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ABSTRACT–  The voltage magnitude and phase Angle control of static 

phase shifter (VMPA–SPS) to damp the subsynchronous resonance(SSR) 

oscillations is investigated. A linear mathematical model of series-

compensated transmission line power system with static phase shifter is 

developed .The input control signals to the simulated power system is the 

phase angle and voltage magnitude deviations of static phase shifter. A 

controllability measure based on singular value decomposition (SVD) is 

used to identify the effectiveness of each control input signal on the 

electromechanical modes. A state feedback supplementary controller 

based on the linear quadratic regulator principle with a full rank observer 

is used to modulate the voltage magnitude and phase angle deviations of 

SPS to stabilize the SSR modes under different operating conditions and 

compensation levels of the compensated transmission line. To validate the 

effectiveness of the proposed  supplementary controller , the studied 

power system is subjected to different disturbances. The digital simulation 

results prove the powerful of the proposed static phase shifter 

supplementary controller in terms of the fast damping of  the SSR 

oscillations with less overshoot/undershoot. 

 

I- INTRODUCTION 
Fixed Capacitors have long been used to increase the steady state power transfer 

capabilities of transmission lines. A major concern associated with fixed series 

capacitors is the subsynchronous resonance (SSR) phenomenon which arise as a result 

oh the interaction between the compensated transmission line and turbine generator 

shaft. This results in excessively high oscillatory torque on machine shafts causing 

their fatigue and damage. The first two shaft failures due to SSR occurred at the 

Mohave station in 1970 and 1971[1], [2] since that numerous countermeasures have 

been used to damp SSR such as blocking filters, excitation controllers, dynamic filters, 

thyristor-controlled series compensator (TCSC), static phase shifter (SPS), and many 

other flexible AC transmission systems (FACTS) devices[3-14]. Considerable studies 

have been conducted in using phase angle control  of SPS(PA-SPS) to damp out SSR 

modes  oscillations [15], [16].  While the voltage  magnitude  and  phase  angle  control 
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schemes of the SPS is still limited  in improvement of power system dynamic 

performance[4,8].The present paper introduces a comprehensive assessment of the 

effectiveness of the VMPA-SPS  to damp out the SSR oscillations. A controllability 

measure based on singular value decomposition (SVD) is  used to identify the 

effectiveness of each voltage magnitude and phase angle of SPS as a control input 

signal on the SSR oscillations . A linear quadratic regulator LQR is used to regulate 

both the voltage magnitude and phase angle deviations for enhancing the stability of 

the system. The full order observer is designed to estimate the power system states to 

be used with feedback gains obtained from LQR for synthesizing the control signals. 

 
2-  STUDIED  POWER  SYSTEM  MODELING 

Figure 1 shows a single line diagram of  series capacitor -compensated power system 

with an SPS . To design the supplementary controller for SPS for damping the SSR 

oscillations the mathematical model of the studied power system with SPS is 

developed , The following sections explain the model of power system without SPS in 

state space form and also the derivation of linearized model of SPS is established.  

 

 

 

 

  

 
 

 

 
 
 
 
 

Fig. 1. IEEE first benchmark model with SPS. 

 
2.1- Power System Model Without SPS  
 

The dynamic nonlinear of IEEE first Benchmark model with series capacitor 

compensated transmission line as shown in Fig. 1 which combines the mass-spring 

system (six masses), armature and field windings, damping windings, excitation 

system, governor system, and the capacitor compensated transmission line is 

established .The nonlinear model is linearized about certain operating point. A set of 

27 order linearized dynamic equations for the system without SPS is obtained and put  

in state space form as follows [2]:  
 

BuAxx                                                                      (1)  
 

Cxy                                                                                    (2) 
 

Where, x is the state vector and defined by: 
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While A , B, and C are constant matrix and vectors depend upon the power system 

parameters and operating conditions. 

 

2.2- Static Phase Shifter Model 
 The static phase shifter SPS comprises a magnetizing transformer T1 connected in 

shunt, series transformer T2 and a switching network (converters) as shown in Fig. 2. 

the magnitude and phase shift are obtained by extracting the line-to-ground voltage of 

one phase and  injecting  a portion  of it -which is selected by the switching network- in 

series with another phase. Therefore the voltage magnitude and phase shift control can 

be obtained. To develop SPS Model the following simplified figures is considered [14]. 
 

 
 

Fig. 2: A phase shifter configuration. 

 
 

 

 

 

 

 
 

Fig. 3a:   simplified system diagram. 
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Fig 3.b:   Phasor diagram of the system. 

 

 
Terminal voltage in terms of direct and quadrature components is given by: 

 

                                                         (4) 

 

From the geometry of the phasor diagram shown in Fig. ( 3.b) the following equations 

are obtained , 
 

 cossin)/( pVVcdedIbXqXIdRIdV  
                                            (5) 
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                                             (6) 

 

2
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td VV /sin                                                                                                       (8) 
 

The above non-linear equations are linearized and the results are:  
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)/()(  tVqVtVdVdVtVp                                                                    (13) 
 

by substituting ∆α from Eq. (13)in Eqs. (10),(11) making some algebraic manipulation 

yields :  
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Where M’s and N’s symbols are constants. 

