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It is shown that the principle of the argument is the basis for the 

Mikhailov’s stability criterion for linear continuous systems. Mikhailov’s 
criterion states that a real Hurwitz polynomial )(s  of degree n satisfies 

the monotonic phase increase, that is to say the argument of )( jw  goes 

through n quadrants as w runs from zero to infinity. In this paper, the 

generalized Mikhailov criterion where a real polynomial of degree n with 

no restriction on the roots location is considered. A method based on the 

argument is used to determine the number of roots in each half of the s-

plane as well as on the imaginary axis if any.    
 

INTRODUCTION 

The Mikhailov stability criterion [1, 2, 3] states that a real polynomial )(s  of degree 

n is Hurwitz stable if and only if the argument )(w  of )( jw  changes monotonically 

increasing from 0 to ∞. 
Consider a real polynomial of degree n  
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The roots of this polynomial can be real and complex conjugate as shown in 

Fig.(1). 
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Fig. (1) Root Location 
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For a Hurwitz polynomial with all its roots )1( nisi   real negative 

)( ii as   or some complex conjugate roots having negative real values, i.e. 

iiii jbass 1,  , 0ia , the argument of )( jw  is 








 


































n

i

i

n

n i

i
n

i i

w
a

bw

a

w
jwArgw

11

1

1

1 )(tantan)]([)(

1

1

           (2) 

Let )(0 w  denotes the net change in the argument )(w  as w increases 

from zero to infinity. For a Hurwitz polynomial this monotonic change is 2/n  i.e.  
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The plot of )( jw  known as the (Mikhailov vector) with w increases from 

zero to infinity turns counterclockwise for positive argument and goes through n 

quadrants in turn as shown in Fig.(2).    

 

 

 

 

 

 

 

 

 

 

 

 

 

THE GENERALIZED MIKHAILOV CRITERION: 

Assume that the polynomial )(s  of degree n has l roots in the open left half plane 

(LHP), r roots in the open right half plane (RHP), y pairs of roots on the imaginary axis 

and k roots at the origin. In [1], it was shown that 
2

)2()(0
 rnw   for a 

polynomial of degree n which has r roots in RHP and no roots on the imaginary axis. 
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Fig. (2) Mikhailov plot 
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Taking into consideration that when w changes from zero to infinity the vector 

)( 1sjw   in Fig.(1-b) will rotate counterclockwise an angle 2/1   , while the 

vector )( 2sjw   will rotate clockwise an angle 2/2   .    

In [4], it was shown that the Mikhailov plot gives information about the roots 

distribution of )(s , when it is not Hurwitz, as follows: 

The even-odd decomposition  

)()()( 22
ssss oe    

Then 

)()()( 22
wjwwjw oe    

           )()( wjIwR                                                         (4)  

with )(),( wIwR  are real polynomials in w. 

Let the non-negative real zeros of  I(w) be 

twwww  2100  

with respective multiplicities ik , ti ,,1,0  and let 1tw . Then in [4], it was 

given that: 
A. degree  )(s  is even, the polynomial signature rl   can be calculated as 

follows: 
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B. degree  )(s  is odd, then 

      
          )()()()()(

)()()(

)(
1

1

1
)(

10
)1(

0
)( 00

tt
k

t

i

iii
k

kk

wRSignwISignwRSignwRSignwISign

wRSignwRSignwISignrl

ti 









  (6)   

where  
o

i

i
i

wwk

k

o
k

wI
dw

d
wI  )()( , and 

           
o

i

i
i

wwk

k

o
k

wR
dw

d
wR  )()(  

            In this paper we will use the change in argument )(w  of Eq.(2) to determine 

the number of roots in the LHP, RHP and on the imaginary axis. Consider the 

following cases: 
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1. No imaginary axis roots (with l roots in the LHP and r roots in the RHP) 

(n=l+r) 

then                    rlw
22
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The argument is monotonic but )(0 w  is less than 
2

n
. 

2. Roots allowed at the origin, i.e. )0()0(    or   00
  . For a single 

root at the origin,   
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and if this root is of multiplicity k  then,   




 )(0

0
w 

kk 
2

2                                               (8) 

The 0  is used in the case of roots allowed at the origin to take into 

consideration the discontinuity in the argument )(w  at the origin. 

