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Robust Estimation for Weibull Regression Model
Abstract

Weibull regression model is one of the most prevalently used
parametric regression models. Estimation of the parameters of this
model is affected by the presence of outliers. Outliers may be caused
by actual rare events or by measurement, coding, or data entry errors,
which cause a serious problem in parameter estimation. Therefore,
robust estimation methods are used to overcome this problem since they
are insensitive to perturbations. This paper discusses the efficiency of
using two robust estimation methods, the M-estimation method and the
MM-estimation method for estimating the parameters of Weibull
regression model. Also, a Monte Carlo simulation study was conducted
to compare the performance of robust M-estimation and MM-
estimation methods with the maximum likelihood method for
estimating the parameters of Weibull regression model in the presence
of outliers. The simulation results showed that the robust MM-
estimation method gives better performance than the maximum
likelihood method and the M-estimation method.

Keywords: Weibull regression model, Outliers, Robust estimation, M-
estimation, MM-estimation.

1. Introduction

Weibull regression is one of the most popularly used parametric
models in reliability, lifetime, environmental, and survival data analysis
in which the values of the dependent variable are duration observations.
The maximum likelihood (ML) estimation method is usually used for
estimating the regression coefficients of Weibull regression model
since it does not impose any constraints on the properties of the
dependent variable. However, the maximum likelihood estimator
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(MLE) is affected by the presence of outliers in the data [Ahmed and
Cheng (2020)].

Outliers in the regression are defined by Rousseeuw and Leroy
(1987) as cases for which an observation deviates from the linear
relation followed by the majority of the data. It may appear in
explanatory variables space, dependent variable space, or both. One
outlier can destroy estimation methods, resulting in parameter estimates
that do not provide useful information [Chatterjee and Hadi (1986),
Ullah et al. (2006), and Elgohary (2008)].

Generally, robust estimation is an alternative to the ML when outliers
exist in the data since it is insensitive to perturbations. Therefore, many
robust estimation methods have been proposed, such as the M-
estimation (Huber, 1964), least median of squares (LMS) (Rousseeuw,
1984), least trimmed squares (LTS) (Rousseeuw, 1984), S-estimation
(Rousseeuw and Yohai, 1984), and MM-estimation (Yohai, 1987).

Based on robust estimation, many studies have been presented. By
Alma (2011), four robust methods: the M-estimation, MM-estimation,
LTS, and S-estimation were comparatively evaluated against the
ordinary least squares (OLS) method in multiple regression model.
Gad and Qura (2016) reviewed some robust estimation methods: least
absolute deviation (LAD), M-estimation, MM-estimation, t-
estimation, and robust efficiency weighted least squares estimation
(REWLSE) to overcome the presence of outliers in linear regression
model. Almongy and Almetwaly (2017) presented comparisons
between the LAD, LMS, least quantile of squares (LQS), LTS, M-
estimation, and S-estimation to determine a suitable regression in the
presence of outliers. Yu and Yao (2017) reviewed and described some
robust methods including M-estimatiom, MM-estimation, LMS, LTS,
S, generalized M-estimation, R-estimation, LAD, and REWLSE in
linear regression model. Almetwally and Almongy (2018) studied six
robust estimation methods against the OLS in linear regression model.
Tinungki (2018) used the MM-estimation method based on the
objective function of Tukey Bisquare to overcome the existence of
extreme outlier data.

Also, Abonazel (2020) studied some handling methods of outliers and
missing data in linear regression model. Nugroho et al. (2020) studied
the M-estimation for analyzing malnutrition data in East Java with
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outliers at some significance levels. Piradl et al. (2021) considered the
M-estimation for the linear regression model with correlated error terms
and outliers. A comparison of M-estimation, S-estimation with MM-
estimation was proposed by Singgih and Fauzan (2022) to get the best
estimation of robust regression in criminal cases in Indonesia.

For Weibull regression model, few studies have been presented to
deal with outliers, for example, Mann (1982) proposed optimal outliers
tests in Weibull model, Khokan et al. (2013) presented the weighted
maximum likelihood method for robust estimation in Weibull model,
and Shu et al. (2018) used Bayesian method to estimate the parameters
of Weibull regression with outliers.

