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Characterization and Estimation of Some Probability
Distributions by Minimum y?—Divergence Principle

Abstract

A probability distribution can be characterized through various
methods, given a prior probability distribution g(x) and some available
information on moments of the random variable X, the original
probability distribution f(x) is determined such that the y2- divergence
measure of the distance between f(x) and g(x) is a minimum. The
minimum chi-squared density function f(x) is determined. The
expressions of the non-central moments as well as the cumulative
distribution function F(x), survival function S(x), and hazard function
h(x) are also determined under different available information on
moments. In this paper we discussed the characterization of the
exponential and exponentiated exponential (EExp) distribution. The
available information on moments included: first moment, second
moment and the first two moments. Some illustrative examples are
included for special values of the parameters. Moreover, we have
considered the principle of minimizing chi square divergence and used
it for characterizing the probability distributions given a prior
distribution as the exponential and the partial information in terms of
averages and variance. It is observed that the probability distributions
which minimize the %2 -distance also minimize the Kullback’s
measure of the directed divergence. It is shown that by applying the
minimum chi square divergence principle, new probability
distributions are obtained. Hence, the probability models can be
revised to find the best estimated probability models given the new
information on moments.
Keywords: Available Information, Characterization, Exponential
Distribution, Exponentiated Exponential Distribution, Hazard
Function, y>—Divergence Principle.
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1.

Introduction

A characterization theorem states that a certain object, such as a
function or a space, is the only one that has the features described in
the statement. Accordingly, a characterization of a probability
distribution asserts that it is the only probability distribution that meets
certain criteria. Zolotarev (1976). On the probability space we define
the space x = {X} of random variables with values in measurable
metric space (U, d,,) and the space y = {Y} of random variables with
values in measurable metric space (V, d,). We grasp broad difficulties
of description of some set C by characterizations of probability
distributions in the space x by extracting the sets AC x and B C y
which describe the properties of random variables X € A and their
images Y = FX € B, obtained by means of a specially chosen
mapping F:x — y. The description of the properties of the random
variables X and of their images Y = FX is equivalent to the indication
of the set A € x from which X must be taken and of the set B <
y into which its image must fall, see Ord (1975).So, the set which
interests us appears therefore in the following form:

XeEAFXeBe XeC(C,ie.C=FB,

Where F~1B denotes the complete inverse image of B in A. The
problem of characterizing a distribution is an important problem
which has recently attracted the attention of many researchers. Thus,
various characterizations have been established in many different
directions .The minimum y2- divergence principle states: When a
prior probability density function (PDF) of X , g(x), which estimates
the underlying PDF f(x) is given in addition to some constraints, then
among all the density functions f(x) which satisfy the given
constraints we should select that probability density function which
minimizes the y?- divergence, see Yanushkevichius (2014).
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The rest of the paper is organized as follows: section 2 presents
minimum x2-Divergence probability distributions. In section 3, the
exponential distribution, and the Available information of the
moments for the exponential distribution is presented. While section 4
address the exponentiated exponential distribution, and the Available
information of the moments for this distribution. The results of the
numerical application have been presented in Section 5. Finally,
Section 6 offers the concluding remarks.

. Minimum y2-Divergence Probability Distributions

The maximum entropy principle and the minimum discrimination
(minimum cross-entropy) principle are used in characterization of
many univariate and multivariate probability distributions. Kawamura
and Iwase (2003) applied the maximum entropy principle in
characterizing the power inverse Gaussian, and generalized gumbel
probability distributions. The equivalence of minimum discrimination
information principle and the maximum likelihood principle and
Gauss's principle have been discussed in Shore and Johnson (1980).
Here, we make use of and prove the results of Kumar (2005, 2006)
and apply them to characterize some exponential family distribution,
under different available information on moments.

