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0. Introduction

Intersection graph theory is one of
the most important topics in graph
theory. There is an outstanding
concise book titled "Topics in
Intersection Graph Theory" by Terry
A. McKee and F. R. McMorris [1], in
which the most developed topics of
intersection graph theory,
emphasizing chordal, interval
competition graphs, threshold graphs,
p-intersection graphs, intersection
multigraphs,  pseudographs, and
tolerance intersection graphs are
discussed. Here we obtaied the
number of edges in two intersection
graphs, namely : power set
intersection graphs and functional
intersection graphs. Stirling numbers
arise in a varity of analytic and
combinatorics problems. We need
stirling numbers of the second type in
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calculating the number of edges of
functional intersection graphs. For
these numbers the reader is advised to
see [2]

1. Power set intersection graph

1.1 Definition. Let X :=
{x1, %3, ..., x,}. Let P(X) be the power
set of X, i.e. P(X) ={A| A € X}.The
power set intersection graph is G
= (V,E), where V "corresponds to" P
(X), and two vertices in V are adjacent
if and only if the two corresponding
subsets in P(X) have a non-empty
intersection.

1.2 Theorem. For a set X :=
{x1,%x2,....,x,} ,the power set
intersection graph G = (V,E), has |V|,
number of vertices = 2™, and |E|,
number of edges = % (4"-3"-2"+1)



Proof. |V|=2"is trivial. Now let A C
X, |A| (number of elements of A) = m
The degree of the vertex v,, which
"corresponds to" the set

A=2"-2""m_1 1t follows that :

1 n _
B =25m () @n-2nm-1)

1
2 1 1

— neon_ _ = n \n_ —
1 =2.2"(2"-1) 5.2 ((1+2) 1)
> (2"-1)

— 22n—1 _ 2n—1 _1_ 3n+l

1 2 2

= > (4n-3m-2" +1)

O

1.3 Example. The number of
vertices of the power set intersection
graph corresponding to the set X :=
{1,2,3},is 23=8.

The number of edges =
> (43-3%-2%+1) =15
Oe
13 1
3 12
23 2

Figure 1 shows such a graph, where
the vertex '"123" corresponds to the
subset {1,2,3} , the vertex "0"
corresponds to the empty set ¢. There
is an edge joining the vertices "123"
and "12", since the subsets {1,2,3}
and {1, 2} intersect

2. Functional intersection graph
Fig.1
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2.1 Definition. Let L :={f | f: X -
Y}, be the set of all functions from X
into Y. The functional intersection
graph G has vertices vy and
Vg "corresponding to" the functions f
and g of L. The vertices v; and v, are
adjacent if and only if range (f) and
range (g) have a non-empty
intersection.

Definition. Stirling number of
ny 1
2" Y= (m)_f'zn m= ( )(_)m__ nﬂh@,,écond kind S/"[1] is equal to the

number of ways of partitioning a set
of m elements into r non-empty
subsets,

Ix_n=_ r 1( 1)r+s (T) sm

2.3 Remark. The number of all
surjective functions from X onto Y,
where |X| = m, |Y| = n, n < m is equal
ton! Sy'. Consequently, for the set of
all functions f:X — Y having the
same range, consisting of r elements,
the corresponding is a complete graph
consisting of
r!l S vertices. We note that the
number of all functions defined from
Xinto Y

n
— n m_ ,,m
= r=1( )r!Sr =n™,

as it is well-known.

2.4 Theorem. The number of edges
of the functional intersection graph G
corresponding to the set L := {f | f

X > Y}, where X :=
{xlleJ e X m}’ ={Y1;y2; "'rYn}a is
equal to
1 1 n
- - SR ()
St(n—r)™ n<m
1 1 n
- - GE ()
St(n—nr)™ m<n

Proof. To explain the situation, we
plot every complete subgraph of the
same number of vertices in the "same
plane", as follows :



P4 : Gy ) G, )
, G, > ('1‘)
subgraphs

P, G, , Gi3
,Gn_ln:(;)
subgraphs

P3: G123,G124 5 ... )

n
Ghon-1n> (3) subgraphs

Pr n : GlZ...r 9
= (r) subgraphs

P _1% . Glz_._,;{z o vee =
(n . 2) = (2) subgraphs

Py_y : n Gi2.n-1 >

1) = (1) subgraphs

Pn n : G12...n
= (n) = 1 subgraph

(G412 _, is the complete subgraph
corresponding to all funcations f :
X-V, X == {x1,x9, ..., X}, Y =

{y1,¥2,...,yn} , their range is
{1,2,..,r}. This complete subgraph
consists of r! S vertices, as said
before )

Casel: n<m
dy, the degree of any vertex in a
subgraph in plane P, is given by:

()5 ) 2st()-

(“;1) ).31 ST +...