This paper aims to compare the performance of classical estimation
method, the ML and two robust estimation methods, the M, and MM
for estimating the parameters of Weibull regression model in the
presence of outliers.

The organization of this paper is as follows. In Section 2, the
specification of the Weibull regression model is presented. In Section
3, the ML estimation method is provided to estimate the parameters of
the Weibull regression model. In Section 4, two robust estimation
methods, the M-estimation and MM-estimation are proposed for
estimating the parameters of the Weibull regression model. In Section
5, a Monte Carlo simulation study is conducted to investigate the
performance of the ML, M-estimation, and MM-estimation methods in
Weibull regression model with outliers. In Section 6, the concluding
remarks of this paper are provided.

2. Weibull Regression Model

Suppose the random variable T has a Weibull distribution with
probability density function (pdf) as follows:

frt;a,8) = %(5)0_1 e‘(é)g, t >0, (1)

a

where 8 > 0 is the shape parameter and a > 0 is the scale parameter.
The cumulative distribution function (cdf) of Weibull distribution is
given as
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0
Fo(t; a,0)=1—e @ )
The Weibull regression model for the i¢" lifetime T;, of a sample of

n observations can be obtained from the following expression:

log(Ty) =Y, = X{B+0Z, 3)

where X{ = (1,x4, %Xz, .., X;p) iS @ p+1 vector of covariates,
B’ = (Bo, b1, -, Bp) are p + 1 unknown regression coefficients, o is a

scale parameter, and Z; is the independent and identically random errors
distributed according to standard extreme value distribution with pdf

f2(2) = e¥=¢, 4)
and the cdf is
F,(z)=1—e"*. (5)

Then, the pdf of T can be obtained from (3) as follows:

T = eX’ﬁ+0'Z’ (6)
_ ! -x'
Z =g} (1) ==L (7)
_ |dlgim) _ 1
Ul_l dT |_aT' (8)

By substituting (7), (8) in (4), then,
fr(t) = fz(g‘l(t))lll

o log(t)-x'p
e(log(tz X B)_e(—a ) 1

©)

‘ot

t 1 _(x;’p)% 1
=Gope e N

1

1/0 t 14 —(;/)7‘
=g gl e <7, 20 (10)
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From (10), it can be observed that T has a Weibull distribution with the

shape parameter i and scale parameter eX'P e,
T~Weibull G, eX’B).

The mean and variance of the random variable T are given
respectively as follows:

E(T) = eX'PT (1 + 1/%;) (11)

and
Var(T) = (eX'#)?

r(1+ 1/%) - <r (1+ l/ia)ﬂ (12)

3. Maximum Likelihood Estimation

The ML method is the most commonly used methods of estimation
of regression parameters. The aim of ML method in regression model
Is to estimate the unknown parameters by maximizing the likelihood
function. The parameters of Weibull regression model as in (3) can be
estimated by the ML method as follows:

The likelihood function is given by
yi-X|B

yi—X§ﬁ>_e( o

L(o,B) = ?=1§e< ’ (13)
The maximum likelihood estimates of o, Sy, 81, ..., B, can be obtained
by differentiating (13) with respect to o and 8 and equating the results

with zero.
The log-likelihood function will be written as

_x!
[ = InL(o, ) = —ning + Y1 W=ME gm0 "
— ) — L:l > L=1 .
(PRINT) :ISSN 1110-4716 (ONLINE): ISSN 2682-4825

68



YorY paabiavy Gl amd) o gail) g 5 jladl) dualal) dlaal)

Then, the first partial derivatives of [ with respect to o and f are given
respectively as follows:

yi-XiB
ﬂz____zn leﬁ+ Zn Yi—XiB Xﬁ e (15)
do o o
al 1 1 YiXiB
a6 o i=1Xij +;Z?=1Xije s ,j=0,..,p. (16)

The MLE of &, £ are given by setting (15) and (16) equal to zero to
get the solution. It is well known that it is difficult to solve these

equations exactly. So, the MLE of &, § can be obtained by solving (15)
and (16) numerically using Newton-Raphson iterative method [Al-
Adilee and Mohamed (2014)].

