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Photography of the Earth onto tangent and tilted planes and its 

transformation to panoramic photographs from an external exposure station, 

if done mathematically, is useful for interpreting the photos taken by a camera 

mounted on a space vehicle located anywhere in space and pointed towards 

any part of the Earth. General formulas for vertical and oblique photographs 

have been established which will be used to find the panoramic coordinates 

for different points on the Earth. Inverse formulas of transformation are 

included. A numerical example is given. 
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INTRODUCTION 

A panoramic photograph is a picture of a strip of terrain taken transverse to the 

direction of flight. The exposure is made by a specially designed camera which scans 

laterally from one side of the flight path to the other. The lateral scan angle may be as 

great as 180
o
, in which case the photograph contains a panorama of the terrain from 

horizon to horizon. 

By observation of parts of the Earth from certain outer point, which is the 

camera lens and whose altitude h above the Earth, we can determine their geographic 

coordinates  and , from knowing their coordinates on panoramic photos. Special 

case of polar panoramic photos is given also. A single numerical example is given for 

all the forward and inverse coordinate transformations. 

The Coordinates onto the Tangent Plane  

Figure (1) shows the geometry of the oblique panoramic photograph of the reference 

sphere with radius R, the camera lens L is at altitude h above the earth. The principal 

axis LO is perpendicular to the sphere and intersecting its surface at point Po “principal 

point” at geodetic latitude o and geodetic longitude o .Through Po a tangent plane T 

to the sphere is drawn. A central projection of a point P (,) on the sphere onto T is 

formed by mapping the point with the intersection P1 of the line LP with T.  

At first the relative coordinates of P to Po are to be calculated. They are: 

The zenithal distance measured as the arc PoP and represented by the central angle       

δ = angle (PoOP), and the geographic azimuth α; that is the spherical angle NPoP at Po, 

measured from the meridian o. 
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In the tangent plane T, let the assumed system of rectangular coordinates (x1, 

y1) be such that the y1-axis coincides with the central meridian through Po and directed 

toward the North, while the x1-axis is perpendicular to the y1 -axis, positive east.   

Figure (2) shows the polar coordinates (r, α) of the point P1 onto the plane T.  

             y1 – axis 

                           

          

                      P              

        x1       P1  

            r       y1  x1–axis  

Po        

                  

  

 

                   

Fig. (2) Systems of rectangular and polar coordinates of the plane T. 

Since α is the geographic azimuth, and r is the distance PoP1 (the projection of 

arc PoP on the plane), the coordinates (x1, y1) are determined as follows: 
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In the plane of arc PoP, defined by the rays LPoO and LP1P, and due to the 

similarity of the triangles LPK and LP1Po , we get: 

   
 

r h

R sin h R 1 cos 


 
   (1) 

Since,  x1 = r sin α   

and,  y1 = r cos α , 

then substituting from equation (1), we obtain: 

1

h sin sin
x

h
(1 ) cos

R

 




 

   (2) 

1

h sin cos
y

h
(1 ) cos

R

 




 

   (3) 

Applying the sine law to the spherical triangle NPPo, shown in Figure (3), we get: 

 sin d sin sin

sin cos
sin( )

2

  

 

 



 ,  

hence,  sin δ sin α = cos  sin d     (a) 

 sin δ cos α = sin  cos  - cos  sin cos d   (b) 

The cosine formula for the side δ gives:    

  cos δ  = sin  sin+ cos  cos cos d    (c)
Substituting a, b & c into (2) and (3), we obtain; after some algebraic reductions:  

  
1

o o

C sin d
x h

G S sin C cos cos d



  


 
   (4) 

 o o
1

o o

S cos C sin cos d
y h

G S sin C cos cos d

  

  




 
   (5) 

Where,   C = cos        (6) 

          S = sin        (7) 

         h
G ( 1 )

R
         (8) 

 

 

 

 

 

 

 

 

 

 

 

 

     

 Fig. (3) The spherical triangle NPPo 
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These equations represent the plane rectangular coordinates of the projection 

of any point on the sphere onto the tangent plane in terms of the geodetic coordinates 

