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The Classroom Assignment Problem (CAP)

1. [ntroduction

Colleges and secondary schools over the world are faced with large classroom assignment
pmblems every semester'. Most institutions solve the problem manually, and face a never

ending chorus of complaints from instructors. A few places employ computer assisted

heuristics.

The University of Qatar employs more than 10 experienced people every semester,
approximately five weeks to develop the initial room assignments, this is in addition to one or
more representative from each faculty. The process is tiring, time consumi‘ng and many
assignments have to be changed more than once to incorporate last minute updates. Yet, the
result is far from being optimal. Rooms are underutilized, a class conflict becomes a fact of

life, and most instructors seem to be unhappy with their schedules

Many techniques and approaches were presented in the literature. Some decomposed the
problem in two sub problems: the Timetabling Problem, and the Room Assignment Problem
[1]. The timetabling probiem is concerned with the assignment of classes to time periods. The

room assignment problem deals with the assignment of a timetable to rooms.

2. Previous Work

The literature includes approaches to solve the classroom assignment problem or special
versions of it. Techniques used were applied to either one or both of the above mentioned
problems. Some used heuristic methods, some used mathematical programming and some
used both. Others introduced automated multi-stage solution methodology and devised
interactive routines that rely on the insight of the scheduler [2, 3, 4, 5,6, 7, 8, 9].

de Werra [10] presented a survey of timetabling procedures and techniques. Barham and
Westwood [4] used a heuristic based methodology to reach solutions. They proposed a model
with an’ objective to minimize the number of periods needed to attain feasibility. 7ripathy [7]

devised a similar model but used a Lagrangian relaxation approach in conjunction with a

network algorithm that uses the out-of-kilter method for solving the sub problems. Glassey

and Mizrach [5] devised a decision support system that utilizes flexible interactive
methodology. Mulvey [8] devised a model to be used interactively by a decision maker who

considers the constraints and objectives not directly built into the model. He developed a

network based optimizing approach to the classroom/time model which rapidly approximates

In this Paper we are concerned with educational institutions that apply the credit hour system  For those with fixed schedule from year to year,

the "
problem is much easier because the changes are minimal
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the solutions. His model combines the insight of the scheduler with combinatorial and

searching ability of a computer via a transshipment optimization network model His modg

however, assumes that all classes are of equal sizes and each can be assigned to any of the l’

available equal length periods subject to the constraints of the model. Thus no overla
can occur.

pping

This is rarely the case, All universities investigated, offer classes of lengths that

range frome 1 to 5 hours a week

Gosselin and Truchon (9] presented a two stage fully automated procedure for allocating

classrooms between different courses and requests. He used a penalty function that is adapted

in this paper. When a room of appropriate size is selected a penalty of 1 is used, when a larger
room is used a penalty of 2 is used. If an even larger room is selected then a coefficient of 4 is

used and so on. The penalties assigned to each of the four rooms shown in Table | below for !
a class of 40 students, are shown.

Room | No. of Seats | Penalty
. 1 50 1
2 100 2
3 150 4 f
4 200 8 !
L Table 1

Penalties assigned to a class of 40 students when
assigned to any of the 4 different room sizes.

Ferland and Roy [1] presented a mathematical programming' approach. Their model consists

of two sub problems that are solved sequentially. In the first sub problem, a timetable is

specified such that class conflicts are minimized and the instructors' preferences for certain

teaching hours are respected as much as possible. Then, given a timetable, classes are

assigned' to rooms according to their specific requirements such that room utilization is
maximized. If no solution appears to be valid for the second problem, then the timetabling

problem (the first problem) is solved again with constraints on certain peak hours to allow the
spread of room usage over the time periods of a day.

3. Problem Definition

It is required that courses be assigned to time periods and rooms such that instructors

preferences and room utilization are optimized subject to course conflicting constraints and

room availability constraints. The following are some examples of the problem constraints:

1- Each course must be assigned to a number of time periods in a week that equals the
credit hours honored for that course (or weekly work load). |
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Courses of the same level (courses that are to be attended by one student) may not

Lo )

meet in the same time period or two overlapping time periods

An instructor may not be assigned to a male class in time period ¢, if he is assigned to a
female class in time period g-1 This is because female classes start 15 minutes after
the male classes, to allow the instructor enough time to move between the male and

female buildings.

