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COORDINATES TRANSFORMATIONS OF THE PANORAMIC
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Photography of the Earth onto tangent and tilted planes and its
transformation to panoramic photographs from an external exposure station,
if done mathematically, is useful for interpreting the photos taken by a camera
mounted on a space vehicle located anywhere in space and pointed towards
any part of the Earth. General formulas for vertical and oblique photographs
have been established which will be used to find the panoramic coordinates
for different points on the Earth. Inverse formulas of transformation are
included. A numerical example is given.
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INTRODUCTION

A panoramic photograph is a picture of a strip of terrain taken transverse to the
direction of flight. The exposure is made by a specially designed camera which scans
laterally from one side of the flight path to the other. The lateral scan angle may be as
great as 180° in which case the photograph contains a panorama of the terrain from
horizon to horizon.

By observation of parts of the Earth from certain outer point, which is the
camera lens and whose altitude h above the Earth, we can determine their geographic
coordinates ¢ and A, from knowing their coordinates on panoramic photos. Special
case of polar panoramic photos is given also. A single numerical example is given for
all the forward and inverse coordinate transformations.

The Coordinates onto the Tangent Plane

Figure (1) shows the geometry of the oblique panoramic photograph of the reference
sphere with radius R, the camera lens L is at altitude h above the earth. The principal
axis LO is perpendicular to the sphere and intersecting its surface at point P, “principal
point” at geodetic latitude ¢, and geodetic longitude A,.Through P, a tangent plane T
to the sphere is drawn. A central projection of a point P (¢,4) on the sphere onto T is
formed by mapping the point with the intersection P; of the line LP with T.
At first the relative coordinates of P to P, are to be calculated. They are:

The zenithal distance measured as the arc P,P and represented by the central angle
o = angle (P,OP), and the geographic azimuth a; that is the spherical angle NP,P at P,,
measured from the meridian A,.
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Fig. (1) Geometry of the vertical panoraxic photograph

In the tangent plane T, let the assumed system of rectangular coordinates (x,
y1) be such that the y;-axis coincides with the central meridian through P, and directed
toward the North, while the x;-axis is perpendicular to the y, -axis, positive east.

Figure (2) shows the polar coordinates (r, ;) of the point P, onto the plane T.
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Fig. (2) Systems of rectangular and polar coordinates of the plane T.

Since a is the geographic azimuth, and r is the distance P,P; (the projection of
arc P,P on the plane), the coordinates (xy, y;) are determined as follows:



COORDINATES TRANSFORMATIONS OF THE PANORAMIC.....

19

In the plane of arc P,P, defined by the rays LP,O and LP,P, and due to the

similarity of the triangles LPK and LP;P,, we get:

r_ h (1)
R sin&s h+R (1 —cos &)
Since, Xy =rsina
and, y1=rcosa,
then substituting from equation (1), we obtain:
h sinsd sina (2)
X, = "
1+—)— o)
(1+ = ) —cos
h sind cos « 3)
Y. =

(1+ % ) —cos &
Applying the sine law to the spherical triangle NPP,, shown in Figure (3), we get:
sindA  sina _sSina |

sin & Sin(§—¢)  cos ¢

hence, sin d sin a = cos¢ sindA . @
Sin d cos a = sin¢g COS@, - COS¢ Sing, cos d1 (b)
The cosine formula for the side ¢ gives:
COS & =sing sing,+ cos¢ cosg, cos dA (©)
Substituting a, b & ¢ into (2) and (3), we obtain; after some algebraic reductions:
Csind A4 (4)
X, =h -
G —Ssing, —Ccos ¢ cosd A
y. —h S cos_¢o —Csing cosd A (5)
G —Ssing, —Ccos ¢ cosd A
Where, C =cos ¢ (6)
S=sing¢ @)
h
G=(1+— (8)
(1+2)

P Fig. (3) The spherical triangle NPP,
[¢]
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These equations represent the plane rectangular coordinates of the projection
of any point on the sphere onto the tangent plane in terms of the geodetic coordinates
(¢, 4). Replacing dA by its value (1 — 4,), that is A for P and 4, for P,, we obtain the
general formulas of the coordinates for the image of a point on the sphere onto a
tangent plane:

C cos 4, sinA —C sin A, cos A

G —Ssing, —C cos ¢ cos A4, cos A—C cos ¢ sin 4, sin A

©)

X, =h

Scosg —Csing cos 4 cos A-Csing sin A sin A
G —-Ssing —Ccos ¢ cos 4, cos A-Ccos ¢ sin 4 sin 4

Yy, = h (10)

Rotation of the Coordinate Axes

We considered in the tangent plane that the y;-axis is due North. This is not always the
case, so we’ll rotate the coordinate axes (Xy, Y1) in the tangent plane to the axes (X, Y,).
The y,—axis makes clockwise angle y with the North direction. The new coordinates X,
and y, of P, are:

X = Xy COS y - Y1 Siny (1)

Y2 = Xg Siny +y; COS y (12)

Projection onto the Tilted Plane

Let P be projected through L onto a tilted plane I through x,-axis. As shown in Figure
(4), the tilted plane | makes an angle t with plane T. The coordinates (xs , ys) of the
projection P, in the tilted plane I, with the origin of axes at P, (¢, , 4o) are to be found.
Let the xs-axis lie at the intersection of the two planes T and I (i.e. X3 = X,), then the ys-
axis lies in the principal plane LP,y,. The rectangular coordinates ( X3, y3 ) of P, on the
plane | depend on the coordinates ( X, , y»). From the triangle P,P,P,, we get [8]:
ya=h y,/(hcost+y,sint) (13)
x3=hcost X,/ (hcost+y,sint) (14)

Translation and Rotation of the Axes onto the Tilted Plane

On the inclined space-photographs, P, can’t be precisely located, while center V, along
the optical axis, can be located if the picture has been adjusted for this aim. So the need
arises to translate the origin of the axes from P, to V, along the ordinate axis P, Y3, as
shown in Figure (4).
Consequently, all ordinates from equation (13) become shorter by distance
(PoV, = h sin t), while the abscissas remain unchanged. The point P, has now the
translated coordinates x; & Yy, as follows:
X4 = X3 (15)
Ya=Y3— hsint (16)
If the x4 , y4 coordinates are rotated by an angle 6 around V, in the plane I, and
if the x and y are the new axes, as shown in Figure (4), then the rectangular coordinates
of P, related to this system, become:
X = X4 COS @ - y4 Sin 0 @17)
Yy = X4 8in 6 +y, cos 4 (18)
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Fig. (4) A tilted panoramic photo with 7 and /planes

After we group the constants terms from those containing ¢ and A, we reach to
the synthetical formulas of all the previous changes of the whole system of photos of
points on the sphere onto a plane indicated when we know the parameters:
c, X+c,Y +c, Z+c,

- (19)
ce X +c, Y +c, Z+1
y = Cg X +¢cy Y +¢c, Z +cCyy (20)
c. X +¢, Y +¢c, Z+1
Where, X=Ccos A
Y=Csin 4
Z=S , Where C, S are cos¢ and sing respectively.

The expressions of the eleven parameters required to calculate the rectangular
coordinates on the space-photographs or its mathematical model, x and y, when the
geographical coordinates ¢ & A are given, are as follows:

ci=[(Kycos0—-Kg sind)hcost] /Ky,

C=[(Kicos0—-Ks sind)hcost] /Ky,

cs=[(Kscos0—-K; sind)hcost] /Ky,

cs=—Kgh sin@ cost /Ky,

Cs = Ko/ Kyz
Cs= Ko/ Ky,
C7= K/ Ky,

ce=[ (Kysin@+Kg cos@)hcost] /Ky
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Co=[ (Kysin@+Kg cosd)hcost] /Ky,