Let the random variable X be a continuous variable with PDF f(x),
defined on the interval (0, ). According to Kullback (1997), the
minimum cross entropy principle states that: When a prior PDF of X,
g(x), which estimates the underlying PDF f(x) is given in addition to
some constraints, then among all the density functions f(x) which
satisfy the given constraints, then we can choose the PDF that has the
least Kullback and Leibler divergence:

o

K(f,g) =] f()In+& dx. (1)

0

Kumar and Taneja (2004) have considered the minimum % —
divergence principle as follows:
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when a prior PDF X, g(x) of the random variable is the prior PDF
estimating the underlying PDF f(x) is given with some available
information on moments of f(x), then f(x) is called the minimum y? —
divergence PDF if it satisfies the given partial available information
and minimizes the ¥* — divergence:

2 I A € P (2)
x (f,g)—(j) 00, 9x—1

The minimum cross-entropy principle and the minimum x> —
divergence principle applies to both the discrete and continuous
random variables. Kumar and Taneja (2004) defined the minimum 2 —
divergence probability distribution for continuous random variable as:

Definition 2.1 f(x) is the probability density of the minimum y? —
divergence continuous probability distribution of random variable X if
it minimizes the y?— divergence:

Z2(f.9) =] 5 ax-1

That is, f(x) is the minimum %2 — divergence PDF of the random
variable X if ;

. Probability density function constraints: f(x) > 0, and [f(x) d x = 1,

. a prior probability density function: g(x) >0, and Jg(x) d x = 1,

3. It minimizes y? (f, g) defined in Eq. (2), and

3. Partial information in terms of averages:

E[h(x)]tf (X)X =t x )11

Where h(x)is any real-valued function of X and + = 0,1, 2

Ahsanullah (2017). We present the main result in the following
lemma:
Lemma 2.1 Let the given prior PDF be g(x) and the constraints are:

f (x)>0, ng (x)dx =1, z [hOOTF ()X = s (x .1 (3)

Then the minimum y? — divergence probability distribution of the
random variable x has the PDF;
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f(x) =90 [ao +é1at[h(x)]tj' 4)

The coefficients o, .t =0,1,2,...,r are determined from;

?g‘zx)[ao s at[h(X)]tde ~1, (%)
0 t=1

Tneot g(;’[ao + = agh Ol jdx = o<yt ©)
The minimum y? — divergence measure is:

22 (F.9) :Z%”[ao +élat[h(x)]tj2 dx—1 (7)

. Exponential Distribution

A continuous non-negative random variable X (X > 0) is called to
have an exponential distribution with parameter A; A > 0, See
Balakrishnan (2019). The PDF is given by;

g(x;A) =4 exp(=Ax),x>0,4>0 (8)

Or equivalently, if its distribution functions is given by;
G(x) =1—exp(-1x),x>0
rk+1) k!

2 © k —AX
g =1%x" e dx = =
970 2K 2K

gn(x) = %x” A" exp(=1x),x > 0,1 > 0.

X
G (x) = j%ﬁnﬂu” exp(—Au)du, x >0
on!

if follows that the survival function S(x) is given by;
S(X) =1-G(x) =exp(-1x), for x>0  (9)

3.1 The Available Information is the n'™ Moment for Exponential
Distribution

Let the prior is the exponential distribution with parameter A, and
the available information is uh, f , n*" non-central moment of f(x; 1),
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see Ahsanullah and Hamedani (2010). Using equations (8) — (9) under
minimum y*— divergence, we present the following theorem:

Theorem 3.1 Suppose that the observed estimated prior is the
exponential distribution with parameter A and the available
information be:

fx)>0, [ f()dx=1, E(x ") = Tx"f (x)dx — uh 1
0 0

Then the corresponding minimum y?- divergence PDF f(x; A) is;
f ;A =AM)g(x;4)+B(n) gn(x;4).

Equivalently;
f(x;4)=wq(n) g(x;A)+w2(n) gn (X;4), (10)
' _ 1 (2n)!
Hh § _t,%”ﬂl_t)nm” , 0<t <1. (11)
(2n)! g 5 (nHA"
=A = : )
wi(n)=A(n) @D
w (n)—/lr‘B(n)—}bn(}bn#;"f UL
20" ~@n)i—(n1?

