninteger with n=am , then G = Sm wr Ca.

3. The Results
Theorem 3.1 Let G be a group generated by the 11k-cycle (1, 2, ..., 11k) and the

two 5-cycles( k, 2k, 3k, 7k, 6k )( 4k, 8k, 5k, 9k, 10k ). If k > 1 is an integer, then
G=M,, wrC, of order (|M,|)* xk, where M, is the Mathieu group of order 7920.

Proof : Let o = (1, 2, ..., 11k) and 7 = ( k, 2k, 3k, 7k, 6k )( 4k, 8k, 5k, 9k, 10k ).
Conjugating r by O'k we get 7, = ( 2k, 3k, 4k, 8k, Tk )( Sk, 9k, 6k, 10k, 11k ).

Conjugating 7 by O_zk we get », = ( 3k, 4k, 5k, 9k, 8k )( 6k, 10k, 7k, 11k, k ). Hence
1 i
o1 @ a
= (.:):2 ) - ( k, 2k, 3k, 4k, 5k, 6k, Tk, 8k, 9k, 10k, 11k). Let G,- ={ 50’ r ) for
0"‘ O". d": o‘i UII
all 1 < i <k, be the groups acts on the sets i {k ,(2k) ,(Bk) ,(4k) , (5K ,

i i i i i i

6k, (70, 86", (9K, (100)°, (11k)" } forall i =1, 2,..., k, respectively.

k
Since ﬂl’j =¢, then we get the direct product G x G, x...x G,, where each

i=1
G =M. Let f= 8 o= (1, 2,.... k+1, k+2, ..., 20)...(10k+1, 10k+2,..., 11). Let
H =(p) = C;. H conjugates Gjinto G,, G, into Gz, ... and Gy intoG,.
Hence we get the wreath product M, wrC, < G. On the other hand, since 6 = (
1,2, ..., k kL, k42, ..., 2K ,..., 10k+1, 10k+2, ..., 11k ) = o, then o€ M, wrC,.

Hence G =(o,7) = M, ,w(C,.0

Remark: Since
6= (k, 2k, 3k, 4k, 5k, 6k, 7k, 8k, 9%, 10k, 11k),
B=(1,2, ., k) k1, k+2, ..., 2k)...( 10k+1, 10k+2, ..., 11k ) and
' r=( k, 2k, 3k, Tk, 6k )( 4k, 8k, Sk, 9k, 10k )
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are in the group G described above, and since ( &, 7) = M, then M, wrC,= (

d, B, ). Hence M|, wr C, can be finitely presented as follows
sk

k 11k

M,y wiC.=(X, Y, TI{X ¥)= M, T=1.(X) =) =1.).
Theorem 3.2 Let G be a group generated by the 11k-cycle (1, 2, ..., 11k), the
two 5-cycles( k, 2k, 3k, 7k, 6k )( 4k, 8k, Sk, 9k, 10k ) and the involution €1, 200k,
k+2 )( 2k+1, 2k+2)...( 10&+1, 10k+2 ). If k> 2 is an integer, then Gz=M, wrS, of

order (|M,,))* x!.

Proof: Let o= (1,2, ..., 11k), 7= (k, 2k, 3k, Tk, 6k )( 4k, 8k, 5k, 9k, 10k ) and u =
(1,2 )( k+1, k+2 )( 2k+1, 2k+2 )...( 10k+1, 10k+2 ). As in the proof of the previous
theorem, ( 0,7 ) = M, wrC,. Since Cp = ((1,2,..., k)(k+1,k+2,...,
2k)...(10k+1,10k+2,....11k)) ,then (132, K)(k+1,k42,...,
2k)...(10k+1,10k+2,...11k), ) = 8y . Hence G =( 0, 7, u) = M, wrS,. 9o

As a consequence of the previous theorem we have the following result:

Theorem 3.3 Let G be a group generated by the 1 lk-cycle (1, 2, ..., 11k), the
two S-cycles( k, 2k, 3k, 7k, 6k )( 4k, 8k, S5k, 9k, 10k ) and the product of 3- cycles (
1,2, 3)(kt+1, k+2, k+3 )( 2k+1, 2k+2, 2k+3 )...( 10k+1, 10k+2, 10k+3 ). If k>3 is

|
an odd integer, then G=M,, wr 4, of order (]M"“Di x%.

Proof : The proof is similar to the proof of the previous result, 0

THEOREM 3.4 Let k = am > 4 be any integer. G be a group generated by the

7
114-cycle (1, 2, ..., 11k), the twa'5-cycles( k, 2k, 3k, 7k, 6k )( 4k, 8k, 5k, 9k, 10k and
the involution ( k a ) 2k k+a ) 3k 2k+a )...( 11k, 10k+a ), then

G=M,, wr(S, wrC,) of order (’MU])"‘ x(m)’xa.

Proof : Let o= (1,2, ..., 11k), = ( k, 2k, 3k, Tk, 6k )( 4k, 8k, 5k, 9k, 10k )
and = (k, a)( 2k, k+a )( 3k, 2k+a )...( 11k, 10k+a ). As in the proof of Theorem
32, (o 7) = M wrC,. Since Cy = ((1,2, ..., k) k+1, k+2, ..., 2k )...(
10k+1, 10k+2, ..., 11k ) ), then ( (1,2, ..., k) k+1, k+2, ..., 2k )...( 10k+1, 10&+2,
oo 1E), p1) = (S, wrC,). Hence G =( 0, 7, ) = M, wr (S, wrC,). 0
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