Cio=[(Kssind+K; cosf)hcost]/Ki,

Ciu=Kg h cos @ cost /Ky,
where, K; = c0s4, cos y + sing, sini, sin y

K, = -sin4, cos y + sing, cosi, sin y

Kz = - cosg, sin y

Ks = cosA, sin y - sing, sini, cos y

Ks = - sind,sin y - sing, €0SA, COS y

K7 = cosg, cos y

Ke=-Gsint

K¢ = Ks sin t - cosg, sinl, cos t

Ko = Kg sint - cosg, cosA, cos t

Kii=K;sint-sing, cost

Ki,=Gcost

Ks = Ks cos t + cosg, sind, sin t

Ks = Kg cos t + cosg, COSA, sSint

K;=K;cost+sing, sint

In equations (19) and (20), the constants in the denominators are
dimensionless, but those in the numerators have the same units as h and R. By these
formulas as well as with their numberless variants, we can transform the geographical
coordinates of points onto the Earth or any planet in rectangular coordinates of the
corresponding point on the space-photographs or pseudo-space-photographs.

FINAL COORDINATES TRANSFORMATION TO THE TILTED
PANORAMIC PHOTOGRAPH

In the tilted panoramic photo taken from the exposure station L , the y, -axis is taken
through L parallel to the y —axis in the tilted plane I, and the x, -axis is perpendicular to
Yp -axis in the direction of flight, as shown in Figure (4), the coordinates (X, , Yy, ) are
determined as follows:

= f sin(tan "t [—) — 21
Yo (tan[——1) (21)
and by similarity, we find:
X =X f sin(tan [—L1—1) 22)
y h cos t

where, f =the camera focal length.

Equations (21) and (22) permit the computation of the coordinates (X, , y, ) of
the point P, in terms of the coordinates (X, y) of the point P, onto the tilted plane I.

If we develop the cylindrical surface of the panoramic film, then any point P,
on the panoramic photo will have the coordinates (x,, Yp), as shown in Figure (4), the
Xp-axis is taken parallel to the x, -axis in the direction of flight passing through the
position of zero scan angle, and the y,-axis is taken along the trace of the intersection
of the camera lens optical axis with the film during scanning, so we have:

X=X (23)
yo=f (7/180°) Ay= f (x/180°)sin"(y, / f) (24)
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Ay is in degree units.

These equations expressing the panoramic coordinates ( X, , Y, ) in terms of the
coordinates (X, , Yp )
By substituting from equations (21), (22) into (24), (23), we get:

X, == f sin(tan " [—L—1) (25)
y h cos t
f -1 Yy
=7 t S A 26
Y = Tg0° an [hcost] @)

Equations (25), (26) permit the computation of the panoramic coordinates ( X,
yp) of the point P, in terms of the coordinates ( x , y ) of the point P,. It is to be noticed
that, a parallel displacement of the photo in the direction of the optical axis change
only the scale of the photograph.

Inverse Transformations

To calculate the coordinates (x, y) of the tilted plane I in terms of the coordinates (x,,
yp) of the point P, in the panoramic photo, from equation (26) by solving it for y, we
obtain:

180°
y =h cost tan[—yp] (27)
fr
and from equation (25) by solving it for x, we get:
X = Y %o (28)
fsin(tan'[—Y 1)
h cost
Substituting from equations (11) through (18), we obtain:
. — D,y +D,x +D, (29)
* h cos?t +( x sin @— y cos @) sin t
_ D,y +D;x +D, (30)
yl - h 2 - -
h cos“t +(x sin@— y cos @) sint
Where, D; =sinycostcos & + cos y sin 0

D, = cos y cos 9 - sin y cos t sin 8
Dz =hsinycostsint
D4y =cosycostcosd-sinysinf
Ds=-(cosycostsind+sinycosd)
Ds=hcosycostsint
Knowing x; and y;, we can obtain the geodetic latitude ¢ and longitude A , as follows:

|. Geodetic latitude ¢

From the spherical triangle NPP, in Figure (3), by cosine law, we obtain:
¢=sin[sing, cos o + (y./ ) cosg,sind] (31)

Il. Geodetic longitude 4

From the spherical triangle NPP,, using the sine and cosine laws, and with
some algebraic reductions, we obtain:
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A=A+ tanl[ o S j (32)
rcosg coto —y,sing
G +\/1— r’ (G +1)
Where, sin & = - th ,r:’\/xl Yy,
hr

Special case

Polar panoramic photos (origin at N ) with y = 0 of the sphere
The polar panoramic photographs are simple form of the general case in which
the origin P, at the pole N, where (¢, = 7/ 2), as shown in Figure (5).