4. Robust Estimation Methods

Robust estimation, a type of regression analysis intended to get
beyond some of the drawbacks of conventional approaches, is a crucial
technique for analyzing data that have been contaminated by outliers.

In the following subsections, two robust estimation methods: the M-
estimation and MM-estimation are proposed to estimate the parameters
of the Weibull regression model.
4.1. M-estimation

Huber (1964) introduced the M-etimation method as an extension of
the maximum likelihood method of estimation by minimizing the
function of the residuals instead of the squared residuals.

For estimating the parameters of the Weibull regression model as
referred in (3) by the M-estimation method, it is required to minimize

the following objective function

Bu = min[¥, p(e;)]
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. e
= min |3, o))
= min[Xi; p(u)], 17)
where p is symmetric, continuous, and nonnegative objective function,
e, = % are the residuals, & is the median absolute deviation of the

median|ej—median(e;)|
0.6745

residuals as an estimate of scale parameter by 6 =

canduy; =2,

By setting the first partial derivatives of Equation (17) with respect to
the coefficients equals to zero, the following p + 1 nonlinear equations
are obtained:

im1 X)) =0, j=0,..,p, (18)
where ¥ (.) = p'(.)is the first partial derivative of the function p,
known as the influence function.
For the p function, the Tukey’s Bisquare objective function by Beaton
and Tukey (1974) can be used as

C2 uiz 3
—(1-0°, lwl=c
P=19 (19)

%, lu;| > c,

where c is called the tuning constant chosen as ¢ = 4.685.
To get the solution of Equation (18), a weighted function is considered

as

w; (M) = 222 (20)

uj

By using the Tukey’s Bisquare weight function, then,
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2
wi (M) = [1 B (u?)z] il = c (21)
0, lu;| > ¢,
where ¢ = 4.685.
Consequently, Equation (18) can be written as follows:
e xwi(Mu; =0, j=0,..,p. (22)
The iterative reweighted least squares (IRLS) can be used to solve
Equation (22) numerically. In the final step of iteration, the M-estimator
is obtained as follows:
B = (X'WMX)"1X'wMy, (23)
where W™ is a n X n diagonal matrix of weights w;(M).
4.2. MM-estimation
The MM method is a modified type of M method that is developed
by Yohai (1987) by combining a method of high breakdown value and
an efficient estimation method to achieve the breakdown point up to
50% and asymptotic efficiency as close to one as desired.

For estimating the parameters of the Weibull regression model as in
(3) using the MM-estimation method, the following stages are
considered:

e Estimating the scale of the residuals e; by using the S-estimator as
follows:

1. Estimate the regression coefficients by the OLS method.

2. Calculate the residuals.

3. Use the following expression:
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median|e;—median(e;)|
0.6745

siteration = 1

= T e @9
\/Ezizlwi(S)ei ;iteration > 1,k = 0.199,
where w;(S) is given by the Tukey’s Bisquare function as
Vi 2 2
wi(S) = [1 -(%) ] vl <c (25)
0 , lv;| > ¢,
where v; = ? and ¢ = 4.685.
e Minimizing the following objective function:
min Yz, p(v;) (26)
1. By differentiating (26) with respect to 5, then,
Yisaxp (W) =0, j=0,..,p, (27)
where Y (v;) is the first derivative of p(v;).
2. Defining the weights:
w;(MM) = @ (28)
3. Using the IRLS to solve the following equation:
X Z?:l xijWi(MM)Ui = 0, ] = 0, e, P (29)
e Calculating Sy after convergence is obtained as follows:
Bum = X'WMMX)TIX WY, (30)

where wMM is a n X n diagonal matrix of weights w;(MM).

5. Monte Carlo Simulation Study

In this section, a Monte Carlo simulation study is conducted in order
to compare the performance of two robust estimation methods: the M-
estimation and MM-estimation versus the ML method. The
performance of these estimators can be evaluated using the bias and the
mean square error (MSE) which are given by
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Bias(ér) = %21{2:1'981” - fl; (31)
and
MSE() =235, (& - )", (32)

where &, is the estimated value of the considered parameter £ at the rth

repetition out of R replicates.

The computation of the simulation study is developed using R

programming (version 3.6.3).

