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The concept to increase the fundamental natural frequency (below 

which no vibration could occur) of a structure as high as possible is 
commonly adopted to make the structure better in dynamic environment. 
Due to design limitations, the fundamental frequency of a beam can be 
increased via adding additional intermediate point supports. If the 
intermediate supports are rigid, the optimum locations of the supports 
should be at the nodal points of a higher vibration mode without the 
supports, and the fundamental frequency is correspondingly raised. For 
elastic supports, which often occurs in practice, the optimum locations are 
still the same as the case of rigid supports with no decrease in 
fundamental frequency provided that the support stiffness exceeds a 
certain minimum value. Indeed, the minimum stiffness prediction is very 
important in the design of beams, since the bracing or support materials 
can be reduced without any loss of performance. This paper investigates 
and discusses the minimum stiffness of an intermediate support through 
the span of a beam for maximum value of its fundamental frequency. In 
this study it is assumed that the intermediate support of the beam is 
provided through the span of the beam (at an interval of 0.05 of the span). 
The finite element technique is used in the analysis of a beam model with 
different end conditions. It is found that when the intermediate support is 
not at the optimum location, there exists a minimum stiffness of the 
support to give the fundamental frequency of the rigidly supported beam 
(such minimum stiffness phenomenon also occurs in the buckling of 
beams). Design curves are obtained to estimate the minimum stiffness of 
an intermediate support through the span of a beam and the 
corresponding fundamental frequency.  
 
KEYWORDS: Minimum stiffness, intermediate support, maximum 
fundamental frequency and dynamic environment.  

 
1.  INTRODUCTION 

 

Most civil structures such as multistory buildings, towers, bridges, and 
offshore platforms accumulate damage gradually during their service lives or suddenly 
during  natural  disasters.   Monitoring  or  periodic  inspection  of  structures  provides  
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updated  information  regarding  the  ability of  the  structure to  continue to perform its 
desired function. Based on the monitored state, appropriate repair, rehabilitate, and/or 
strengthening of structures are decided to keep these structures operational and further 
to lengthen their lives. Because the cost for repair is much lower than the cost for 
reconstruction of new structures, repair and/or strengthening is vital for civil 
infrastructure facilities, which form the lifeline of our countries’ economy.  

Indeed, changes in structural physical properties (mass, damping and stiffness) 
will cause changes in its modal characteristics (resonant frequencies, mode shapes and 
modal damping), [1]. The most useful damage location methods (based on dynamic 
testing) are probably those using changes in resonant frequencies because frequency 
measurements can be quickly conducted and are often reliable. Another advantage is 
the global nature that allows the measurement points to be chosen to suit the test 
situation. Salawu [2] gave a literature review of the state of the art of damage detection 
using changes in natural frequency. Numerous studies have indicated that an increase 
in structural damage reflects a decrease in natural frequencies of the structure. So, 
strengthening of such structures is needed to maximize their frequencies. Indeed, the 
concept to increase the fundamental natural frequency or eigenvalue of a structure as 
high as possible is commonly adopted to make the structure better in dynamic 
environment. Adding and/or changing support positions are frequently used when the 
size or shape of the structure can not be altered due to design limitations. Actually, the 
beam is the main component of most civil structures, e.g., buildings, bridges, cranes, 
etc. So, the fundamental frequency (below which no vibration could occur) of a beam 
is of general significance.   
 The fundamental frequency can be increased if a beam has additional 
intermediate point supports. If the intermediate supports are rigid, Courant and Hilbert 
[3] showed that the optimum locations of the supports should be at the nodal points of 
a higher vibration mode without the supports, and the fundamental frequency is 
correspondingly raised. The situation becomes more complicated when the supports 
are not perfectly rigid, which often occurs in practice. For elastic supports, Akesson 
and Olhoff [4] demonstrated that the optimum locations are still the same as the case of 
rigid supports, with no decrease in fundamental frequency, provided that the support 
stiffness exceeds a certain minimum value. Such minimum stiffness phenomenon also 
occurs in the buckling of beams, [5]. Indeed, the minimum stiffness prediction is very 
important in the design of beams, since the bracing or support materials can be reduced 
without any loss of performance. There exist other literatures on the vibration of beams 
with internal elastic supports (e.g. references [6-10]). Among many researches, only 
references [2] and [10] are the sources which discussed the minimum stiffness. In 
reference [2], they used the finite element technique to find the stiffness criterion for 
the cantilever beam. On the other hand, Wang [10] presented the optimum location and 
the minimum stiffness of internal support for beams with other end conditions. He used 
the exact characteristic equation to compute the eigenfrequencies. However, for some 
reasons, the internal support may not be placed in the optimum location. Up till now, 
there is no literature about the minimum stiffness of internal supports through the span 
to maximize the corresponding fundamental frequencies.   

