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STRUCTURAL GHANGE AND CATASTROPHE THEORY

“Introduction

A.sing[e equation model usually states two types of forcos
that determine the nature of the movement of economic variables,

These two forces are what Rao (1964, p. 176) has called them

Primary and Secondary forces. The primary economic forces are

those contributing to the trend component in an economic varia-
ble. Secondary forces account for random fluctuations around
this trend. For example, in a model like Y = XB + E, X repre-
sents the vector of primary forces, and E denotes the vector of
secondary forces. Secondary forces account for the action of
a large number of forces each of whose contribution isnegligible.
An example for primary forces are changes in relative prices and/or
real incomes affecting the quantity demanded of imports. Daily
fumours, fears, prejudices are examples of secondary forces that
generate an atmosphere in which it becomes difficult for importers
to make their decisiono.

The primary ad secondary forces described so far are finite
forces. Sometimes different type of forces may emergé and break
the functional relationship previously thought to govern the varia-
ble’s response by changing the parameter vector, B, underlying
thPf relation. - Breifly, such a type may cause structural changeé.
This type of forces Rao (1964, P. 180) has named it implusive
forces. Bao defines the implusive force as being a very large
:)orce act-mg for a very short period of time. An example, cited
-chF;aso'it::oab::; W:—T‘n ; war‘is declared a state of emergency
effort. A structw:al ch i Wl.wle economy is geared to the war
“nomic varjables comes a'nge m.the Course”over fime. of; e, 980k

o being, . of course, the implusive
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forces may come into being from within th
devaluations of domestic currency,
just examples.

€ economy itself, Large:
and severg (ed-) inflation are

These implusive forces are the focus for this study. They
reflect themselves in changing the pParameter vecto underlying thé;
function of an economic variable from time to time and, hence,
pring the possibility of the response behavior

of that economic
variable being discontinuous, bimodal,

and divergent. In illustrat-
ing how such a behavior could occur a recently developed ma--

thimatical technque called Catastrophy Theory (CT) is to be used.

A graphical representation of, cusp catastrophe model for import..
demand will be presented here (see Figure 1 on the next page).

The mathimatical counterpart is given in Appendix (A). After

a brief discussion of the cusp catastrophe features, we illustrate.
how impulsive forces over the course of time can change the pro-
bability density function of imports, and, thus, by changing the:
structure create a new parameter vector.

BIMODALITY, DISCONTINUITY, AND DIVERGENCE OF IMPORT
BEHAVIOR

The basic features of the cusp catastrophe model of imporis-
are indicated in Figure |. The graph assumes that implusive iorces'
‘have twisted the behavior surface of imports creating .an area ‘o‘f"
unstable equilibria called repellor surface (see Al-opendlx (A) kc;;
an explanation of being unstable). The line defining th'e efiges. 0
the repellor surface is called the fold curve, and its projection into-
the control surface is a cusp-shaped curve. Becaut:,e the <.:us.p~
Marks the boundary where the behavior becomes bimodal, it is-

Called the bifurcation set.
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re either Price
Give is predomenant, there wijj 1 iust one Mode of pehg-
'ncome er, near the middle of the g
L | evel,
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two modeo of behavior
jor | surfac® g

One at g large value
10 r at a small value of iIMmports.
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0 he ot

For €Xample, consider

f ection point of aa’ and pp' o the contrg| Surface. Thig
j interes income Combinatign can
To see how this could

e is increasing. This g
N the control
& gives AA"

imports Starts to
thly until it passes above the repellor 3
4no0

on the left, then dramatically fa||s tor
e

0 hows how the same pnce. and
po,-nts d to different levels of IMports
;Gorresponssume income is fixed whijle pric
a r

happeﬂ'nted in Figure I by the path aa’ o
resem e bevavior Sy,
i if projectd upto th ¢
j

n see that the demand for
a
pe ©

Surface,
From AA’

each the lower

oothly ag price con-
Ce and let the income be
S projection BB’.

he attractor, and once again decreases sm
ft : _
O'ues to increase. If we fix the pri
i

masing, we get the path bb’ with i
e demand for imports increases S

i -income com-
nation, however, there are two

different levels of demand for
Morts,  Qne thing has to be not

ed. There is NO possibility for
bese two different levels to exijst

simultaneously.

