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Abstract Here we discuss the solutions of seme particular set matrix
systems. We found out that the salutions of any system are not necessarily
always the same solutions of its conjugate system, also we found out
that dividing any system into partitions called components is a raliable

methed to find out if this system has solutions or not.

1. Introduction

Throughout, all the matrices considered here have sets as their enftries.
First, we mention here the material we nead fram [1] and [2].

Definition 1.1: Let 4= [fIU] and B = [.!:yl be two matrices of the same type, i.e. they

heve the zame number of rows and columns.

(a]  We define the union and the intersection of 4 and £ in the cbviaus way.
aUs=[o,uy] . AnB=[e 0]

b A is said to be a subset of B and we write 4 = B if a, is a subset of b for every
fand f.
() The difference between A and B, in symbaols, 4 — B is defined as usual.

A-B=[a, -b,].
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(d) U A= [w.l.cl'!_I

Definition 1.2; Let 4 and B be two matrices of types mx n and mx 5 respectively.

Wa define tha first type of multiplication of 4 and B, denoted by 4 = 1, which is a matrix of the
Ivpe M x5 as follows:

;I:EH:{’."::[.:EI.} . where EJ:EJ{EI.,FI!IH]

Pl

Definition 1.3:  The intersection of a given set & with a matrix f = [a:e@.] Is a matrix

whose entries are the intersections of the given set with the entries of the matrix, 5o

SNA= 5'|’"|[a_.}.]:= [S I“Ia,l.].

Definition 1.4:  If D isasolution of the system A= X = 8 or the homogeneous
system 4% X =@, where @ Is the matrix whose entries are the emptly set, then we say that It
i an internal solution for the system if | | 0 = | | 4. Otherwise, we call it an external
solution.

All =olutions we consider in this paper gre the internal ones.

Theorem 1.5: For any three matrices 4, B and C , whenever the operations are

defined:

@ Ax(BUC)={4x B {A%C)
(i) A={BNC)= (4= BIN[4d%C)

Theoram 1.8: A nacassary but not sufficient condition for the system A=Y =0 to

have a solution iz “the union of all members of any row of A is a superset of the

“corresponding” row in £,
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2, Some Theorams

4y Ay
TR Pz : .
Let A=| . . where a, is a set as mentioned above,
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and the matrix ¥ =

X
We consider the system A% X =8, where X = .1 - A

[

|
: |¢
X, LEI

, and we show that

salutions exist-for two special cases of the system.

Theorem 2.1: The system Ax X =a has a solution.

G
Proof:Let A%y =28, ie b, =la, a, - .::;r,,,]:-': {;: %=L:|'|:¢IM I_'!f-',.) i=12,,m.

| B
L€ ]

But, a, c ¢, for every s e {L.2---,m}, hence b, =Ua“ =r,, forevery i e {L,2-:-,m}.

R=]

Thus B=a, A=y =a. This means that p is a solution for the given system.

23



F. Ghouraba and M. Seoud. Some Set Matrix Syslems

Remark 2.2: There may be more than one solution for the system Ax X =a.
Consider;

82t £
*"--[;3,3;, {uz}] ’

The following are solutions of the system:

Fesd e e I e e I v S e

Theorem 2.3: If B is the following column of m entries:

E

;
. | =&, then the system 4x X = & has a solution.

L

¥

5
Proof: Let X be the following colump of » entries | . |, Then:

A :I:Q'.i ‘.-_-ﬂ = .1 g “'hmc- {h{]: [':'r-'l '5".-2 A “.WJ};: : 1,
]

h, :U[ﬁy ﬂs):[U.ﬂy]lﬁlsur‘ Ns=5,5ince Boex,

v

Then H = B, and the system has a solution
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Remark 2.4: The selutien of the system in Theorem 2.3 is nol necessarily unigue,

€. consider the system:
R 1E L
hm} {u,z}]”g‘[ml'

Motice that E:[ {1,1} 1:[{2

i) I e

0 e s e[ ] - [2] - [&] = [ )]

ﬂ . The following are solutions of the system:

MNow we consider the usual system: A% X = B, which is:
TR = o [ e
S } - ’*’J

w '”.qu Xy i_bmJ

i.e. b, —L:Hnrlx] , i=12-m.