The objective of this paper is to investigate and discuss the minimum stiffness 
of an intermediate support of a beam for maximum value of its fundamental frequency. 
The study includes not only the optimum locations but also various locations through 
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the span of the beam (at an interval of 0.05 of the span). A careful numerical study is 
carried out by using the finite element method to analyze dynamic behaviour of a beam 
on an internal elastic support to obtain its minimum stiffness for maximum 
fundamental frequency. A comparison between analytical and numerical solutions is 
thoroughly studied to verify the accuracy of numerical results. Four steel beam models 
with different end conditions are investigated; 1) clamped-clamped, 2) simply-simply, 
3) clamped-simply and 4) clamped-free.  

 
2.  THEORETICAL  BACKGROUND  

 

2.1.  Exact  Characteristic  Equations 
 

Consider a uniform thin beam with length L and assume xL is the distance 
from the left end of the beam. If the transverse displacement is ),cos()( txw ω the 
governing equation for vibration of a slender beam is [11] 

 

,0)('''' 4 =− wxw λ                                                                                    (1) 
 

where DL /244 ωρλ =  is the square of the normalized frequency, ρ= mass per length, 
ω = frequency, D = EI = flexural rigidity with E and I being the Young’s modulus and 
the second moment of the cross section, respectively. The general solution to Eq.(1) is 
a linear combination of ),sinh( xλ ),cosh( xλ ),sin( xλ ).cos( xλ  The intermediate 

support is at x = b. Let the subscript I denote the segment bx ≤≤0 and the subscript 
II denote the segment .1≤≤ xb Thus, the solution for segment I is 
 

       )],cos()[cosh()]sin()[sinh()( 21 xxCxxCxwI λλλλ −+−=                 (2a) 
      

),sin()sinh()( 21 xCxCxwI λλ +=                                                      (2b) 
 

)],cos()[cosh()]sin()[sinh()( 21 xxCxxCxwI λλλλ +++=                 (2c) 
 

for clamped, simply supported and free left end conditions, respectively. Similarly, the 
solution for segment II is  
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for the above mentioned three kinds of right end conditions. At the location x=b the 
two segments are matched for displacement, slope, moment but shear is affected by the 
spring support as follows: 
 

),()( bwbw III =                                                                                 (4) 
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),()( '' bwbw III =                                                                                        (5) 
 

),()( '''' bwbw III =                                                                                        (6) 
 

).()()( '''''' bwbwbw IIII =− γ                                                                             (7) 
 

Here, DcL /3=γ is the normalized support stiffness with c = spring constant and L 
and D are as defined above. Equations (2) and (3) are then substituted into equations 
(4)-(7). For non-trivial solutions, exact characteristic equation is obtained. The 
frequency parameter λ  is then solved by a bisection algorithm to any desired accuracy. 
The analytical solutions are obtained using MATHEMATICA package [12].   

In order to find the minimum stiffness of an intermediate support, the 
following scheme is used. First consider the beam with no intermediate support. From 
Eq.(2) and the appropriate boundary conditions on the right end, we obtain the second 
eigenfrequency, say λ*. Using the corresponding eigenfunction, the single interior 
nodal location is determined, say at b*. According to references [3] and [4], these are 
the maximum fundamental frequency and the optimum location of the interior beam 
support. The next step is to set b= b* and use the characteristic equation obtained from 
equations (2)-(7) to find the minimum stiffness such that λ* becomes the fundamental 
frequency.   

Figure 1(a) shows the relationship between λ and γ for the clamped-clamped 
beam. Figure 1(b) shows the similar relationship for the simply-simply supported 
beam. The horizontal line (λ*) represents a mode independent of the stiffness, 
(antisymmetric mode). The slanted curve is another mode whose frequency increases 
with stiffness (symmetric mode). The lowest (fundamental frequency) becomes 
constant at the intersection of the two curves. The optimum location and the minimum 
stiffness for a various end conditions are given in Table 1, [10].  
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    Figure 1: Analytical results of variation of the two lowest frequencies with respect to 
stiffness at b*=0.5: (a) clamped-clamped case; (b) simply-simply case 
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Table 1:  Optimum location b*, minimum stiffness γ* and maximum frequency λ* with 
various end conditions:  C = clamped, S = simply supported, F = free. 