3. Roots allowed on the imaginary axis except at the origin  
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If this pair of imaginary root is of multiplicity y then, 
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             In general, the order of the characteristic equation n will be equal to sum of the 

number of all the previous different kinds of roots as follows:  

     rykln  2                                                      (10) 
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If there are no roots at the origin, the change can be written from 0  as (   00 ). 

In the following sections, we will illustrate the suggested method by some 

examples with no restrictions on the roots location.          

 

EXAMPLE (1) 

Given, )22()( 23  ssss )1()2( 2  ss    
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The Mikhailov vector )( jw  is 

 )()()2()2()( 22
wjIwRwwjww   

The Mikhailov plot is shown in Fig.(3), where 
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Since 0)()(  wRwI    at   w = 2  (positive real root), this indicates that  

1- The characteristic equation have roots  at 2j  

2- The argument will have a discontinuity of 180  at w = 2  

 

From the phase plot in Fig. (4), we found that, 
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We can justify this information directly without drawing the phase plot as follows: 
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where 2)( 2  
iw , 

i.e. )(tan)( 1   ii ww  but it is in the third quadrant , i.e.   
)()( ii ww  

(This is clear from Fig. (4)). But rykln  2 , then 10203  ll  

Then the signature )(  is 101)(  rl . 

However due to the discontinuity of 180
o
 at w = 2 , i.e. due to the roots at 2j , the 

system is on the margin of the stability. 

Using the formula of Eq.(6), we can get the same result as follows: 
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Fig. (3) The Mikhailov plot 
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EXAMPLE (2) 

Given, )88121266()( 234567  ssssssss )1()2( 32  ss    

The Mikhailov vector )( jw  is 

 )()()6128(6128)( 642642
wjIwRwwwwjwwww   

The Mikhailov plot is shown in Fig.(5), where 

642 6128)( wwwwR   ,       
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wwwwwI  ,   and 
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)(wI = 0)( wR    at   w =  2 ,  2 ,  2      

Since 0)()(  wRwI   at six common zeros, these roots  2j  are imaginary roots 

of multiplicity three.  

From the phase plot in Fig. (6) and let 2iw , we found that , 

The net angle change around          

w = 2  rad/sec is 180  

Fig. (4) The phase plot 
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)(w  at 737.54 
iww , and at  iww  the Mikhailov vector will rotate 

counterclockwise an angle of 5401803   due to the roots  2  with multiplicity 

three. 
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We can justify these information directly without drawing the phase plot as follows: 
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i.e. )(tan)( 1   ii ww  but it is in the third quadrant , i.e.  3)()(  
ii ww  

(This is clear from Fig. (6)). 

This is also clear since 0)()(  wRwI  at the common zero  2  with multiplicity 

three. 

6302/7)(0   w  

From the previous information,  y = 3, k = 0, l = 1     101  rl  

Using the formula of Eq.(6), we can get the same result as follows: 
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Fig. (5) The Mikhailov plot 
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Notes: 

1- Comparing the Mikhailov vectors )( jw  of both examples (1) and (2) in 

Fig.(3) and Fig.(5), although the two systems are of different orders, the two 

Mikhailov plots are similar. It is the argument rather than the Mikhailov vector 

that illustrates the stability as well as the roots location.  

2- It is clear that, if some of the roots of the characteristic equation of order n are 

located in the LHP, and others on the imaginary axis (no roots in the RHP) 

then, 

2
)(0

 n
w   

However, the change in argument )(w  in this case is non-monotonic and we 

can conclude the following: 

i. A discontinuity at the origin,  kw 


 )(0

0
 indicates that 

there is a root at the origin with multiplicity k. The system is 

unstable for any value of k.  

ii. A discontinuity at iw ,   ywi

i

w

w




 )(  indicates that there is 

a pair of imaginary roots at iw  with multiplicity y. If y = 1, 

Fig. (6) The phase plot 

The net angle change around          

w = 2  rad/sec is 540  
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the system is marginally stable and if y > 1, the system is 

unstable. 