Z -axis
=
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<~ AR = - -
ye 2

LY
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>

— —"""ri—j The sphere - B

Fig. (5) Polar panoramic photo with y = 0O

The Coordinates onto the Tangent Plane T

The coordinates (X1, Y1) in terms of (¢, A1) in equations (4) and (5) become:
C sin(A-4,))

X, =h G s (33)
y, =—h S AA) (34)
The Coordinates onto the Tilted Plane |
The coordinates ( Xs,y3) in terms of ( ¢, 1) become:
x, =h cost Csin(A-%) (35)

(G —-S)cost —C sint cos(A—4)
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Ccos(A1—-A4) (36)
(G —-S)cost —C sint cos(A—4,)

Y3 =—h

Coordinates Transformation to a Tilted Polar Panoramic Photo

We can obtain the coordinates ( x,, Y, ) and ( Xy, Yp) on the panoramic photo in terms
of the tilted coordinates ( Xs , ¥z ) of the point P, , as shown in Figure (5):

N . _ -hsi
y,=f sin(tan 1[3/3—slnt]) (37)
h cost
oo Xafgin(rantYe SNty (38)
"y, -hsint h cos t
and by substituting into (23), (24), we obtain:
X . 1. Y, -hsint
X, =—2_fsin(tan ' [Z>———— 39
'y, -hsint ( . h cost 1 39
fr 1 Y5 -hsint
Yo 180° [ h cost 1 (40)

Numerical Example

An example is given to calculate all the forward and inverse coordinates with the help
of the equations. Given:

R=6371000m ,h=10000m ,4=25°N. ,4,=0 ,$=30°N. ,A =30°E.

y = 40° clockwise from the North, t = 20° ,6 = 20° clockwise from the positive y,—axis.
To find x; and y, from the given gand 4, equations (4) to (8) are used and we get:

c=/0.75 ,$=05 , G =1.001569612
X1 = 39176.16101 m , Y1 =12321.59951 m

By rotating the axes an angle y = 40° clockwise from the North, the
coordinates x, and y, from equations (11) and (12) are:

Xo = 22090.50895 m , Y2 = 34620.84373 m
To find xzand ys, using equations (13) and (14), we get:
X3 = 9774.147768 m , Y3 = 16301.40397 m
To find x4and y, from (X3, y3), using equations (15) and (16) we get:
X4 = 9774.147768 m , Y4 = 13881.20253 m
To find xand y from (x4, y4) for the given ¢ & 4, using equations (17) to (20) we have:
X =4779.063795 m , ¥y =15447.32639 m

To calculate the panoramic coordinates ( X, , Y, ) and ( %, Y, ) fromxand y,
f =0.15 m, equations (21) to (26), yield:
X, = 0.039647146 m ,Yp = 0.128151127 m
Xp = 0.03964714 m , Yp = 0.15364218 m
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To calculate the inverse coordinates ( x, y ) from the coordinates ( X, , Yy ), using
equations (27) and (28), we get:

y = 15447.326 m , X =4779.0638 m
and from equations (29) and (30), we get:
X1 = 39176.161 m ,y1=12321.6 m
To find the inverse coordinates ¢ and A from x; and y,, equations (31) and (32) yield:
$=30° , A=30°
with, r=41068.15562 m , in ¢ = 0.45392485037 ,0=26°59"44.8"

CONCLUSIONS

In this paper, photography of the celestial bodies and transformations that to
panoramic photographs are discussed. This resembles the actual photographs taken by
space vehicles. We considered the Earth as a sphere.

The resulting formulas for coordinates transformations x, and y; were deduced
in terms of the geodetic coordinates. General formulas are established which are used
to find the panoramic coordinates for different points on the Earth. The axes must be
rotated clockwise angle y with the North direction to allow any azimuth.

The Inverse transformations permit the calculations of ¢ and A for any selected
point on the photo. Special case of the polar panoramic photographs of the sphere, are
derived. Finally we checked the accuracy of all the forward and inverse formulas for
coordinates transformations by a numerical example.
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