Eq.(10) expresses the PDF f(x; A) as a weighted mixture of two PDFs
g(x; A) and gn (x; A) with respective weights wi(n) and w(n) and the
minimum x> divergence measure between f(x; A) and g(x; ) is;
2
SNTIPNE GRS
Xmin(f.9) = 2my1— (N2

We have the following corollaries;

Corollary 3.1 Whent =1, Eq. (10) implies up f =ni/ 2N, and wa(n) =

1 and wz(n) = 0. Hence, f(x; A) = g(x; A) with zero minimum >~
divergence measure between f(x; ) and g(x; A).
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Corollary 3.2 When t = 0, Eq. (11) implies zh £ = (@n)¥(nt2"), wi(n)
= 0 and wz(n) = 1. Hence, f(x; A) = g n (x; A) defined in Eq. (8) and
2 @)= (nh?
mln (n!)2

Corollary 3.3 When 0<t<1, s/ ¢ =tnl/ A" +(@-t)@2n)¥ (n1A"),

and f(x; A) is the proper mixture described in Eq. (9). For;
t="%, 4 ¢ =%(n!/;t” +(2n)Y (n!;t”)), w1 () = %2, W2 (n) = %

And;
foGA)=3g0G)+19,(x:4), (12)

(2n)!— (n)?
Zm|n( g)_ﬁ

3.2 Some Properties of the Minimum %2 — divergence in this Case

Using equations (10) — (12), we explore some properties of the
minimum y2 — divergence in available information is the n™ moment
for exponential distribution;
Property 3.1 The rt" non-central moment, mean, and variance of f(x;
A) are;

st 1 = AM) T+ B ETR0

# =A(n)l+B<n)‘”:3! ,

of =AM+ 3B ()~ 4

Property 3.2 The CDF of f(x) has the form;

F(X) =w (n) G(X) + Wz (n) Gy (x)
The functions G(x) and G » (x) are the CDFs of g(x; A) and gn (X; A)
respectively. That is in equations (8) and (9).
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Property 3.3 The survival function of f(x) is;
S(X) =w(MIL-GO)]+wa2(N[1—-Gp(X)],

Property 3.4 The hazard function of f(x; ) is:

h(x)= w1(n)g (x;A)+wo(n)gn (X;4)
w1 (N[1-G (X )]Hw 5 (N)[1-G, (x)]

3.3 Available Information is the First Two Moments

When the prior distribution has a PDF g(x) and the available
information is »/k, f .k =1,2, then we provided the following theorem;

Theorem 3.2 Suppose that the observed estimated distribution has a
PDF g(x). Let the available information be;

()20, [f(x)dx =LE(X)=[xf ()dx = s, E(X 2 =] x2f (x)dx = b ¢
0 0 0
The minimum y? — divergence PDF f(x) is:
f(x)= (A+Bx +C x2)g(x)

Equivalently;
f(x)=wyg(x)+wog1(x)+wzgo(x)

r ’ ’ ! r r ! r 12 ! r ’2
Mg (,Uz,g H3 g —H gHag )+,U2,f (,Ul,g H3 g —H2 g )+/U2,g Ha g —H3 g ’(13)

A 2 2 3
! ’ 2 ’ ! ’ _ ! ’ _ ’ _ !
H2 g Ha,g Tet g H2,g H3,g —H1,g Ha,g —H3,g “H2.g
14 r 72 ’ r ’ ! ’ ’ ’ ’
B — . f (/U4,g —H2.g )+ o f (#1,9 H2. g —H3,g )+ﬂ2,g H3,g —H1 g Ha, g (14)
- r r ’ ’ ’ 72 ’ 72 ’3
H2, g H4, g "‘2/"1,9 H2,.gH3,g —H1,gHa,g —H3 g —H2,g
' 2 2
o o At (Mgt g —Ha.g) o (Hog —HIg)THLg Mg ~Hig | (15)