Δ Vp is the injected voltage magnitude deviation of SPS 

Δθp  is the injected voltage phase shift deviation of SPS 
 

The operation of Static Phase Shifter circuit shown in Fig. 2 can be modelled in 

transfer functions as shown in Fig. 4,  Where K’s and T’s are the gain and time 

constant of the phase shifter circuit of Ks1=0.01,Ks2=0.1,Ts1=Ts2=0.05. 
 

 

 

 

 

 
 

Fig. 4a:  Static Phase Shifter Active Power  Regulator. 
 

 

 

 

 

 
Fig. 4b:  Static Phase Shifter Reactive Power Regulator. 

 
 

2.3 Studied Power System With SPS Modelling 
 

Substituting the linearized equations of SPS defined in eqs.(14,15) in the state space 

equations of power system with SPS, the dynamic equations of whole system is 

obtained. To modulate the injected voltage magnitude and phase shift deviations of 

SPS , the input signals to the transfer function block diagrams of ∆θ and ∆Vp of SPS 

are the differences between the reference and actual values of electrical active and 

reactive output powers of synchronous generator respectively as shown in Fig. 4. The 

electrical active and reactive output powers of the generator can be expressed by 

following equations : 
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The linearized form of the above equations is given by: 
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Incorporating the SPS model ,the State equation of the combined system  will be as 

follows: 
 

xM
.
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While AM and BM, CM are the constant matrix and vectors of the combined system. 

 
3- PRPOSED SUPPLEMENTARY CONTROLLER DESIGN FOR SPS 

In order to damp out the SSR oscillations, the state feedback controller defined by 

Linear Quadratic Regulator LQR  is implemented  .The supplementary control signal 

Ua  given in equation (5) is determined by Ua =- K X Where K is feedback gain vector 

generated from the proposed supplementary controller LQR . There are two control 

loops for SPS  defined by Δ Vp and Δθ loops. To find either effective control loop of 

SPS where the control signal of the proposed supplementary controller is sent to it in 

sense that it causes more damping for SSR oscillation, the singular value 

decomposition SVD technique is applied. SVC is used To measure the controllability 

of certain mode by a given input [17]. The output of SVD technique is defined by 

singular value of matrix [λΙ-A:bi], where λ is the eigenvalue of A matrix and bi is the 

column i of input B matrix corresponding to input i. Minimum value of singular value 

indicates the capability of the i-th input to control the mode associated with the 

eigenvalues λ. However, the proposed supplementary controller for SPS requires full 

states must be measured. Therefore an observer  is designed to estimate the states of 

studied system.  

 

4-  FULL  ORDER  OBSERVER  DESIGN 
The state feedback supplementary controller used in this study requires all the system 

states must be measured. But  not all the states are measurable so the observer is 

designed to estimate the immeasurable state variables. The full order observer to be 
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described here estimates all the state variables of the system. Figure 5 shows the 

system-observer arrangement. From this figure the state equations of the system 

states )(X and the estimated states )ˆ(X


 will be as follows :   
 

xBKAxx ˆ  
 

xLCBkALCxx ˆ)(ˆ   

 

 

 

 

 

 

 

 

 

   

 

 

 

 

 
 

Fig. 5:   Full-order observer in a state variable feedback scheme. 

 

 

5- DIGITAL  SIMULATION  RESULTS 
The data of the  power system under study is found in ref[2]. Figure 6 depicts the 

minimum singular values with control signal sent to the Δ Vp  and Δθ using the 

eigenvalues of unstable mechanical modes of SSR oscillations under different 

operating conditions. It is found that when the control signal is sent to both Δ Vp  and 

Δθ loops simultaneously, the damping of SSR oscillations is high and quickly. 

Therefore the same control signal generated from the supplementary controller  is 

added to generator active power deviation via Δθ loop and  is added to reactive power 

deviation of synchronous generator through Δ Vp  loop  as shown in Fig. 7. To study 

the effectiveness of the proposed supplementary controller for SPS, the studied power 

system is subjected to different disturbances such as different operating conditions and 

series compensation levels ( Xc/XL). Table 1 shows the eigenvalues of simulated power 

system without SPS , with SPS and without proposed supplementary controller, and 

the last column contains the eigenvalue of power system with SPS controlled by the 

proposed supplementary controller. It is noticed that the proposed supplementary 

controller causes all eigenvalues of the simulated power system to be stable. The 

dynamic equations of combined system under study is solved using Fourth order Ruge 

Kutta modified by Gill in MATALB Software package programs. The power system 

responses  when the system is disturbed by applying the  mechanical input signal  ΔTm 

of value 0.02 per unit are depicted in Figs. 8-1 : 8-8. 
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Fig. 6: Minimum singular value decomposition SVD. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 7:  Studied power system with proposed controller in block diagram. 