(, ). Replacing dby its value (), that is  for P and  for Po , we obtain the 

general formulas of the coordinates for the image of a point on the sphere onto a 

tangent plane: 

o o
1

o o o o o

C cos sin C sin cos
x h

G S sin C cos cos cos C cos sin sin

   

      




  
 (9) 

o o o o o
1

o o o o o

S cos C sin cos cos C sin sin sin
y h

G S sin C cos cos cos C cos sin sin

      

      

 


  
  (10) 

Rotation of the Coordinate Axes 

We considered in the tangent plane that the y1-axis is due North. This is not always the 

case, so we’ll rotate the coordinate axes (x1, y1) in the tangent plane to the axes (x2, y2). 

The y2–axis makes clockwise angle γ with the North direction. The new coordinates x2 

and y2 of P1 are:  

 x2 = x1 cos γ - y1 sin γ      (11) 

 y2 = x1 sin γ + y1 cos γ     (12) 

Projection onto the Tilted Plane  

Let P be projected through L onto a tilted plane I through x2-axis. As shown in Figure 

(4), the tilted plane I makes an angle t with plane T. The coordinates (x3 , y3) of the 

projection P2 in the tilted plane I, with the origin of axes at Po (o , o) are to be found. 

Let the x3-axis lie at the intersection of the two planes T and I (i.e. x3 = x2), then the y3-

axis lies in the principal plane LPoy2. The rectangular coordinates ( x3 , y3 ) of P2 on the 

plane I depend on the coordinates ( x2 , y2). From the triangle P1P2Po, we get [8]: 

  y3 = h  y2 / ( h cos t + y2 sin t )    (13)

   x3 = h cos t  x2 / ( h cos t + y2 sin t )   (14) 

Translation and Rotation of the Axes onto the Tilted Plane 

On the inclined space-photographs, Po can’t be precisely located, while center VI along 

the optical axis, can be located if the picture has been adjusted for this aim. So the need 

arises to translate the origin of the axes from Po to VI along the ordinate axis Po y3, as 

shown in Figure (4). 

Consequently, all ordinates from equation (13) become shorter by distance 

(PoVI = h sin t), while the abscissas remain unchanged. The point P2 has now the 

translated coordinates x4 & y4 as follows: 

  x4 = x3       (15) 

  y4 = y3 – h sin t      (16) 

If the x4 , y4 coordinates are rotated by an angle θ around VI in the plane I, and 

if the x and y are the new axes, as shown in Figure (4), then the rectangular coordinates 

of P2 related to this system, become:  

 x = x4 cos θ - y4 sin θ     (17) 

 y = x4 sin θ + y4 cos θ     (18) 
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After we group the constants terms from those containing and , we reach to 

the synthetical formulas of all the previous changes of the whole system of photos of 

points on the sphere onto a plane indicated when we know the parameters:  

   

1 2 3 4

5 6 7

 c  X  + c  Y  + c  Z + c  
x

c  X  + c  Y  + c  Z + 1 
    (19) 

   

8 9 10 11

5 6 7

 c  X  + c  Y  + c  Z + c  
y

c  X  + c  Y  + c   Z + 1  
    (20) 

Where,  X = C cos  

  Y = C sin  

  Z = S  , where C, S are cos and sin respectively. 

The expressions of the eleven parameters required to calculate the rectangular 

coordinates on the space-photographs or its mathematical model, x and y, when the 

geographical coordinates & are given, are as follows: 

   c1 = [ ( K2 cos θ – K6` sin θ ) h cos t ] / K12 

   c2 = [ ( K1 cos θ – K5` sin θ ) h cos t ] / K12 

   c3 = [ ( K3 cos θ – K7` sin θ ) h cos t ] / K12 

   c4 = – K8 h  sin θ  cos t  / K12 

   c5 = K10 / K12 

  c6 = K9 / K12 

  c7 = K11 / K12 

  c8 = [ ( K2 sin θ + K6` cos θ ) h cos t ] / K12 
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  c9 = [ ( K1 sin θ + K5` cos θ ) h cos t ] / K12 