The simulation design is as follows:

e (Generate two random variables x;, and x, from uniform distribution
(0,1) for different sample sizes n = 50, 100, and 200.

e The regression parameters are assumed to be 8, = 0.5, 5; = 1, and
By = 1.

e The random errors, Z; are generated from standard normal
distribution.

e Generate the random variable, T; from Weibull (i,exi'ﬁ ) where

the value of o is takenas ¢ = 0.5 and 1.

e Generate randomly different percentages of outliers such that t%
=10% and 30% in the response variable space to investigate the
robustness of the proposed methods in the presence of outliers.

e All simulation results are repeated R =1000 times and all the results
of all separate experiments are obtained by the same series of
random numbers.

The results of the estimated mean, bias, and MSE of the estimators,
MLE, M, and MM under different levels of outliers 7% = 0%, 10%,
and 30%, different sample size n = 50,100, and 200, and 0 = 0.5 and
1 are reported in Tables 1-6. Also, Figures 1-4 show the estimated MSE
of the estimators, MLE, M, and MM with various values of n, ¢, and

7%.
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Table 1: Estimated Mean, bias, and MSE values when n = 50 and ¢ = 0.5

Outliers  Method Bo By B é

Mean 07021 10114 10118 0.4491
ML Bjas 02021 00114 00118 0.0509
MSE 01760 0.0825 0.0755 0.0785
Mean 0.6632 1.0051 1.0107 0.4653
M Bias 01632 00051 0.0107 0.0347
MSE 0.1345 0.0403 0.0492 0.0546
Mean 0.6101 1.0039 1.0077 0.4751
MM " Bias 01101 00039 0.0077 0.0249
MSE 00981 00208 0.0226 0.0327

7=0%

Mean 07703 0.8389 0.8422  0.4006

ML Bjas 02703 01611 0.1578 0.0994

MSE 02440 01518 0.1547 0.1342

T=10% Mean 07103 0.8876 0.8923  0.4221
M Bias 02103 01124 01077 0.0779

MSE 01694 01055 0.1057 0.1018

Mean 0.6585 09336 09310 0.4255

MM " Bias 0.1585 0.0664 0.0690 0.0745
MSE 0.1435 0.0749 0.0802 0.0866

Mean 08769 1.2679 1.2856 0.3527

ML Bijas 03769 02679 02856 0.1473

MSE 03867 02545 0.2615 0.1662

Mean 0.8016 1.1469 1.1553 0.4028

t=30% M Bias 0.3016 0.1469 0.1553 0.0972
MSE 02755 01794 01864 0.1248

Mean 07733 1.1035 1.0912 0.4174

MM " Bias 02733 01035 00912 0.0826

MSE 02444 01496 01374 0.1114
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Table 2: Estimated Mean, bias, and MSE values whenn =50 ando = 1

~

Outliers Method Bo By B, 6
Mean  0.7343  1.0281  1.0218  0.9243
ML Bias 02343 00281  0.0218  0.0757
MSE 02012  0.1103  0.1158  0.1004
Mean 07052  1.0125  1.0154  0.9496
T=0% M Bias 02052 00125  0.0154  0.0504
MSE 01644  0.0953  0.0863  0.0805
Mean  0.6691  1.0093  1.0069  0.9605
MM Bias 01691 00093  0.0069  0.0395
MSE 01323 00565  0.0501  0.0767
Mean  0.8138 12294 12021  0.8626
ML Bias 03138 02294 02021  0.1374
MSE 03033 02342 02121  0.1735
T=10% Mean 07482 11318  1.1551  0.8965
M Bias 02482 01318  0.1551  0.1035
MSE 02339 01702  0.1548  0.1322
Mean 07193 11113  1.1432  0.9096
MM Bias 02193 01113  0.1432  0.0904
MSE 01822 01332  0.1477  0.1146
Mean 009037 13854 13751  0.8202
ML Bias 04037 03854 03751  0.1798
MSE 04308 03564  0.3468  0.2351
Mean  0.8511 12769 12533  0.8674
T=30% M Bias 03511 02769 02533  0.1326
MSE 03282 02651 02464  0.1717
Mean 08111  1.1975  1.1827  0.8757
MM Bias 0.3111 0.1975 0.1827 0.1243
MSE 0.2712 0.2075 0.1979 0.1529
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Table 3: Estimated Mean, bias, and MSE values when n = 100 and ¢ = 0.5