f=l

(¥)

e i

wl

It follows that:

b,=bh =8, H{U{a} ﬂrJ}] E [J{;_a, Na,Nx,) , i=12-m.
1’

Hence, we have the “conjugate system™ ;
anNb  aalb - g, M "’l} by -|
by el = ol x| |8 e
: 5 5 i 3 " %
L9 nhm LU I 'b.u Tt gy ﬁbu -":..-J L'r'-'ll.i A
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which may be written in the form
AxX=8,

where .vf"=[a"] o dp=a N, i=lem , f=12cm (#%)

Theorem 2.5: Every solution of the system [*) is a solution of the conjugate

system (##).

Proof: Let X = "" | be a solution of the system (+], i.e

b=UJla,Nx,) . i=121m. Let
Jud

a by a Nl - a0 | x| '51"-;
ﬂ!lﬂh.! ﬂ::”'&'z ”Jpr!&q | ;

=l . =

|_'”':|| I.-bl"!:"l.-r Oz N 'E'_-u {7._1" Iﬁlbm L% |r.i':“

Then: & =|:'J[|: 18, :||'"| :| b, H[U{.:.r ﬂx \Il—b (b, = b, , and the theorem follows.

Jml

Femark 2.B: The convarse of Thearem 2.5 is not true. The following example shows

that the systam I:+' *]I may have a salufion, which is net a solution of the system {*}

f.230 f2ssl {3.4.6] {2,3.5.6)
| o-

Let 4=|{257} {123} {4.7) 2.7}
356 {267 4571 13.5,6,7}
23,7}
A= {iﬁ} i5 a selution for the system I{*}: Ax X =8.
11
257
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{23} 1256} {3,&}] {2,356}

Then 4" =| {278 2} &) 127} |=B
P56} {67} .74 13,5,6,7}
123,567}
y'=| {2,56,7} |, is a solution for the system (+*): A" % X = B, according to
{3,567}
Theorem 2.1.

But Axp" =(257 {123} {47} x| 2567 (=] £s57 |2 27} |=8B,
B.5.6) 267 #4357 | Bsert | (23567 [B567)

ie. p" is not a solution of the system (+},

.23} 256} {:u,.ﬁ}] 23,5671 [{2,3.5,&} {2356}

We give an example in which the system [t} has no solution, while the system l[* #) has

maote than one solution:

Example 27 The system E g {{E}J LJ LJ ()

has no solution, since:
(12iNx)U{2INx,)=2} = 2e xUx,
({2,3}HI3}UE{1,E}HI:]=¢' = 2¢ IIUII'

While the conjugate system (* =) is the following:

¥
[i21]

o) = L)

which has the following solutions: |-
L{2

l—-\._.
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Another example to show that the system [41} has solutions, which are the zame solutions of

the system I{* *} is the following:

Example 2.8: The system Hii {i}}}x[:‘} =[{§J (=)

EE

3
has the solutions: [{

-~

I i
|

3 ;
ﬂ angl [{ﬁ'}l which are the same solutions of the conjugate

system:

F_'?!' !ﬁ'}c:xl :J-'ﬁ & 3k
3} #J Lx:} Liﬂ}] S

Now, we introduce the following theorem:

Theorem 2.9: A solution of the system A= X =8 (1) is a solution of the
system DxX =8 (2) 1f

(i) Ac D G (o () 4)=¢

Proof: Let Z be a solution of the system (1), then 4% Z =8 (3), and

UE v.:U.r! {4). It follows from (ii) and (4) that;
Ui anlUz)=s &)
Since =0~ A)U 4, it follows that:

DxZ=((D-A))a):Z

=([D- A} ZWJ(4%Z)  (by Theorem!.5)
ol B (from (5) and (3))
=% B

i.e. Z is a solution of the system (2)
28
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Remark 2.10: Let A and B be two matrices of the same type. It is clear that if

. : [
[U.-é}l:’“l{UHJ ¢, then A B =®. The converse is not true. Let 4 = HE} {3}} and

2b 3
EJ Then | J4={.23}, JB=1{23}and (Ja)N( JB)= {23} ¢.