 
Table 1: Studied  System eigenvalues (rad/sec). 
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(3)λLPA 1.15±j161.48 1.64±j160.82 -11.43±j164.56 

(2)λEXC -0.68±j127.11 -0.64±j127.11 -1.21±j125.2 

(1)λLPB -0.35±j99.68 -0.10±j99.72 -19.14±j93.02 
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Fig. 8-1: Dynamic response of the studied system with VMPA-SRS without controller. 
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Fig. 8-2: Dynamic response of the studied system with VMPA-SRS with controller. 
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Fig. 8-3: Dynamic response of the studied system with VMPA-SRS without controller. 
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Fig. 8-4: Dynamic response of the studied system with VMPA-SRS with controller. 
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Fig. 8-5: Dynamic response of the studied system with VMPA-SRS without controller. 
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Fig. 8-6: Dynamic response of the studied system with VMPA-SRS with controller. 
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Fig. 8-7: Dynamic response of the studied system with VMPA-SRS without controller. 
 

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2

0.4

0.6

0.8

1
x 10

-3

TIME,S

G
E

N
E

R
A

T
O

R
 A

N
G

LE
,P

U
.

 
 

Fig. 8-8: Dynamic response of the studied system with VMPA-SRS with controller. 

6- CONCLUSIONS 
The present paper introduces an application of static phase shifter for damping SSR 

oscillations. Both the voltage magnitude and phase angle of static phase shifter are 

controlled simultaneously . A singular value decomposition approach is utilized to 

measure the capability of the certain input to control the mode associated with the 

selected eigenvalues .It is found that if the same control signal is sent to modulate both 

the voltage magnitude and the phase angle of phase shifter , the SSR Oscillations 

damping is quickly. A supplementary controller is designed to add a control signal to 

voltage magnitude and phase angle control loops. The proposed controller is installed  

based on linear quadratic regulator control approach. Moreover, An observer of full 

order is designed to estimate the power system states which are used to synthesize the 

control signal. Further, the power system responses after applying mechanical torque 

disturbance are obtained. The digital simulation results proves the effectiveness and 

powerful of the voltage magnitude and phase angle control  of static phase shifter 

based on the proposed supplementary controller in terms of fast damping of SSR 

oscillation with less overshoot/undershoot. 
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هيي ا احث يي  طييق طنثريين عنايي  نيية عننايي  منننييا احنتيير احن نييا  او احطريين  احنطنيين    هيي   فيي 

 ه احنتنحيا طيري  هي في اح نرنريا ط يو احطزاننريا م من ية  الاهطيزازاو لإخنين احن    إزا اعنا  
احنتط ح   حي  حطدي رر جهي  خين احنتير  الإزا اعنا   ر  ثه اح يحنت ا    زا را احجه   طزانن 

 إخنين نسن  احت  ة احفدنحا  احير  فدنحا ططد ر حنني   طسي ر    ثنحطنح  الإزا ا عنا احنطار ثه 
ى اح ه ثرا ني   جي   حننن نا احت   رنض  نن  جق عنر ط نرنرا ط و احطزاننرام اح الاهطزازاو
 احنتطي ح طدي رر نتي ا   اطجينه احجهي   الإزا ياعناي   ف احن   احنتط حم حلط  ق  إزا اعنا  

( م  ريو LQRنيننق احط ثري  احخنيع   مسين نة ه ا احدنا  طق طانرق نيننق اط نينطر ع عليع 
 رن ية ( احننينق  ثديا اح ينلاو لاstates ع رطنلي  يرين   ير  ينلاو  رطنه ا احنننق الاط ن مة

عنيير  مثنيين  احننيينق يينلاو  لإرجيين ( Observerيرنسييهن فيينة احث يي  ايطيي ح طايينرق ا ثزر فيي   
عناي   م ا ( احنتطي ح م  حطتريرق LQRاحيط  ق حلنيننق   إشين ةط ي رة  في   اسطخ انهقاحننن نا 

فجنئرييا  طيرريي  نيي  غ احطشيييرر  واضيين ا ثيين إ يي ا احن  يي ق ثيينحنننق احنتطيي ح طييق  الإزا ييا
زاننييع طسيي عا احن حيي  اح فيي اسييطجنثا ننن نييا احتيي ى احنطنثلييا   إرجيين حتيي ى اح ه ثرييا حننن نييا ا

 الإزا يياطييق اح ايي ر علرهيين ييي  ة عنايي   احطيي ة احنطيينئ  ر عييز ق اح   ييا  زا رييا اح نييرم  طثيي
الاهطييزازاو اح نرنرييا ط ييو احطزاننرييا   إخنيين سيي عا  فيي طر ع احنتطيي ح ناحن  يي ق ثيينحنننق الاط نيي

  اح فنن علع اسطت ا  ننن نا احت ى اح ه ثرام
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