Outliers ~ Method Bo By B é

Mean  0.6811 1.0091 1.0087 0.4582

ML Bias  0.1810 0.0091 0.0087 0.0418

MSE  0.1604 0.0583 0.0675 0.0552

T =0% Mean  0.6446 1.0024 1.0071 0.4831
M Bias  0.1446 0.0024 0.0071 0.0169

MSE  0.1153 0.0333 0.0314 0.0425

Mean  0.5838 1.0016 1.0031 0.4927

MM Bias  0.0838 0.0016 0.0031 0.0073

MSE  0.0774 0.0195 0.0195 0.0218

Mean  0.7413 0.8582 0.8661 0.4181

ML Bias  0.2413 0.1418 0.1342 0.0819

MSE  0.2234 0.1286 0.1266 0.1088

T=10% Mean  0.6838 0.9099 0.9135 0.4342
M Bias  0.1838 0.0901 0.0865 0.0662

MSE  0.1430 0.0844 0.0845 0.0779

Mean  0.6311 0.9572 0.9529 0.4302

MM Bias  0.1311 0.0432 0.0471 0.0608

MSE  0.1119 0.0612 0.0568 0.0711

Mean  0.8483 1.1939 1.2224 0.3733

ML Bias  0.3483 0.1939 0.2224 0.1267

MSE  0.3609 0.2019 0.2191 0.1385

Mean  0.7935 1.1174 1.1255 0.4151

T =30% M Bias  0.2935 0.1174 0.1255 0.0849
MSE  0.2661 0.1492 0.1543 0.1171

Mean  0.7464 1.0911 1.0882 0.4291

MM Bias  0.2464 0.0911 0.0882 0.0711

MSE  0.1732 0.1381 0.1287 0.0931
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Table 4: Estimated Mean, bias, and MSE values whenn = 100 and o = 1

Outliers  Method Bo By B, 6

Mean 07121 10173 10135  0.9362

ML Bias 02121 00173 00135  0.0638

MSE 01854 01001  0.1100  0.0854

7=0% Mean 06713 10095 10093  0.9661
M Bias  0.1713 00095 00093  0.0339

MSE 01396 00867 00753  0.0706

Mean  0.6477 10054 10043  0.9772

MM Bias 01477 0.0054 00043  0.0228

MSE 01136 00636 00536  0.0636

Mean  0.7938 1.1763 1.1632 0.8818
ML Bias  0.2938 0.1763 0.1632 0.1182
MSE  0.2811 0.2006 0.1919 0.1612

7=10% Mean  0.7282 1.1278 1.1404 0.9182
M Bias  0.2282 0.1278 0.1404 0.0818
MSE  0.1959 0.1554 0.156 0.1102

Mean  0.6993 1.0974 1.1193 0.9245
MM Bias  0.1993 0.0974 0.1193 0.0755
MSE  0.1566 0.1168 0.1156 0.1021

Mean  0.8634 1.3053 1.2716 0.8343
ML Bias  0.3634 0.3053 0.2716 0.1657

MSE  0.3838 0.2785 0.2566 0.2269

Mean  0.8312 1.2008 1.1849 0.8999

7 =130% M Bias  0.3312 0.2008 0.1849 0.1001
MSE  0.2929 0.2202 0.2041 0.1446

Mean 7940 1125 1.1145 0.9136

MM :
Bias 0.2942 0.1252 0.1145 0.0864
MSE 0.2363 0.1503 0.1454 0.1311
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Table 5: Estimated Mean, bias, and MSE values when n = 200 and ¢ = 0.5