4 ’ r 4 4 !2 ’ 72 !3
H2,g Ha,g +211,g Ho,g M3,g —H1 g Ha,g —H3 g —H2g

Wl =A, W2 =B ,Lla_,g , W3 =C ,u'zlg
Proof Applying the available information on moments;

f(x)20, [f(x)dx =LE(X)= ] xf (x)dx =iy, E(X 2y 2T x 2 (x )dx = by,
0 0 0

We get the following system of three linear equations in the unknowns
A, B,and C:
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A+uygB+us4C =1
H1gA + 2 gB +134C =y
HogA+u3gB + 1 gC =pos
Solving the above system of linear equations in the unknowns A, B,
and C, using Cramer’s rule we get;
1 ﬂig ﬁé&g
A= /UEL,g /J'Z,g /J’?),g
ﬂé@; auag ldag
= pth g ta,g + 244, g 1 g Hh g — 1 G Ha g — 15 g — HEg

1 ﬂig ﬂég
Ap =|H1f  H2,g H3g
#bj #kg ﬂﬁg

! ! ! ! ’ ’ ! ’ f2 ! ! 12
=prf (Mo, gua,g —ti,gta,g) + tof (10, H3,g — 12 g) + H2,g Ha,g — M3 g

1 1 ﬂég
A =|H1g9 HLf H3g
H2g HM2f Hag

! ! 72 ’ 14 ! 14 ’ 14 ! !
=pf (Ha,g — 12 g)+uof (H1,gH2,g —H3,g) + HD,g H3,g — M1,g Ha g

1 Hig 1
Ac =|H1g H2,g H1Lf
Mg Mg Hof
_ 14 ’ 14 14 ’ ’ 72 ’ ’ I2
=urf (uygrog — 13 g)+ o (L2g —HIg)+HLgH3,g —HDg-

Hence, the values of A, B, and C obey equations (13) — (15).
Normalizing the values of A, B, and C we obtain the values of w1, wo,
and ws as in Eq. (15).

Eq. (13) expresses the PDF f(x) as a weighted mixture of the three
PDFs g(x), g1(x), and g2(x) with respective weights w1, wo, and ws.
Note that, wi + w2 + w3 = 1. See Tavangar and Asadi (2010).
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The minimum y2-divergence measure of the distance between f(x) and

g(x) is:

Zhin(F,9)=AZ+B2ub o +C%uy g +2AB 1 g +2AC ph g +2BC 13 4 —1
Here, A, B, and C are as given in equations (13) — (15).

We have the following corollary:

Corollary 3.4 When u f =p1,g , #2,f =12, W1 =1, w2=0, and

w3 = 0. Therefore, f(x) = g(x) and the minimum y? — divergence
measure between f(x) and g(x) equals zero.

3.4 Some Properties of the Minimum x> divergence in this Case

Property 3.5 The r'® non-central moment, mean, and variance of f(x)
are:

sy g =Apr g +Burigg +C g
s =Agqg +B g +C g

of =Aub g +B phg +C sty g — 15 -
Property 3.6 The cumulative distribution function of f(x) has the
form;

F () = WG (X) + WGy (X) +WaG2 (X)
Here, G(x), G1(x), and G3(x) are respectively, the CDFs of g(x), g1(x),
and g2(x) defined in Eq. (11).
Property 3.7 The Survival Function of f(x) is;

S(X) =wW[1-G(X)]+wW2[1-G (X)]+W3[1- G2 (X)]

Property 3.8 The hazard function of f(x) is;

h(x)= Wi g(X)+W o g1(X)+wgz go(x)
W1 [1-G (X )]+wW 5[1-G1 (X )]+w 3[1-G 5 (X )]

. Exponentiated Exponential Distribution

The Exponentiated Exponential (EExp) distribution is a member
of the exponentiated weibull (EW) distribution. In Gupta and Kundu
(2001), the two-parameter EExp distribution is quite effectively, used
in analyzing lifetime's data, particularly in place of two-parameter
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gamma or two-parameter weibull distribution. If the shape parameter
0 =1, then all the three distributions coincide with the one-parameter
exponential distribution. Therefore, all the three distributions are
generalizations of the exponential distribution in different ways. The
PDF of the EExp distribution has different shapes.