 

EXAMPLE (3) 

Given, )8862()( 2342  ssssss )22()4( 222  ssss    

The Mikhailov vector )( jw  is 

 )()()28()86()( 23242
wjIwRwwjwwww   

The Mikhailov plot is shown in Fig.(7), where 

)86()( 242  wwwwR  ,       

)28()( 23
wwwI  ,  and 
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
 
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)(
tan)( 1

wR

wI
w  

0)( wR    at   w = 0, 0,  2 ,  2    

0)( wI    at   w = 0, 0, 0,  2  

Since 0)()(  wRwI    at   w = 0, 0, 2 (nonnegative real roots), this indicates that  

1- The characteristic equation has multiple roots (two at the origin), and two pure 

imaginary roots at 2j  

2- The argument will have a discontinuity of  2/2  at w = 0,  and a discontinuity 

of   at w = 2 

 

From the phase plot in Fig. (8), and let 2iw , we found that, 

1.    )(,)0(,)0( and  

then  2)()(
0

 w  and 0)(
0

  w .  
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           2 r   (Two roots in the RHP). 

           The system is unstable. 

or if we use the equation     024
2

2
2
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 rrknw
 ,  

then 2r , the same as before. 
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4.  
ii ww

  ,  1
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   (one pair of roots at 2j ) 

Since    rykln  2  

then     02226  ll  

and the signature )(  is                   

220)(  rl             

Using the formula of Eq.(5), we can get the same results as follows: 

             
2))1(0)(1()01(1
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Fig. (7) The Mikhailov plot 
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CONCLUSION 

In this paper the generalized Mikhailov Criterion is revisited, where a real polynomial 

of degree n with no restriction on root location is considered. It is the change in 

argument )(w  that differentiate between stable, marginally and unstable systems. As 

stated in [1], [3], 
2

)(0
 n

w   is a required condition for the system to be stable 

provided that the increase in )(w  is monotonic. For systems with roots on the 

imaginary axis including the origin and other roots in the LHP, the argument )(w  has 

a discontinuity at the origin and the system is unstable. If the argument has 

discontinuity at other frequencies, then the system can be marginally stable or unstable 

depending on the multiplicity of the imaginary roots. A method is given to determine 

the number of roots on the imaginary axis depending on this discontinuity besides the 

number of other roots in the LHP and the RHP. The number of roots on the imaginary 

axis equals the number of the common zeros of the real polynomials )(wR  and )(wI  

after the even-odd decomposition of )(w . 

The proposed method is a simple one and determines the number of roots in 

each half of the s-plane as well as on the imaginary axis if any.  

The net angle change around        

w = 2 rad/sec is 180  

Fig. (8) The change in phase plot 



THE MIKHAILOV STABILITY CRITERION REVISITED….. 

 

207 

The discussions made above concerning the common zero between )(wR  and 

)(wI  will be used in another paper to determine the range of stabilizing values of the 

parameters of the different controllers. 
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 لى نظرية ميخايلوف لاتزانإأخرى نظرة 
فى مجال اƅترردد واƅترى تديرد برون دوران متجرا ميخرايلوف مر  ت يرر نظرية ميخايلوف ƅاتزان يتناول اƅبحث 

 ƅى ماانهاية يستخدم ƅلحƄم على ااتزان ƅلنظم اƅخطية اƅمتصلة.إاƅتردد من صدر 
بطريقرة خخررل ƅلحاƅرة اƅةامرة عنردما تƄرون اƅمةادƅرة ا اƅبحث يتناول ت ير زاوية اƅوجا ƅمتجا ميخرايلوف ذوه

ورها فررى مجررال اƅمسررتول ذفررى اƅصررورع اƅةامررة واƅتررى ا يوجررد ضيررود علررى و رر  جرراƅواصرردة ƅنظررام اƅررتحƄم 
 ور.ذاƅمرƄب ƅلج

ور ذƄيديرررة ايجررراد عررردد اƅجررروتو ررر  ن واƅطريقرررة اƅمقدمرررة فرررى اƅبحرررث تتنررراول مةادƅرررة واصررردة مرررن اƅدرجرررة 
 ƅك.ذوخعطيت خمثلة تو يحية تبين  ة اƅوجا م  اƅترددزاويومƄانهم من ت ير 

 