4- An instructor is assigned to any time period only once.

5. Many courses meet more than once weekly. Such courses may not meet more than

once in any day.

6- A room may not be assigned more than one class meeting in any given time period in

any day.

4. General Observations

1t was noticed that courses offered from year to year in each semester in some of the
umiversities in the Gulf Cooperative Council (GCC) countries rarely change?. That is, courses
offered in the spring semester of 1993 are almost the same that were offered in the spring
semester of 1992 Therefore, it is safe to assume that, once the problem is solved for a given
academical year, then it can be copied for a number of years while keeping an eye on the
magnitude of the accumulated change and adjust the solutions. Another run may be necessary
every 3 to 5 years depending on the nature and type of changes occurring (i.e., the number of
rooms available, the instructors, the number of students, courses being added to the program
or deleted, etc). Some changes are less frequently occurring than others. Many changes can
be planned for in advance, thus reducing the effect on an already constructed timetable. -

Another fact was also evident. Most faculties have their own set of rooms. Or a set of rooms
that are available during certain hours in a week. Thus, it is possible to decompose the
problem into smaller sub problems, one for each faculty (or department). It can be easily
shown that such a decomposition, although does not guarantee optimality, it assures

feasibility. This is of course, under the assumption that the main problem 1s feasible, see [11].
y not be straight forward. This is because each faculty will

The problem decomposition ma
that are shared with other faculties. In this case

have rooms of its own along with other rooms
class assignments may be made based on a priority list. 1faroom is shared between two

faculties then one of the two will have a priority over the other in this room's usage. In this

—

2 :
Based on a review of courses offered in the University of Qatar (over the past 7 years), the University cf the United Arab Emirates (over the
P4% 3 yeary), and the University of Kuwait (over the past 3 years)

F
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case the problem is solved for the first faculty and the remaining unscheduled periods for thig
room may be used by the other faculty. This is easily done by removing the variableg
assuciated with the assignment of any course to this room in the periods occupied by the first
faculty from the variable set of the problem of the second faculty (or assigning a value of zerg
to those variables). To simplify the model presentation it is assumed that such a case is not
present and that problem decomposition is possible and straight forward. That is, each faculty
has a predefined set of rooms that it can use. Another difficulty that may arise, is the case
when an instructor teaches courses in more than one faculty. This can also be handled in a
manner similar to  the room sharing case. A higher priority will be given to courses taught in
the faculty the instructor belongs to. Later, when solving the assignment problem of the other -
faculty, the time periods that he was assigned to in the first faculty will be blocked for
assignment in the second faculty. This of course, will have no major effect on the preferences

of the instructor. His preferences will still be respected as much as possible in each of the two
problems.

[n this paper a new restriction is introduced. An instructor may be assigned to male or female
classes. Some universities (like the University of Qatar) have different buildings and rooms for
male and female classes. Actually, the male classes are in a different location than the female
classes. This requires extra time for the instructor to move between them. In the University
of Qatar, male classes start. 15 minutes earlier than female classes. That is, the first male class
meets at 7:15 am, where the first female class meets at 7:30 am. This creates a problem,
because the class periods do not match. There are rooms and resources for male classes and
different rooms and resources for female classes, but the instructors, in most cases, are the
same.

S. Definitions

Time pe}iod.' A time period is the length of the shortest class meeting in any day. In most
cases a class period starts every hour, with a length of 55 minutes, and a §
' minutes break.

Class: A part of the course that consists of a single meeting in a day (it may occupy 1
or 2 consecutive time periods).

Time slot: A time slot is the longest class meeting. A time slot consists of 1, 2 or more

time periods. It is fixed for each problem solved. In this paper we will assume
that 2 rizne siot is of length 2. See Figure 1 below.

o eher a, P
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Figure 1

There are 12, 2-hours, time slots in a day with 13
time periods.