  c10 = [ ( K3 sin θ + K7` cos θ ) h cos t ] / K12 

  c11 = K8  h  cos θ  cos t  / K12 

where,  K1 = cos cos γ + sin sin sin γ 

K2 = - sin cos γ + sin cos sin γ 

 K3 = - cos sin γ 

K5 = cos sin γ - sin sin cos γ 

K6 = - sin sin γ - sin cos cos γ 

K7 = cos cos γ 

            K8 = - G sin t 

  K9 = K5 sin t - cos sin cos t 

            K10 = K6 sin t - cos cos cos t 

            K11 = K7 sin t - sin cos t 

            K12 = G cos t 

            K5`= K5 cos t + cos sin sin t 

            K6`= K6 cos t + cos cos sin t 

            K7`= K7 cos t + sin sin t 

In equations (19) and (20), the constants in the denominators are 

dimensionless, but those in the numerators have the same units as h and R. By these 

formulas as well as with their numberless variants, we can transform the geographical 

coordinates of points onto the Earth or any planet in rectangular coordinates of the 

corresponding point on the space-photographs or pseudo-space-photographs. 
 

FINAL COORDINATES TRANSFORMATION TO THE TILTED 
PANORAMIC PHOTOGRAPH 

In the tilted panoramic photo taken from the exposure station L , the yp`-axis is taken 

through L parallel to the y –axis in the tilted plane I, and the xp`-axis is perpendicular to 

yp`-axis in the direction of flight, as shown in Figure (4), the coordinates ( xp` , yp` ) are 

determined as follows: 

  

 

1

p

y
y ` f sin ( tan [ ] )

h cos t

    (21) 

and by similarity, we find: 

   xp`
1x y

f sin ( tan [ ] )
y h cos t

    (22) 

where,  f  = the camera focal length.  

Equations (21) and (22) permit the computation of the coordinates (xp`, yp` ) of 

the point Pp in terms of the coordinates (x, y) of the point P2 onto the tilted plane I. 

If we develop the cylindrical surface of the panoramic film, then any point Pp 

on the panoramic photo will have the coordinates (xp, yp), as shown in Figure (4), the 

xp-axis is taken parallel to the xp`-axis in the direction of flight passing through the 

position of zero scan angle, and the yp-axis is taken along the trace of the intersection 

of the camera lens optical axis with the film during scanning, so we have: 

xp =  xp`       (23) 

yp =  f  ( π / 180
o
 ) Δ1 =  f  ( π / 180

o
 ) sin

-1
( yp` /  f  )  (24) 
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Δ1 is in degree units. 

These equations expressing the panoramic coordinates ( xp , yp ) in terms of the 

coordinates ( xp` , yp` ).  

By substituting from equations (21), (22) into (24), (23), we get: 

  1

p

x y
x f sin ( tan [ ] )

y h cos t

     (25) 

  1

p o

f y
y tan [ ]

180 h cos t

      (26) 

Equations (25), (26) permit the computation of the panoramic coordinates ( xp , 
yp ) of the point Pp in terms of the coordinates ( x  , y ) of the point P2. It is to be noticed 

that, a parallel displacement of the photo in the direction of the optical axis change 

only the scale of the photograph. 

Inverse Transformations 

To calculate the coordinates (x, y) of the tilted plane I in terms of the coordinates (xp, 
yp) of the point Pp in the panoramic photo, from equation (26) by solving it for y, we 

obtain: 

  
o

p180 y
y h cos t  tan[ ]

f 
     (27) 

and from equation (25) by solving it for x, we get: 

  p

1

y x
x

y
f sin ( tan [ ] )

h cos t



     (28) 

Substituting from equations (11) through (18), we obtain: 

 

1 2 3
1 2

D  y D x D   
x h

h cos t ( x sin  y cos ) sin t 

 


 
   (29) 

 

 