Now, we consider the matrix system A% X = B (s), and let g ’ds(:= U-::-!.,] = K
1 i

Let K, K.+, K be a partition of K (i.e.| |K, = K, and for everyi#® j : K NK, =¢).
1 2 i - i
dml

Define 4, =K, NA and B, =K, B, i=12, 5. follows from {*) that
ANX=8, I=12, -3 [= ). (We identify the matrx system with its equation). We call
the systems (#,] ,i=1,2,---s the components of the system ().

Now we have the following lemma and theorem:

Lemma 2.11: Let 4 and B be two matrices of types mxpand nx/ respectively and
K be a sst, Then:

KM{A%B)=(KNA4)% B =A% (KN B)

Proof: Let AxB=(C= [-:'y ] ¢y = Luj{reh M E:ﬂj. Then:

§u]

KN(4%B)= K NC=[KNe,], where

KNe, =X n[[j(f,“ ns, ]] -Ulkn(a, ne,)-(xna)ns,)

o Uli"u I {‘-{ N, ]}: hence the result.
Sm=]
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Theorem 2.12:  The system (*) has a solution if and only if every com ponent(*, ) has a

salution.
Proof:Let 7 be a solution of the system [t} ie Axy=E8, and let

n =K, ﬂi . i=12-5,where K,.K,, --, K, isa partition of £ . It follows that:
A%, =4 K, ﬂg}= £ N4, :-'cﬂj (by Lemma 2.11)
=K, r'][{jf M A4)% g}= K, ["]l{.ﬁfl |"“||,f_,=1 xEII {by Lemma 2,11}
=K, NKNB)=KNE=E,

i.e., s a solution of the system ().
Mow, let every component (#, ) has a solution & |, ie.

A xn =8B, forevery i=12,.5.

Sinee | J{4-A)N(J4)=¢ and 4 cA forevery i=12,.s,it follows from

Theorem 2.9 that:

1‘1}:{:1} =§| Ibr j=i,2,"'rsa h‘:n‘:ﬂ

Ulasn, )=Us..

By Theorm 1.5, we have:

ﬂ*[LrJﬂ,-}.E

, =l
ie. | Jn, isa solution of the system (*].
(el

Example 2.13: Consider the system:
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[ﬂ:ﬂ’ {2}]5{;1}=_’r {1}] (*) ofthe form AxX = B.

B3} 01,2} L] L3

K=|Jda=023} Letk, ={IL X, ={2} K, = {3}
A,?E,ﬂ&:[{;} 5}} B=KNE= E{iﬂ hence we have the
compoenent (# }

{l} Ar % | {1} # |, which has the solution: {1}

[.,s- {1}]{& [ [ (+,). which has the solut '[{1}}'
Agﬁﬁ.’!ﬂi— ] B, =K,NB= LES‘J hence we have the

cnmpu:uncﬂt'[ }

[Ei Eﬂ % [2] _ [ﬂ (v, ), which has the solution: [ﬂ

Al:=.‘i}r‘|fi=[§} ﬂ, £3:=F3ﬂ§=[¢],mdwehavethe

mmpunt:m{

4 M e ]

It follows that the system(*) has the two sclutions: .
1] = [alHlelels)-s)

which one can verify directly by solving the system {*:I

Al
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Mow, we give the following example for a system, which has no solution, and we show

that one of its componants has no solution.

Example 2.14: We consider the system:

(21 {2 1,2)
{: } { Jl']xa][r=[{ I],in the form .{5:;;.'_5’_=B,whil.'h has no solution, as one

231 {2} b

can directly verify.
K=|]4={,23} Firstletk, ={I}, K, =2} K, = {3}.

5{2 12}

I E
4, =K, NA4= b J, B, _l i| the component (=, ) will be:

[g Eﬂ L] U j],which has no solution.

Second, if we define K| = {12}, K, = {3}, then the component
1,2} 241 | :
4 =KMNA= ol J . and the coresponding companent in

this case has no solution.

L]

Finally, we define K, =123}, K, ={1}. In this case we have:

TN N R ISP —

this case also has no solution, {The case K, = {13}, K, = {2} is similar ta the first

one). So, always in all cases one of the components has no solution,
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