 

[Ends C-C S-S C-S  C-F 

b*  0.5000 0.5000 0.5575 0.7834 

λ*  7.8532 6.2832 7.0686 4.6941 

γ*  1834 995.9 1377 266.9 

 

2.2. Accuracy  of  Numerical  Results  

We consider a steel beam element to examine the above results. This example 
is quoted from a simulated study by Abdo [13]. The beam is assumed to have uniform 
cross sectional area and 60 [m] length. The cross sectional area of the beam and the 
moments of inertia are, A=0.07 [m2], and Iz= 0.040 [m4], Iy= 0.001 [m4], respectively. 
The mechanical properties of the steel beam are, Young's modulus, E=210 [GPa], 
Poisson's ratio, ν=0.3, and the density, ρ=7,850 [kg/m3]. The modal frequencies of the 
beam are calculated numerically using the software package MARC/Mentat [14], [15]. 
Two-node beam element (element 52) with six degrees of freedom per node is used. 
The finite element model of the beam consists of 60 equal-length 2-D beam elements 
and 61 nodes. Figure 2 illustrates the finite element model of the steel beam.  

To verify the accuracy of the numerical simulation, two cases of the beam will 
be studied; a clamped-clamped beam and a simply-simply supported beam. First, we 
consider the beam without any intermediate support. The eigenfrequencies of the beam 
structure is calculated for the two cases. The second eigenfrequency will be the 
fundamental frequency of a beam with one support at mid span. The next step is to 
provide the beam with an elastic support at mid span. A parametric study will be 
carried out to find the minimum stiffness of the middle support which provides the 
maximum fundamental frequency of the beam (the second eigenfrequency of the beam 
without any intermediate support). It is assumed that the elastic support has a 
translational spring which acts only in y-direction.   
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Figure 2: Finite element model of the steel beam with intermediate support. 
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The relationships between λ and γ for the clamped-clamped beam and for the 
simply-simply supported beam are plotted in Fig. 3. Indeed, the results are in good 
agreement to those obtained analytically in Fig. 1. Table 2 lists the percentage error of 
the optimum location, the maximum frequency λ* and the minimum stiffness γ* for 
various end conditions. It is clear that the percentage error is less than 0.0003% for 
normalized frequency and less than 0.03% for normalized support stiffness. Therefore, 
the results are satisfactory for numerical investigation. 
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    Figure 3: Numerical results of variation of the two lowest frequencies with respect to 
stiffness at b*=0.5: (a) clamped-clamped case; (b) simply-simply case. 

 
 
 

Table (2):  Percentage error of optimum location b*, minimum stiffness γ* and 
maximum frequency λ* with various end conditions:  C = clamped,                                

S = simply supported. 
 

Ends b*  λ*  γ*  

C-C  0.000 -0.00016 -0.00273 

S-S  0.000   0.00002   0.01988 

C-S  0.000   -0.00023   0.02762 

C-F  0.000   -0.00015   0.01873 
 
 

3.  RESULTS  AND  DISCUSSIONS 
 

Let us consider the beam shown in Fig. 2 with physical and mechanical 
properties as mentioned in Section 2.2. The eigenfrequencies are studied for the four 
cases of the beam; clamped-clamped, simply-simply, clamped-simply and clamped-
free. First, we consider a rigid support at an interval of 0.05 of the span for each case of 
the beam and calculate the corresponding fundamental frequency of the rigidly 
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supported beam, say λ*. Next, we replace the rigid support with an elastic one at the 
same position. Then, the relationship between the normalized frequency, λ and the 
normalized stiffness of the elastic support γ is plotted to determine the minimum 
stiffness of the intermediate support which provides the fundamental frequency of the 
rigidly supported beam.  

 
3.1.  Clamped-Clamped  Beam 

 
Let the beam be of length L and x be the distance from the left end support and 

the beam be clamped-clamped at both left and right ends. Because of symmetry, only 
one half of the beam is investigated. The elastic intermediate support is provided at an 
interval of 0.05 of the span. The relationship between the normalized frequency (λ) and 
the normalized stiffness of the elastic support (γ) is plotted to determine the minimum 
stiffness of the intermediate support which provides the fundamental frequency of the 
rigidly supported beam.  