4 5 3
1 2

D  y D x D   
y h

h cos t ( x sin  y cos ) sin t 

 


 
   (30) 

Where,  D1 = sin γ cos t cos θ + cos γ sin θ      

  D2 = cos γ cos θ - sin γ cos t sin θ      

  D3 = h sin γ cos t sin t  

  D4 = cos γ cos t cos θ - sin γ sin θ      

  D5 = - ( cos γ cos t sin θ + sin γ cos θ )    

  D6 = h cos γ cos t sin t 

Knowing x1 and y1, we can obtain the geodetic latitude and longitude , as follows: 

I. Geodetic latitude    

From the spherical triangle NPPo in Figure (3), by cosine law, we obtain: 

 = sin
-1 

[ sin cos δ + ( y1 / r ) cos sin δ ]   (31) 

II. Geodetic longitude     

 From the spherical triangle NPPo, using the sine and cosine laws, and with 

some algebraic reductions, we obtain:
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1 1
o

o 1 o

x
tan

r cos cot y sin
 

  

  
   

 

  (32) 

 

Where,

  

 
2r

G 1 G 1
hRsin

r h

h r


  




     

,
2 2

1 1r x y   

Special case 
 

Polar panoramic photos (origin at N ) with γ = 0 of the sphere 
 The polar panoramic photographs are simple form of the general case in which 

the origin Po at the pole N, where (o = π / 2), as shown in Figure (5). 

  

 

 

 

 

 

 

 

 

 

 

 

 

The Coordinates onto the Tangent Plane T  

The coordinates (x1, y1) in terms of (,  ) in equations (4) and (5) become: 

 o
1

C sin ( )
x h

G S

 



     (33) 

  o
1

C cos ( )
y h

G S

 
 


     (34) 

 

The Coordinates onto the Tilted Plane I 

The coordinates ( x3 , y3 ) in terms of ( , ) become:  

o
3

o

C sin ( )
x h cos t

( G S ) cos t C sin t cos ( )

 

 




  
  (35) 
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o
3

o

C cos ( )
y h

( G S ) cos t C sin t cos ( )

 

 


 

  
  (36) 

 

Coordinates Transformation to a Tilted Polar Panoramic Photo 

We can obtain the coordinates ( xp`, yp`) and ( xp , yp ) on the panoramic photo in terms 

of the tilted coordinates ( x3  , y3 ) of the point P2 , as shown in Figure (5):   

  
1 3

p

y  - h sin t
y ` f sin ( tan [ ] )

h cos t

    (37)

  
13 3

p

3

x y  - h sin t
x ` f sin ( tan [ ] )

y  - h sin t h cos t



 

 (38) 

and by substituting into (23), (24), we obtain: 

 13 3
p

3

x y  - h sin t
x f sin ( tan [ ] )

y  - h sin t h cos t

   (39) 

  1 3
p o

y  - h sin tf
y tan [ ]

180 h cos t

      (40) 

Numerical Example 

An example is given to calculate all the forward and inverse coordinates with the help 

of the equations. Given: 

R = 6371000 m    ,h = 10000 m    ,o = 25
o
 N.   ,o = 0     , = 30

o
 N.   , = 30

o
 E.

γ = 40
o
 clockwise from the North, t = 20

o
 ,θ = 20

o
 clockwise from the positive y4–axis.              

 

To find x1 and y1 from the given  and , equations (4) to (8) are used and we get: 

 C = 0.75   , S = 0.5      , G = 1.001569612   

 x1 = 39176.16101 m    , y1 = 12321.59951 m 

By rotating the axes an angle γ = 40
o
 clockwise from the North, the 

coordinates x2 and y2 from equations (11) and (12) are: 

 x2 = 22090.50895 m     , y2 = 34620.84373 m   

To find x3 and y3 , using equations (13) and (14), we get: 

 x3 = 9774.147768 m    , y3 = 16301.40397 m   

To find x4 and y4 from (x3 , y3), using equations (15) and (16) we get: 