but upon further change in the control

I an exit from the cus
Uhig
i UMD The

variable (s),
P, the system wiil make a cata-
Jump phenomenon will occur only when

the cusp from the opposite side to the
ntry,
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In addition to the inaccessibility region . (repello'r surface),
bimodality, and catastrophic behavior, the' Figure pomts' out to
two striking features. The first is hysteresis. A hysteresis effect
refers to the phenomenon of the jump fl'O.m bottom sheet to top
sheat being not at the same place as the jump from top sheet tq
bottom sheet. The hysteresis effect can be de'mons.trated by
examining M, the demand for imports, for, sayl, fixed income and
changing price. Since we have already examined ti‘me Case f{gr
price increase, we move to the other case of price decreage,
Assume, with price decreases, we go back along the path aa’, i,
we start at point a’ on the control surface and stop at a on the
same surface. In other words, every thing is the same for both
--cases of price change except the sign. A’A is the projection of
a'a. In this case, the cusp is entered from left with imports still
having a continuous behavior. As a'a leaves the cusp region 3
positive jump in imports occurs. The only difference between
aa’ and a‘a is that the catastrophic jump downwards and upwards
~in_imports has taken place on the left and on the right of the
- bifurcation set, respectively.

The second feature ig divergence. To see the divergence

-effect, allow for two nearby initial points such as C and D on the

behavior- surface in Figure I. As price and .income increase by

the same proportion, imports could decrease or increase depend-
ing on whether we start moving from C or D. The critical point
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poinfed ouf' the Iocatlon‘ of the bifurcation set is influenced tvy
(he effective f?fce behind Fhe control variablesy. That is, with
poth price and ‘mc-ome GXerting opposite influences upon imports :
i the changes_ In INCOME are of less relative importance than the
Ghanges in Prlce, tl:nen the bifurcation set woulg be skewed to-
s the price axis. Such a situation s very like

: ly if money
jusion is assumed to underly the importer's behavio

r,

DYNAMICS OF STRUCTURAL CHANGES -

- The dynar.nics of import model illustrated in Figurs 1 is better
be described in terms of the probability density function of im-
ports, Define a point on the control surface such as 1, =
(Pry, Yo)s where each 1 determines a particular probability density
function, s, of imports magnitude, M. Let f, have one or two local
maxima.. For example, at any point in time when prices are extre-
mely high while .real income- is very low ordecreasing, a signal
‘is given to importers to reduce their imports and, hence, small
imports are very likely (see Figure Il at time 6). On the other
pand, low prices coupled with rapid growth in real GNP could
encourage most importers and a boom is very likely (see Figure
1l at time 0). Figure | suggests a third possibility. It is probably
,;_when,both prices and income are at high levels that i, becomes
‘double-peaked (see Figure Il ‘at time 3).

Now, a particutar I, = (Pr,, Y1) will result in gither M1 or M"
{Not shown in any graph) depending on the previous value of M.
‘Had M been closer to M1 ‘than® M“1, imports would move *0 M1
0 attain a new maximum. Movement to mican occur only. after
t_he price and income have changed enough so as to unify im-
Porters’ decision; and ‘.force f, into a single-peaked distribution.
‘_The Castastrophic jump to the second local point of maximym at
Which imports ‘ére low (high) will usually occur after the first
ca maximum of high (low) imports has completely degenerated.
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iy 7, this | od (he
f.torm \inolagy. catied the Delay Rule  (Zoem, m, 1977,
in 313) The deldv

oM inertia and impert.

! : { 2t information

e climate of  yneay

e cated by 1 neartainty  thae charactarizes  1he
~oading structura \r ‘

'\nois preceding structural changes caused by were, devalus-

ons: &1

pver time then, one might envision ch

anges in tho probabi.
ydmcltv function of imports, {,,

from single- -peaked to double-
Jked and then back to single- -peaked.
e

To illusirate,
o local maximum
- ['tg at Lh\" Y
impo

SUPPOSO

! ( high imports ) and lat the

dq,,“hut;on of importers’ decisions

1o import evelve smoothly
with time SO as to got the six successive

distributions shown
with the initial condition diagiam in Figure ||

By time 2 as the
minority Of importers swung to the left in favor of small imports

while their majority still in favor of large imports, the probability
distribution starts to have newly developing peak of the leoft.