 
Figure 4 (a, b, c and d) show the relationship between λ and γ for the 

clamped-clamped beam at x=0.1L, 0.2L, 0.3L and 0.4L, respectively. Indeed, because 
the values of the normalized stiffness (on x-axis) are high, they are plotted in log-scale. 
In Fig. 4, the horizontal line λ*, represents the fundamental frequency of the rigidly 
supported beam at the corresponding position. It is shown that the frequency increases 
with stiffness until it reaches the beam fundamental frequency at the intersection of the 
two curves. Also, it can be seen that frequency is sensitive to changes in stiffness for 
small values of the support stiffness but not so sensitive near the fundamental 
frequency. 

 
Table 3 lists the values of the normalized frequency (λ* ) and normalized 

support stiffness (γ* ) with respect to the distance from the clamped left edge of the 
beam. Also, Figs. 5 and 6 plot respectively, the minimum stiffness of an intermediate 
support and the corresponding maximum fundamental frequencies through the span of 
a clamped-clamped beam. The horizontal line (λ0) represents the fundamental 
frequency of a clamped-clamped beam without an intermediate support. It is apparent 
that the optimum location (at which, we can obtain maximum fundamental frequency 
of the beam with minimum stiffness of an elastic support) of an intermediate support is 
at mid span of the beam. It is of interest to mention that the percentage increase in the 
normalized fundamental frequency of a clamped-clamped beam with intermediate 
support with sufficient stiffness at the optimum location is 66.03% greater than that 
without intermediate support. Indeed, it can be easily seen that the corresponding 
minimum stiffness of the intermediate elastic support increases with being far from the 
mid span towards the end supports of the beam. However, the corresponding 
fundamental frequency deceases as the intermediate support moves far from the mid 
span towards the end supports and approaches that of the unstiffened beam near the 
end supports of the beam. So, intermediate elastic supports not at the optimum location 
require much stiffness and provide less fundamental frequency and not so useful near 
the end supports. 
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    Figure 4: Numerical results of variation of the frequency with respect to 
intermediate support stiffness: (a) x = 0.1L; (b) x = 0.2L; (c) x = 0.3L; (d) x = 0.4L  

 
 
Table 3:  Normalized frequency (λ*) and normalized support stiffness (γ*) with respect 

to the distance from the left edge of the clamped-clamped beam. 
 

x/L 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 

λ*  4.916 5.127 5.366 5.637 5.946 6.298 6.699 7.146 7.600 7.853 
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    Figure 5: Minimum normalized stiffness of an intermediate support through the 
span to obtain the maximum fundamental frequency of a clamped-clamped beam. 
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    Figure 6: Maximum normalized fundamental frequency of a clamped-clamped 

beam supported on an intermediate rigid support through the span.  
 
 
3.2. Simply-Simply  Supported  Beam 

In the same manner, let the beam be of length L and x be the distance from the 
left end support and the beam be simply-simply supported at both left and right ends. 
Because of symmetry, only one half of the beam is investigated. The elastic 
intermediate support is provided at an interval of 0.05 of the span. The relationship 
between the normalized frequency (λ) and the normalized stiffness of the elastic 
support (γ) is plotted to determine the minimum stiffness of the intermediate support 
which provides the fundamental frequency of the rigidly supported beam. Indeed, the 
plots at each 0.05L of the span are similar to those obtained in Fig. 4 for the clamped-
clamped beam.  

λ 0 
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Table 4 lists the values of the normalized frequency (λ* ) and normalized 
support stiffness (γ* ) with respect to the distance from the left edge of the beam. Also, 
Figs. 7 and 8 illustrate respectively the minimum stiffness of an intermediate support 
and the corresponding maximum fundamental frequencies through the span of a 
simply-simply supported beam. The horizontal line (λ0) represents the fundamental 
frequency of a simply- simply supported beam without an intermediate support. Again, 
it is clear that the optimum location of an intermediate support is at mid span of the 
beam. It is of interest to note that the percentage increase in the normalized 
fundamental frequency of a simply-simply supported beam with intermediate support 
with sufficient stiffness at the optimum location is 100.0% greater than that without 
intermediate support. Figure 7 shows that the minimum stiffness of the intermediate 
elastic support decreases as the intermediate support goes far from the end support and 
vice-versa.  The variation of normalized stiffness is large near the end support (0.05L 
to 0.15L), becomes small in the range (0.15L to 0.40L) and becomes steep near the 
middle of the span (0.40L-0.50L). On the other hand, Fig. 8 shows that the 
fundamental frequency increases as the intermediate support goes far from the end 
support to the middle of the beam (optimum location). Again, if the elastic support is 
not provided at the mid span, we obtain less fundamental frequency which requires 
much stiffness of the intermediate support.  