If a two hour class / is assigned to slot 9, then slot 10 will not be available for
classes in conflict with class 7 (or to the same room). But if a one hour class i’
is assigned to slot 9, then slot 10 will be available to classes in conflict with

class i’. See Figure 2 below.
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AT [he set of all time slots that class & may not be assigned to, where classes 7 and
koare conficting classes, and may not be assigned 1o the same slot or two
ovetlapping slofe

My » Ihe ot of classes tequiting two time periods

K = The set of tooms 1o which class 1 may be assipned

[, = The set of classes that can be assigned to room 7

Iy = The cost of assigning class 1 (1e 1) to slot 7 (7= 1,2, .m) i any day any room

Ly = The cost of assigning class 1 (1=1,2, 1) to room r (re %))

7. The Mathematical Model

The mathematical model is defined in terms of the following constraints and objective
function

7.1 Conflict Resolving Constraints
Two or mote classes are said to be in conflict if one or more of the following is true.

a They are to be taken by one student  This will- be referred to as the course level
constrain

b They are being taught by one instructor

¢ They are assigned to distant locations (the case of male/female locations in the

University of Qatar).  Enough time must be allowed for the instructor and/or the
students to move between the two distant locations

December K, 1993 < 15 406
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i fay not be assigned to the same time periods. The following
constraints are used:

}_:x,n,,+ Y el

sRy (1)
k>i
le S
:=l,2,...,n
J=1.2. . m
d=12,..D

7.2 Room Assignment Constraints

For any given j (j=1,2,...m), d(d=12,...D), no two classes may be assigned to any room r
(=1,2,...,R). The following constraints are used:

Z Xinar S 1,
iel,

(2)
. d=12,..D
=12, R
zx-:dr * Z var S 1 (3)
iel,nH, r
J=273,....m-i
‘ Vi R
d=1,2...D
r=1.2. R
7.3 Class Assignment Constraints .
Each class must be assigned exactly once.
m D
Z Z Z :;dr

4)
d=lreR; .

7.4 The Objective Function

Two objectives need be considered. The first objective is to meet the instructors' preferences
for special time periods as much as possible. Different instructors have different preferences.

If an instructor prefers early morning periods, then high costs may be associated with late
period assignments of classes taught by this instructor.

Certain hours of the day are not to be assigned or avoided as much as possible. (i.e., in the
University of Qatar the 6th period of each day is a break, no classes are io be assigned to this
Peried, except in cases where a feasible solution wo ould not be obtained othcrwise). Heavy
Penalties can be associated with such pericds. It may also be desirable to leave a set of

Peniods without assignment, {0 allow for special meetings (1., department board meetings)
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A scale of 10 may be used, where a value of 1 means that the time period is most preferreq
and a value of 10 means it is least preferred and is to be avoided if possible.

A penalty value lijdr is associated with the assignment ofclassr(i=],2,<__,n) to time slot
(/=1.2,..,m) in day d (@=1,2,...,D) and room r (reR,).

The second objective is to maximize the room utilization. A room is said to be fully utilized

when the number of students of a class assigned to it, is equal to the seating capacity of that
room. Consider the example presented in Table 2 below.

Seating Number of
Room | Capacity Class | Students
a 30 1 40
b 60 2 20
C 90 3 80
Table 2

3 rooms are available: a, b, and ¢. 3 classes are
to be assigned: 1, 2, and 3. The seating
capacities of the rooms, and the number of
students in each class are shown.

The best utilization is obvious. Assuming there are no conflicts between these three classes,
only one time period i1s needed. See Figure 3 for illustration.

Rooms Classes

a5y ,]
o W

g W=arp 3

Figure 3

The best utilization of rooms by the 3 classes of
the above example.