W ()G )
sm (D) nt s
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-5, (G arsz -xp(" ) e
S§

=™ n—((n - 1™~ (n—1))

=n"-(n-1)"-1

d,, the degree of any vertex in a
subgraph in plane P, is given by:

d, = 2-1 (‘z‘)—(“;z) ) .2
sp+(3) - (" N 2) ).31 ST+

W (nog)=(_3) ) -2y
S?—z"‘(n E 1) (n—1)! 53,
st

= 2-1402,(0)e sw -
533 (" 5 ") B sy
=2-1+n"-n-(n-2)"- (n—
2))

=n"- (n—-2)"-1

d,, the degree of any vertex in a
subgraph in plane P,. is given by:

= e ()-(57) ) 2
sm +((g) — (“ N r)_). 31 8™+
+((nr—lr)_(E—D)'(n_r)!s;’rl‘r

A

n
S ppyte +( )l ST
d, = r—1+Z”=2(Z)a! sm
_m-r
2 (g )BISE
=r—-1+n"-n-(n—-rMN"- (n-

)

=n"-(n—-r)™m-1, ns<m

Now the number of all vertices in
plane P, is given by :



Nr=(‘r‘) rism,

hence |E|, the number of edges of the
graph G is given by :

1
|E|= 2 Y—1Np.d,

= o (D) s - 1) -
(n—-rm)

= 2 r-nyz, (D) nsp -

% Y —1m)™ (:) r! sm
L nm(nm-1) -

1 n
gil‘:l(r) rtstm-r)™, n<m
O

Case2: m<n.
Here some modifications have to be
done. The number of all functions
defined from X into Y is given as in
case 1 by

™ (:) r! S7t=n™
The complete subgraphs in planes

Pn_2,Pn_1,Pn are indicated as
follows :

Py_» n : G12.m-2 s
= (m . 2) subgraphs
Pm—ln : Gi2.m-1 >
=>(m . 1) subgraphs
Py : Gi2.m s

= (11:1) subgraphs

Now d;, the degree of any vertex in a
subgraph in plane P, is given by:

oo (3 e ()
(5 ysrsye.

3
()= (7)) -
m—1

()= (" Dyt
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d, = Z‘zl(Z) a! S"-n -

@i (" 5 7)BrSE- D)

=n"-n—((n-1H" - (n-1))
=n"-(n-1)"-1

To find d,, the degree of any vertex in
a subgraph in plane P, we have two
subcases :

Subcase (i) : n —r <m, here

e (- ) 2
sm +((g) — (“ N r)_). 31 SM+...
+((nr—lr)_(E—D)'(n_r)!s;’rl‘r

A

I pite H()mi ST
= r—1+22‘=1(2)a! St-n -
(Mg ) B SE-@ -
=r—-1+n"-n-(n—-rMN"- (n-

r))
=n"-(n—-r)™-1
asin casel)

( the same

Subcase (ii) :n—r>m
o = e (B)-(";7) ) 2

S’2"+((g) — (“ N r) ).31 ST +...
H(m) = (" )y mi s

m
= r—-14+Y"% (n)a! sSt-n -

a=1 a
(") B SE-m-1)

=n"-(n—-r)™-1
asin casel)

( the same

Now, as before, N, is the number of
vertices in plane P, which is given by :

N, = (';) rism,



hence the total number of edges of the
graph is given by :

1
|E| =2 %™ N,.d,

=2 (3 s (@ -1 -
(n—r);")) m N
= (nm—i)zrzl(r) rl ST —
2Imam—rym (L) s
% nm(nm-1) -
%z;’;l(‘r‘) r'sft(n—-r)™, m<n

O

2.5 Example : X := {xq, X3, X3, X4, X5},

Y:={y1¥2 Y3}
The number of vertices of the

corresponding functional intersection
graph =3°= 243
The number of edges = x 243 x 242
1 3
2B -m(0) r st
= 29403 -
> (32x3 x11 5§ +3x2! 5§ +0),
where S3=1,
2
2! $5= Y2, (1) () s°=-
+2° =30,
hence |E| = 29403 - 2 (96 +90)
=29310

2.6 Example : X :={x,x;,x3}, Y :=

{y1.Y2.93 Y4, ¥s}
Number of vertices =53= 125

|E| = number of edges = x 125 x 124
1 5

53 () - st

where §3=53=1

1 2
S3=5 i (D2 () s*=3

hence |E| =§ x 125 x 124 -%(5 x64+10
x27x6+10%8%6 )
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=17750 - 1210
= 6540
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