 
Table 4:  Normalized frequency (λ*) and normalized support stiffness (γ*) with respect 

to the distance from the left edge of the simply-simply supported beam. 
 

x/L 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 
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Figure 7: Minimum normalized stiffness of an intermediate support through the span to 

obtain the maximum fundamental frequency of a simply-simply supported beam. 
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Figure 8: Maximum normalized fundamental frequency of a simply-simply 

supported beam supported on an intermediate rigid support through the span . 
 

 

3.3. Clamped-Simply  Supported  Beam 

In the same manner, let the beam be of length L and x be the distance from the 
left end support. Assume the beam to be clamped at the left end and simply supported 
at right end. The elastic intermediate support is provided at an interval of 0.05 of the 
span in addition to the optimum location of the intermediate support at 0.5575L. The 
relationship between the normalized frequency (λ) and the normalized stiffness of the 
elastic support (γ) is plotted to determine the minimum stiffness of the intermediate 
support which provides the fundamental frequency of the rigidly supported beam. 
Indeed, the plots at the intermediate supports (at an interval of 0.05L) are similar to 
those obtained in Fig. 4 for the clamped-clamped beam.  

 

Table 5 lists the values of the normalized frequency (λ* ) and normalized 
support stiffness (γ* ) with respect to the distance from the clamped edge of the beam. 
Also, Figs. 9 and 10 show respectively the minimum normalized stiffness of an 
intermediate support and the corresponding maximum normalized fundamental 
frequencies with respect to the distance from the clamped edge of the clamped-simply 
supported beam. The horizontal line (λ0) represents the fundamental frequency of a 
beam without an intermediate support. It is clear that the optimum location of an 
intermediate support is at 0.5575L from the clamped edge. Figure 9 shows that the 
minimum stiffness of the intermediate elastic support increases with being far from the 
optimum location towards the end supports. On the other hand, Fig. 10 illustrates that 
the fundamental frequency decreases as the intermediate support goes far from the 
optimum location towards the end supports of the beam. Therefore, if the elastic 
support is not provided at the optimum location, we obtain less fundamental frequency 
which requires much stiffness of the intermediate support (many times that required at 

λ 0 
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the optimum location). It is of interest to mention that the percentage increase in the 
normalized fundamental frequency of a clamped-simply supported beam with 
intermediate support with sufficient stiffness at the optimum location is 80.02% greater 
than that without intermediate support. 

 
Table 5:  Normalized frequency (λ*) and normalized support stiffness (γ*) with respect 

to the distance from the clamped edge of the clamped-simply supported beam. 
 

x/L 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 
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Figure 9: Minimum normalized stiffness of an intermediate support through the 
span to obtain the maximum fundamental frequency of a clamped-simply 

supported beam. 
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Figure 10: Maximum normalized fundamental frequency of a clamped-simply 
supported beam supported on an intermediate rigid support through the span. 

 

3.4. Clamped-Free  Beam 
 In the same manner, let the beam be of length L and x be the distance from the 
left end support. Assume the beam to be clamped at the left end and free at right end. 
The elastic intermediate support is provided at an interval of 0.05 of the span in 
addition to the optimum location of the intermediate support at 0.7834L. The 
relationship between the normalized frequency (λ) and the normalized stiffness of the 
elastic support (γ) is plotted to determine the minimum stiffness of the intermediate 
support which provides the fundamental frequency of the rigidly supported beam. 
Indeed, the plots at the intermediate supports (at an interval of 0.05L) are similar to 
those obtained in Fig. 4 for the clamped-clamped beam. 