By
iime 3 as importers’ decisions become

equal divided between
small and large imports, the distribution becomes Jdouble peaked.

By time 4, the old local maximum. of large imports starts to de-
generate. By time 5, the maximum and minimum points of large

imports, M h and M respectively, have coalesced at M h
4 4 L]
A moment later, the equilibrium vanishes, and a catastrophic jump

' fo My; (low imports) takes place. By time 6, imports behavior
:1 hes settled stably in the low ne ’VI,,-.\
'r

-

Figure 11l shows all the distributions superimposed, with the

- Wimbers refer to time i, i = 0, .., 6, and the blobs indicating

te leve! of imports in each case.

The preceding discussion can be reiliustrated in terms of the
more familiar price-uantity diagram. The plane «income = small
"Stanty intersects the attractor surface in Figure I and gives
" the graph of smooth demand curve shown in Figure [V-A.
lm"arly the plane «income = large constanty gives the graph

L
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in Figure [V-B. But this time, we get two disconnected mono-
tonic curves. As long as the system bkehaves according to the
smooth curve, the demand functicn of imports can be regarded
as stable, in the sense that its upderlying parameters are constant
throughout a given period. If this is the case, the assuption of
éonstant but unknown parameters in regression

analysis is justi.
fied. But as soon as the system, for a given. high.income, starts

to behave accerding to the disconnected curves, the imports func.
tion is no longer regarded as stable, because observations about

imports are, now, generated under two regimes each has different
set of parameters.

The reader is reminded that whether imports have bevaved

as Figure | postulates depe_nds‘on; the location of the bifurcation
set which can not be determined empirically. AN the empirical,
work can tell us is whether our data confirms to Figure IV-A {no
structural change) 10 to Figure IV-B  (the case for stractural
¢hange). In terms of 3:dim_ension;a_lf diagram, _it will_ _tell ~US.

whether we have a’smooth ‘Surface of g twisted surface as in
Figure |. ‘ |

Figure (1v)
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o is first di
Ir
o theory is Iscussed, then a cusp cat
ports 19 illustrated. ‘ astrophe model for
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CATASTROPHE THEORY : BAS| ' '
g SSUMPTION AND MAIN

The theory of catastrophes has been recently d
e French mathimatician René Thom in 1972 in a ny a?E!velc'ped by
jonally account for the phenomena of discontinvuous:;tecmlv:pt ¥ I
pehavior resulting from a change in parameters of a giV::_gandlgl

(system) \

To start with, let P be a smooth, generic probability function

k n k. :
mRT XR — R, where R is the space of k-control variables, R
is the space of n-response variables, and R denotes the real
wmbers®*. K is assumed to be & 5, while n is unrestricted*." P

' Smooth means differentiable to all orders.

Generic means that P, regarded as a map from P.k to the space

g o »
is transversal to the natural

of Drobabilit_y distributio‘ns on R“
al position (Zeeman, 1977,

stratification. that is, P is in gener
P.358). |

es ahd hence of elementary
(Zeeman.'1977, P. 66).
ertical line touches the

—— — v -—_

The classification of
Catastrophes goes infinite for K > 6

singmal’ity means a point where a Vv
Combined graph Mp. i-e- the set of all stationary values of F

(Zeeman, 1977, P. 23).

singulariti
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is assumed to represent a dynamical system W. The basic as.
sumption in CT is that this dynamical system attemps to locally
minimize P. That is, W is dissipative.

Given any such function P, by fixing ‘the point Z = Rk, we

: : . n
obtain a local potential function Pz R7— R, and we may postuy-
late a differential equation describing the gradient dynamical

n
system on R .

(1) X = — grad P
X =—-grad,x P,
d p. d p.
X = (— .. ).
dx dx
k

XER'tl Let Mp C R X R-n denote the set of all stationary
values of P, given by

(2) gradex Pz= 0.

Thus, the phase trajectory of W will flow towards a minimum of
Pz; call it Xz. Xz will usually be multivalued function of z. That is,

Xz - Rl — R ™is not one- -to-one. The objective of CT is to analyze

this multivaluedness by means of the theory of singularities of
smaooth mappings.