 x4 = 9774.147768 m    , y4 = 13881.20253 m  

To find x and y from (x4 , y4) for the given  & , using equations (17) to (20) we have: 

 x = 4779.063795 m    , y = 15447.32639 m  

To calculate the panoramic coordinates ( xp` , yp` ) and ( xp , yp ) from x and y ,      

f  = 0.15 m, equations (21) to (26), yield:  

  xp` = 0.039647146 m     , yp`= 0.128151127 m   

  xp  = 0.03964714 m      , yp = 0.15364218 m  
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To calculate the inverse coordinates ( x , y ) from the coordinates ( xp , yp ), using 

equations (27) and (28), we get: 

 y = 15447.326 m    , x = 4779.0638 m   

and from equations (29) and (30), we get: 

  x1 = 39176.161 m    , y1 = 12321.6 m  

To find the inverse coordinates  and  from  x1 and y1 , equations (31) and (32) yield: 

   = 30
o
    , = 30

o
 

 

with, r = 41068.15562 m  , sin δ = 0.45392485037  , δ = 26
o
 59` 44.8`` 

 

CONCLUSIONS 

In this paper, photography of the celestial bodies and transformations that to 

panoramic photographs are discussed. This resembles the actual photographs taken by 

space vehicles. We considered the Earth as a sphere. 

The resulting formulas for coordinates transformations x1 and y1 were deduced 

in terms of the geodetic coordinates. General formulas are established which are used 

to find the panoramic coordinates for different points on the Earth. The axes must be 

rotated clockwise angle γ with the North direction to allow any azimuth. 

The Inverse transformations permit the calculations of and for any selected 

point on the photo. Special case of the polar panoramic photographs of the sphere, are 

derived. Finally we checked the accuracy of all the forward and inverse formulas for 

coordinates transformations by a numerical example.  
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 " تحويل الإحداثيات للصور البانورامية على كرة "

الصووو البالورا اا هووووبةوووربصووو البل ووواهموب وووعبضووو لابااا ب وووان  لبثايوووهر ب   ووور بال هوووااع بمهووو بهووو  ب
اورب  ووابال هووااعب لوو بال صوو هابو اضوو وبروور هااب صوو  وبو اهلوووبنرصوووبلي صوو هابال ايوورب ووعب موو ب وور

,بلو ل بهيورب ي ورب ضورموبروهوالب081oال راببالآنا.بمهو ب عباا هووبال صو هابال ايوربصو ب صو ب لو ب
  عبض لابااا ب لرااوبورلص البال ر هو.

 بهربالص ابالورا اا هوباض ن  بهل بال اءبال ارايب عبث ضوبالرر هاا,بل ل بهإعب ا وبال ي حبليصو اب
بثهي يربليص ابال ر هو.اب عب والورا اا هوب ر

 ب  ثهووو بضووو لابااا بثيووو ب ضووو  هرئب هلهووووب ب رصيووووب  ضووو  هرئبالصووو ال ب ب م هووو ب لووو ب لووو بصوووو الب
ورا اا هوبهربالمرلوبال ر و ب  اب  بصهرغ هبمضروهربضهر عباره ر بهرب فضهاب ب ميه بالص ابال وان  لب وعب

ال  ماروووبهووربالفيوورءب بال   يوووب لوو ب يبروور هاائب ثو وووبهووربال ارووورئبالفيوورصهوب  بااص وورابالصووارثهوب
 ررعبثي ببض لابااا  ب ب  اهوبالإم اثهرئبال ه  هضهوبليو ابال رورعبو  ي  هووبالإمو اثهرئبالورا اا هووب

ب عبالص ال.ب
 به وو   بالوموو بثيوو بال  وور  ئبال رضووهوبلي م هوو بوووهعبالإموو اثهرئ.ب به وو   ب هيوور بثيوو بمرلوووبنرصوووب

للأا .ب  نهاا بال   ه بوله بث  هوبهربال  ر  ئبال ر هوب بال رضوهوبلي ملو ببليص ابالورا اا هوبالل وهو
ب عبصم ير.
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