It is unimodal for 6 >1, and is reversed J-shaped for 6 < 1. It is log-
convex if 8 < 1 and log-concave if 6 >1. The hazard function is non-
decreasing when 0 >1, non-increasing when 6 < 1, and constant when
0 =1.

4.1 The Available information is the nt® moment

For the case, when the prior is the EExp (6, A) distribution and the
available information is un f, n ™ non-central moment of f(x), we

present the following theorem:
Theorem 4.1 Suppose that the observed estimated prior is the

exponentiated exponential distribution with parameters 6 and A and

the available information be;
9(x;0,1) =10 exp(-Ax) (1- exp(—/lx))g_1 ,Xx>0,0>0,1>0 (16)

f (x)zo,off (x)dx =1, E (X n)zofx”f (x)dx = gy ¢
0 0

Then the corresponding minimum %2 — divergence PDF f(x) is:

f (x;0,4)=wq(n)g(x;0,2)+w,(n) gn (x;6, 1), (17)
Hn§ =t n g La-t)“28 g<p<1 (18)
’ ’ Hn,g

Wl(n):%(ﬂén,g — Hn f /Uﬁ,g)’
Un’g

Wo(n)=—2—(uht —th g)th g
O'n’g
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) (it —sthg ) (ts g )
Amin(f,9) =~ 2 2
H2n,g “Hn,g %n,g

For non-negative integral values of (6 — 1), see Nadarajah (2011).

' K 0 6-1 (-1)' T (@)K ! -
e Ky K =12,..
Mg =B = o) ( Dk

(19)

gn (x;0,1) =ﬁx N 20 exp(—Ax ) (1—exp(—Ax ))‘9_1,x >0,0,1>0 (20)

Proof Eq. (19) implies:

(e o)
ti g = (ny K106 =% (1-e %)% Ldx

-1 .
> 7c, (e ) dx
i =0

i=0
_ .0 i (@-D Pk (i+D)Ax
BN S A T R T Rl dx
Let (i+D)AX =y
x = dx = dy
(i+Da’ (i+DA
.0 @-pr e ykK _y dy
=g =40 Y G T D G ek Ak AG +D)
B N e L 1 .
S5 P e R T
A% i=0 ' +DrE-na +n<+

Otherwise, the sum runs to . We have the following corollaries:

Corollary 4.1 When t = 1, equation (18) implies un, f =uh g, Wi (n)

=1, w2 (n) =0, and f(x; 0, 1) = g (x; 6, L) with zero minimum y? —
divergence measure.
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Corollary 42 When t = 0, -equation (18) implies
#'n, f =x'2n,g/un,g, W1 (n) =0 and w2 (n) =1. Hence f(x; 6,4) =

gn(X; 0, A) defined in equation (20), with Zr%ﬂn(f’g) = arz],g /y’nz,g :

Corollary 4.3 For 0<t <1, un f =tun g +@-t)x2n,g/#n,g » and f(x)

is the proper mixture described in equation (17), i.e. w1 (n) # 0, w2 (n)
# 0 and sum to 1. For example, t = %,

Hn, f z%[”h,g +42n,9 /4, g] w1 (n) =%, and w2 (n) = %.
f(:6,0)=2g(x:0.0)+ 9 (x:6,2),

2
%n,g
2
4,Un,g

4.2 Some Properties of the Minimum % divergence in this Case

Ko ,9) =

Property 4.1 The r*" non-central moment, mean, and variance of f(x)
are;
Hr f = A(”)ﬂ?,g +B (n)ﬂﬁ+r,g ,

rg =AM)g +B(Muniag
2 _ ’ ' 2
ot = ANz g +B(Mini2g — 1%

Property 4.2 The cumulative distribution function of f(x) has the
form:

F () =wp (MG (X) +wz (NG (X).