To see, let, Ap denote the subset of minima; name it
attractor, given by
d e
3) . — ( gr,ad-x Pz >0,
- dx : :

then the complement Gp Mp i Ap.- call it repellor, is. the set
of maxima, i - 5 XAt



That is, Gp is given by

d
@ _____.(gradez)\»—o-
dx

i we let Qp : Mp — Rk be the map induced b

k**
+ n > p
" k then the classification th

1972) implies, among other things, that 4

Y the projection of

eorem (Thom,

(A) Mp (Ap U Gp) is a k-dimensional,
boundaries, generic surface

fmooth without

(B) When Mp is projected orthogonaily onto the control
surface, the only 'singularities that can occur, with
k = 2, are the fold curve and Cusp points**#*

The importance of Mp being a k-dimensional surface is that
Mp is the place where controlling influence is exerted (Costi and
Swain, 1975, P. 5). This can be apreciated if we recall that n,
the dimension of behavior spece can be very large. By directing
our atténtion to only very few variables, we can easily inv§§tigate
when and where catastrophic changes occur.

For equations (3) and (4), equation (2) is assumed to hold.
he map.
' Qp is known as the catastrop 18\
***  Recall that singularities dpend upon k (see footno:e onnP : 5,
The singularities for k= 2, are given by the equality in eq
tion (3). With k=4, the only complete singularities are
given by the cusp surface and butterfly pointe v(.Zeema;n,

1977, P, 343),

*%



— 7Y —

A CUSP CATASTROPHE MODEL FOR IMPORTS :

Let us now illustrate the above ideas by considering ‘the cusp
catastrophe (whre K = 2 but n still unrestricted), the most im.

portant one of seven elementary catastrophes®

Suppose that the function of demand for imports is given by

(4) M =M (Pr,Y), Mpr<0 My?2>0

where M is quantity of imports, Pr is relative prics, Y is real in-

come, and Mi is the first derivative with respect to ! = Pr, ¥, Mi

is regarded as the respective elasticities of import dernand n‘ M

is expressed in long-linear form. Given this fune: :on k = 2
1

and control and behavior spaces have coordinates Pr, Y, and

’

n
M, respcctively.

Let P: R R' — R be given by
(%) P (Pr, Y, M) &= 25M* — 5 (Y-Pr)M? — (Y+Pr)M**"

The combined graph (the surface formed by sets of minima and
mexima), Mp, is given by ‘

dp .
(6) —— = M — (Y—P)M — (Y+Pr) =
dM

The attractor, Ap, is given by, -the inequality - -

¥ See Zeeman, 1977 P. 27

*#%  See Zeeman, 1977, P. 27 and P, 332 for a Justification 10|
this form,



ndary )Ap of Ap i

pou T Ap I1s the fold curve of Mp, and aqj

dp . and given by
P B e etk

dM?

- The

e projection of 6Ap onto the (Y,Pr)-plane is the bifurcation set

B, (see Figure | ) From (8)’ M = (3)f1/o (Y-Pr). i
substituting the equivalent of M into equation (%' gives us the

t

equation of B

\

(9) 27 (Y+Pr)? + 4(Y—Pr)® =0

Although the fold curve, dAp is a smooth curve, B has a
cusp at the direction of the origin, and-_that is where the name

cusp catastrophe comes from. The foﬁ curve separates the
into - two pieces, both of which have dAp

2 their common boundary. The attractor surface is single-sheet-
ed outside the cusp and is the same as Mp, . Over the inside of
the cusp the attraétor becomes double-sheeted while Mp becomes
tiple-sheeted. The extra middle sheet being the complement

Gp and is given by

attractor surface, Ap,

d®p
) —_ = ame—(Y-P0 <0

di?




cessiblity, catastrophe, hysteresis, and divergence. The hifurca-

tion set, B, consists of surfaces bounding regions of quglitativgly
different behavior. - Slowly crossing such a boundary may ‘result
in a sudden jump in the behavior of imports, giving rise to the
term catastrophe. The jump is the bifurcaion of he differential
equation M = -:gradM P, since the basic assumption is that W,
the dynamical system, always moves so as to minimize P. This
implies that no position can be maintained on the repellor surface
which is a set of maxima. As a result W must rnové,‘from one
attractor to another. Hence, although Mp is ‘matkimatically in-
teresting, it is irrelevant from the point of view of the application
under consider_ation because the system stays only on the attrac-

tor surface.
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