Outliers  Method Bo By B é

Mean  0.6439 1.0098 1.0094 0.4748

ML Bias  0.1439 0.0098 0.0094 0.0252

MSE  0.1339 0.0438 0.0539 0.0427

T =0% Mean  0.6063 1.0055 1.0052 0.4917
M Bias  0.1063 0.0055 0.0052 0.0083

MSE  0.0897 0.0296 0.0265 0.0318

Mean  0.5578 1.0011 1.0025 0.5017

MM Bias  0.0578 0.0011 0.0025 0.0017

MSE  0.0626 0.0181 0.0166 0.0113

Mean  0.7244 0.8861 0.8934 0.4282

ML Bias  0.2244 0.1139 0.1066 0.0718

MSE  0.1934 0.0943 0.0926 0.0863

T=10% Mean  0.6718 0.9249 0.9293 0.4422
M Bias  0.1718 0.0751 0.0707 0.0578

MSE  0.0916 0.0568 0.0632 0.0661

Mean  0.6112 0.9655 0.9640 0.4589

MM Bias  0.1112 0.0345 0.0360 0.0411

MSE  0.0867 0.0356 0.0326 0.0435

Mean  0.8149 1.1693 11758  0.4056
Bias 03149 01693 01758  0.0944
MSE 02996 01727 01727  0.1093
Mean  0.7783 1.0831 11294  0.4216
7=30% M Bias  0.2783 0.0832 0.1294 0.0784
MSE 02233 01201 01072  0.0989

Mean  0.7364  1.0537 1.0934  0.4528

MM Bias  0.2364 0.0537 0.0934 0.0472

MSE 01468 00968 00912  0.0781

ML
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Table 6: Estimated Mean, bias, and MSE values whenn = 200 ando = 1

Outliers  Method Bo By B, 6

Mean  0.6878 1.0118 1.0098  0.9574

ML Bias  0.1878 0.0118 0.0098 0.0426

MSE 01382 00854 00853  0.0713

7= 0% Mean  0.6537 1.0082 1.0045 09718
M Bias  0.1537 00082  0.0045  0.0282

MSE 01139 00622 00562  0.0584

Mean  0.6244  1.0035 1.0041  0.9904

MM Bias  0.1244 0.0035 0.0041 0.0096

MSE 00973 00314 00306  0.0433

Mean  0.7687 11511 11365  0.9089

ML Bias  0.2687 0.1511 0.1365 0.0911

MSE 02456 01531  0.1632  0.1309

7=10% Mean 07075  1.1061 11243 0.9234
M Bias  0.2075 0.1061 0.1243 0.0766

MSE 01495 01137  0.1396  0.0816

Mean  0.6684  1.0891 1.0961  0.9315

MM Bias  0.1684 0.0891 0.0961 0.0685

MSE  0.1225 0.091 00928  0.0782

Mean  0.8591 1.2026 1.1902 0.8683

ML Bias  0.3591 0.2026 0.1902 0.1317

MSE  0.3288 0.2143 0.1992 0.1689

Mean  0.7912 1.1092 1.1591 0.9019

7=30% M Bias  0.2912 0.1092 0.1591 0.0981
MSE  0.2418 0.1555 0.1637 0.1031

Mean  0.7508 1.0478 1.1297 0.9112

MM Bias  0.2508 0.0478 0.1297 0.0888

MSE  0.1607 0.1198 0.1359 0.0901
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Figure 1: The MSE of different estimators for 8, with different percentages of outliers
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Figure 2: The MSE of different estimators for 8; with different percentages of outliers
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From Tables 1-6, it can be seen that when the sample size n
increases, the estimated values of the bias and MSE decrease for all
estimates of the MLE, M, and MM in all cases. However, as o increases,
the estimated bias and MSE increase for all estimates in all cases. In
addition, as the percentage values of outliers increase, the estimated
bias and MSE of all estimators are increasing. It is also seen from
Tables 1-6 and Figures 1-4 that the estimates of M and MM are better
than MLE in all cases. Furthermore, the MM-estimator gives the best
performance compared to the other estimators since it has the smallest
values of bias and MSE for all levels of outliers corresponding to
different values of n and o.

6. Concluding Remarks

This paper presents two robust estimation methods, the M-estimation
and MM-estimation to estimate the parameters of Weibull regression
model in the presence of outliers. A simulation study is carried out to
compare the performance of the M-estimation and MM-estimation
methods against the ML method in various cases of outliers. The results
showed that the MM-estimation method has better performance than
the M-estimation and ML methods.
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