The functions G(x) and G (x) are the CDFs of g(x; 0, 1) and g n(X; 0,
A) respectively. That is;
G(x) = (1—exp(-4ix))?,

G _ X 1 n -1
n(x) = Imu A6 exp(—Au) (1—exp(—Au))” “du,x>0
0 ’

Property 4.3 The Survival Function of f(x) is;
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S =wp(MA-GX)]+wa(M[1—Gp(x)]
Property 4.4 The hazard function of f(x) is;

wi(n)g (x;0,1)+wW o (n)gp (X;6,1)
w4 (N)A-G (X)]+wW 2 (N)[1-Gp, (x)]

h(x)=

4.3 Available Information is the First two Moments

When the prior distribution is the EExp distribution with parameters 0
and A, and the available information is ik f,k=12. We present the

following theorem:
Theorem 4.2 Suppose that the observed estimated prior is the
EEXp with parameters 0, L. Let the available information be:

E(X)=fxF (x)dx =5 , E(X 2)=] x2f (x)dx = sz’
0 0

f(x)>0,and [ f(x)dx=1.
0

The minimum y? — divergence PDF f(x; 0, A) is;
f(x; 6, )= (A+Bx +C x2)g(x:0,A).

f(x; 6, 2)= wqg(x;0,2)+Wo gq(X;0,4) +W395(X;6, 1), (21)

14 14 14 14 ’ 4 ’ 4 '2 4 ’ f2
_ g (M2,gH3,g —H,gHa,g) M2, (1,9 43,9 —H2,g )t Ha,g Ha,g —H3g | (22)

A - ’ ’ ’ ’ ’ I2 ’ l2 ’3
M2 g Ha g +210 g Hp g M3 g —Hi g Ha,q —HM3,g —H3 g
! ! !2 ! ! ! ! ! ! ! !
g - Ai (ua,g —13,9) 1o s (g o9 —H3,9 )+ H2,g 3,9 —H g Hag | (23)
- ’ ’ ’ ’ 4 !2 ’ !2 !3
M2 g Hy,g T248 g 12 g M3,g —Hi g Ha,g —H3.g —H2.g
14 ’ ! 4 ’ ’ l2 ’ ’ l2
c i (ed g 12,9 —H3,g)tH2 1 (Ho,g —#ig)TH,gM3,g —H2g | (24)

Hb, g Mg +246, g M g 13 g — 1 g M, g 15 —HE g
Wi=A,Wo=Byg,W3=Crpg
Eq. (21) expresses the PDF f(x; 0, A) as a weighted mixture of the
three PDFs g(x; 0, A), gu(x; 6, &), and go(x; 0, A) with respective
weights w1, wo, and wa. Notice that, wi + wz + wz = 1,
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! X' 10 exp(—Ax )L —exp(—1x))? ", x >0,i =1,2

’
ig

The minimum y?-divergence measure between f(x; 0, 1) and g(x; 0, 1)
is;

9, (x;0,4) =

1 2 ! ! ! 4
Ziin(F,9)=A?+B%us o +C 1) g +2AB 1 g +2AC uh g +2BC pi g —1

Where A, B, and C are as given in equations (21) — (24). We have the
following corollary;

Corollary 4.4 When uk f.k=12 ,anduk f k=12, w1 =1 w; =0,

and ws = 0. Therefore,

f(x; 0, ) = g(x; 0, L) and the minimum x*- divergence measure
between f(x) and g(x; 6, A) equals zero. Some Properties of the
minimum y’>-divergence PDF f(x; 0, 1), see Hamedani Ahsanullah
(2011).