Table 6 lists the values of the normalized frequency (λ* ) and normalized 
support stiffness (γ* ) with respect to the distance from the clamped edge of the beam. 
Also, Figs. 11 and 12 show respectively the minimum normalized stiffness of an 
intermediate support and the corresponding maximum normalized fundamental 
frequencies with respect to the distance from the clamped edge of the clamped-free 
beam. The horizontal line (λ0) represents the fundamental frequency of a clamped-free 
beam without an intermediate support. It is clear that the optimum location of an 
intermediate support is at 0.7834L from the clamped edge. Also, the minimum stiffness 
of the intermediate elastic support increases with being far from the optimum location 
towards the clamped support or the free edge. The maximum value of the normalized 
stiffness is near the clamped edge. On the other hand, it can be seen that the 
fundamental frequency decreases as the intermediate support goes far from the 
optimum location towards the clamped support or the free edge of the beam. The 
minimum value of the frequency is obtained when the elastic support is near the 
clamped edge at which the value approaches that of the beam without an intermediate 
support. It is interesting to mention that the percentage increase in the normalized 
fundamental frequency of a clamped-free beam with intermediate support with 
sufficient stiffness at the optimum location is 150.34% greater than that without 
intermediate support. 

λ 0 
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Table 6:  Normalized frequency (λ* ) and normalized support stiffness (γ* ) with respect 
to the distance from the clamped edge of the clamped-free beam. 

 

x/L 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 

λ*  1.948 2.028 2.117 2.215 2.324 2.447 2.586 2.745 2.928 3.140 

γ*  
1.960 

e6 
5.465 

e5 
2.720 

e5 
1.722 

e5 
1.250 

E5 
9.920 

e4 
8.450 

e4 
7.470 

e4 
6.940 

e4 
6.630 

E4 
 

x/L 0.55 0.60 0.65 0.70 0.75 0.783 0.80 0.85 0.90 0.95 1.00 

λ*  3.389 3.681 4.018 4.372 4.637 4.694 4.680 4.546 4.344 4.130 3.925 

γ*  
6.430 

e4 
6.135 

e4 
5.389 

e4 
3.475 

E4 
7.125 

e3 
2.670 

e2 
1.417 

e3 
1.007 

e4 
1.537 

e4 
1.620 
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1.457 
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    Figure 11: Minimum normalized stiffness of an intermediate support through the 

span to obtain the maximum fundamental frequency of a clamped-free beam 
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    Figure 12: Maximum normalized fundamental frequency of a clamped-free beam 

supported on an intermediate rigid support through the span.  
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4.  CONCLUSIONS 
 

The concept to increase the fundamental natural frequency or eigenvalue of a 
structure is commonly adopted to improve the dynamic performance of the structure. 
This paper investigates and discusses the minimum stiffness of an intermediate support 
of a beam for maximum value of its fundamental frequency. The study includes not 
only the optimum location of the intermediate support but also various locations 
through the span of the beam. Four cases of a steel beam model are investigated; 1) 
clamped-clamped, 2) simply-simply, 3) clamped-simply and 4) clamped-free. A 
parametric study is carried out to determine the minimum stiffness of the intermediate 
support which provides the fundamental frequency of the rigidly supported beam at an 
interval of 0.05 of the span.  

Based on the above results, it can be concluded that at the optimum location of 
an intermediate support, we can obtain maximum fundamental frequency of the beam 
with minimum stiffness of the intermediate support. Indeed, the optimum location 
depends on the boundary conditions of the beam. It is of interest to mention that the 
percentage increase in the normalized fundamental frequency of providing a beam with 
an intermediate support at the optimum location with sufficient stiffness are 66.03%, 
100%, 80.02% and 150.34% greater than those without intermediate support for 
clamped-clamped, simply-simply, clamped-simply and clamped-free beams, 
respectively. When the intermediate support is not at the optimum location, there exists 
a certain minimum stiffness of the support to give the fundamental frequency of the 
rigidly supported beam. Such minimum stiffness phenomenon also occurs in the 
buckling of beams. The normalized fundamental frequency is deceased as the 
intermediate support is moved far from the optimum location with minimum value near 
the end supports. However, the corresponding minimum stiffness of the intermediate 
elastic support increases greatly as the intermediate support is moved far from the 
optimum location with maximum value at the end support(s). So, to make full use of an 
intermediate elastic support, it should be provided at the optimum location of the beam 
or very near to it, otherwise stiffer support is required with less fundamental frequency. 
Finally, this work provides an important guide for designers to improve the dynamic 
performance of beams with different end conditions via adding and/or changing 
support positions with minimum stiffness prediction.  
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