4.4 Some properties of the Minimum y’— divergence in this Case
Property 4.5 The r** non-central moment, mean, and variance of f(x)
are;
Hrf =Apr g +B a9 +C priog
s =Apg +B g +C g,
of =Aup g +B 3 g +C 1y g — 1% -

Property 4.6 The cumulative distribution function of f(x; 0, A) has the

form
F (X) = WG (X) +WrGq (X) +W3Go (X)

Where G(x), G1(x), and Ga(x) are respectively, the CDFs of g(x; 6, 1),
gu(x; 0, A), and ga(x; 0, 1) defined in Eq. (22).

Property 4.7 The Survival Function of f(x; 6, A) is;
S(X) =wW[1-G(x)]+Wz[1- Gy (x)]+wz[1—-G2(X)].

Property 4.8 The hazard function of f(x; 0, A) is;
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Wiy g(X;60,4)+w5 g1(X;60,4)+wW3 go(X;6,4)

N(X) = W -G ()T+w 2[1-G1 ()] +W 3[-G 5 ()]

5. Numerical Application
In this section, some illustrative examples are included for
initial values of the parameters, by using software “Mathcad version
15”. We tabulated the results and the corresponding characteristics of
the exponential and exponentiated exponential distribution are
graphically, compared.

5.1 The First Two Moments are Available for Exponential
Distribution

In this case;
gx;A) =2 exp(-1x),x >0,41 >0,

f (x)=(A +Bx +Cx 2)g (x).
Or, equivalently;
f(x)=wig(x)+w3g(x)+w3zgo(X).

Using Equations (13) — (15) express A, B, C, w1, wz, and ws, we have
three possibilities. Table 1, displays the different cases of Prior
Exponential distribution according to the values of the first two
moments .1 ¢, u'2 ¢, the parent distribution is determined. The PDF

f(x) of the parent distribution is characterized as a single PDF in cases
(1) and (2). In cases (3) — (6), it is determined as a proper weighted
binary mixture of two PDFs, while in cases (7) — (9), f(x) is
determined as a proper weighted mixture of three PDFs. The values in
the fourth column, indicates how close are the different forms of f(x)
and the prior estimated PDF g(x).
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Table 1. Prior is Exponential Distribution, and Available is

Hi g, k=12

"t 2

C:s SN A W, Wi £() Zmin(f‘g)
03 0.2 -

1 53 5, 1 0 0 fi(x)=g(x) 0
06 0.6 -

2 & g 0 1 0 fo(x) = gy (x) 1

0.4

3 05 ,, 05 05 0 ) =059 (x )+0.5g1 (x) 0.25
06 0.7

4 s g 05 0 05 ) =0.59 (x )+0.5g, (x ) 1.25
05 05 03 06

5 5 10 33 67 O 0333g(x)+0.66791(x) 0.444
05 05 06 0.3

6 &5 o3 o7 O 33 [6(0)=06679(x)+0.333g,(x) 0556
06 07 03 03 03 f7(x)=0333g(x)+0.333g;(x )+0.333g5(x)

T 67 41 33 33 33 Bl

8 (:)%?? (:)%?? 06 02 02 f8(x):0.6g(x)+0.2g1(x)+0.2g2(x)0.4
055 05 05 02 02 fg(x)=0.5560(x)+0.222g;(x)+0.22

° 6 68 56 22 22 Bas

From the Figures (1) - (2), there is evidence that the new (minimum
y2— divergence) distribution,
However according to the minimum cross-entropy principle the new
distribution remains the same as the given prior distribution. Thus,
information about the underlying distribution as
exponential distribution.

given prior

is not the exponential distribution.

227



3 T T T 3 T T T
f1(x)2 1 e ]
(%) :
----- 1 g(X) S =
0 1 1 0 . | |
0 2 4 6 10 0 2 4 6 10
X X
Case (1) Case (2)
3 T T T 3 T T T
49" 7 Y 1
.@%(.X?.l\ IR ]
0 - 1 1 0 \ | |
0 2 4 6 10 0 2 4 6 10
X X
Case (4) Case (5)
3 T T T 3 T T T
7(x)2 "':I 7] 7]
99 _ _
0 \ 1 1 1 1
0 2 4 6 10 4 6 10
X X
Case (7) Case (8)

4 6 10
X
Case (3)
0.5 T T T
0.4 1
f6(X)0.3F; .
99 0.2 T
0.1f NG 1
0 1 e
0 2 4 6 10
X
Case (6)
3 . T T T
PR 10
X
Case (9)

Figure 1. Represent PDFs with Prior Exponential

Distribution in Cases (1) — (9)
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4 6

Case (7) - (9)
Figure 2. PDFs with Prior Exponential Distribution, When
uy ¢,k =1,2 inall Cases, Collectively.

5.2 The First Two Moments are Available for EExp Distribution

In this case
f(x)=Ag(x)+Bg(x)+Cg(x)
Or, equivalently
F(x)=wpg(x)+w,g1(x)+w397(x),

,uif € [1.5, 2.33],

b €[3.5,13.286],

Where A, B, C, wi, wo, and ws are expressed in equations (22) — (24).
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Table 2. Prior is EExp distribution and available is 'k f.k=12

! !/ 2

g’ea ’Lll;f ’lelf W1 W o W3 f(X) Zmln(f ’g)

1 15 85 1 0 0 H0=0(x) 0

2 23 75 0 1 0 (0 =95(x) 0.556
33

3 19 55 05 05 0 =050 (x )+ 050, (x) 0.139
17

4 20 61 03 06 O =033y (x ) +0667gy (x)  0.247
56 67 33 67

5 20 67 06 0 03 = 0667g (x)+0333g,(x) 0311
71 62 67 33

6 20 62 03 03 0.3 fa(x)=0.3330(x)+0.33304(x )+0.3338.
1 57 33 33 33 60 g() 91<) 392@5)

717 46 08 00 00 f;(x)=0.851g(x)+0.051g1(x )+0.0988,%4
11 66 51 51 98 7 g() 91() @ZQ)

8 17 46 08 00 00 fo(x)=0.858g(x)+0.048g1(x )+0.0930-
P g(x) g(x) g1(x) 2954)

Table 2. Previous, displays the different cases of Prior is EExp
distribution, According to the values of the first two moments
w1 f, 42, , the parent distribution is determined. The PDF f(x) of the

parent distribution is characterized as a single PDF in cases (1) and
(2). In cases (3) — (5), it is determined as a proper weighted binary
mixture of two PDFs, while in cases (6) — (8), f(x) is determined as a
proper weighted mixture of three PDFs. The values in the final
column, indicates how close are the different forms of f(x) and the
prior estimated PDF g(x). As can be seen from Figures (3) - (4).1t is
shown that by applying the minimum chi square divergence principle,
new probability distributions are obtained. There is evidence that the
new (minimum y2— divergence) distribution, is not the EExp
distribution.
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Figure 3. Represent PDFs with prior EExp in cases (1) — (8).
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Figure 4. PDFs with prior EExp, «k f k=12.is available in all

Ccases
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6. Conclusion

This paper discusses the characterization of some probability
distributions conditioned on available a certain prior probability
distribution and available information on moments. More precisely,
we obtained characterizations when the prior is the exponential (A)
and EExp (0, A) with different available information on moments.
Namely, the following available information on moments is
considered for different cases, the first moment is available, the
second moment is available and the first two moments are available.
As the special case EExp (1, A). The properties of the exponential (A)
and EExp (6, A) are determined, given a prior distribution as EExp and
the new (current) information on moments, and from these tables and
figures, there is evidence that the new (minimum y?>- divergence)
distribution, is not the exponential and EExp distribution. However
according to the minimum cross-entropy principle the new distribution
remains the same as the given prior distribution. Thus, given prior
information about the underlying distribution as exponential and EExp
distribution, in addition to the partial information in terms of the
moments, the minimum y?>— divergence principle provides a useful
methodology for characterizing exponential and EExp probability
distributions.
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