Note that any other assignment will mean that at least one room will be empty while another
room is busy during the day. Consider the case where class 1 is assigned to room b, and class
2 to room c, in the first time period. Class 3 has to wait until class 2 is done, because room ¢
is the only room that it can be assigned to. A cost can be associated with class assignments to
each of the rooms available. When class i is assigned to the smallest room in R, acostof lis
incurred. A cost of 2 is incurred for the assignment of class / to the sccond smallest room in
R;, 4 to the next size, and so on.
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Thus, 2 penalty of /g, is incurred when class 7 (i=1,2,...n) is assigned to room 7 (reR;) in any
ime slot/ (=1,2,..,m) in day d (@=1,2,...D)

An objective function coefficient, Cijdr is computed as the product of the two penalty
functions: fijdr andf:jdr-

The objective function of the model is given below.

Minimize ii i Teung : | (5)

i=] yj=1d=|reR,

The Classroom assignment problem (CAP) is given below:

n m D
Minimize ZZZ’Z%&"@&

i=1 j=ld=1reR,
subject to:
D X, + 3 xklds <1,
reR, selRy
k>i
le S"]k
i=12,..n
Jel. 2o
d-12,..D
2. Xa sl
iel,
d=12,..D
r=12,. R
pI AT G0 e 2
1€l,nH, i‘el,

‘ J=23,...,m-]
J ]
d=12..D
r=12,..R

m D

22 2% =1

j=1d=1reR;
i=1,2,...n

xy’dr = O’l' :
i=12,..n
g
a=1,2,..,D
reR;

8. Example

Consider the case where courses of one department are to be assigned. Two room.s of

“@pacity 50 and 100 are available in the male section ~:7 the university, and similar rooms in the

female section. Table 3 below summarizes the proviem data.

e
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Student Size Credit
Course | M/F3 Level | Expected | Instructor | Hours
1 M | 70 A 3
2 M/F " 40 B 2
3 F 2 60 C |
Table 3

Courses offered by the department,

Courses that require 3 hours in a week, are broken in two classes, a two hour class and a one
hour class. Courses that require 2 hours a w

: eek, are represented by classes that occupy two
connected time periods.

Courses that require only 1 hour a week, are represented by classes
that occupy one time period. Classes are to be arranged so that the smallest classes are first

on the list, followed by the larger classes. Table 4 below expands and reorders data given in
Table 3 above.

Student | Expected ) Length of
Course | Class | M/F' | Level Size Instructor | the class
1 1 M 1 70 a 1
3 2 F 2 60 a |
2 3 M p. 40 b .
2 4 F 2 40 2
1 5 M 1 70 2
Table 4

The courses are broken into classes.

The sets of the problem are defined in Table 5 below.

Y M, F indicates wrcther the course is being offered to the male or fema, students, respectively
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% Female Classes
__—'__—-—___

i rR\F‘“‘T\

. 1,2 4 12
h_hé_____ﬁ_:z_________A_____*J
_-'__"_“‘—1"‘——,—-———"-———-——-_,——--_____
I B e S

1 4

2 138 2 2 4
-"__“-——‘——‘—-———-I“-——-—-__.-,—-__‘l____

Table 5

_ The set of rooms (R;) available for class
(i=1 ,2,3,4,5), and the set of classes (/,) that may
be assigned 10 room , (r=1,2).

For simplicity purposes, it is assumed that the instry

to day. That is, the cost of assigning class j (=1,2,
for all daysd(d 12,

ctor's preferences do not change from day
.»3) 10 time slot / (/=1,2,...,4) is the same
»3) and all rooms r (rc R;). Table 6 below summ
of the three instructors, where a lower value indicates a higher prefere
indicates 2 lower preference.

arizes the preferences

nce and a higher value

Time slot (/)
class (7) ] 2 3 4
1 5 2 1 10 4
2 " 2 ] 10
3 1 . 10 2
4 ] 2 10 2
5 5 2 1 10
Table 6

Instructors' preferences for the 4 time slots.

Similarly, assume that the penalty of assigning class / (i=1,2, 5) to room r (reR;) is fixed in
al time slots J (=1,2,..,4) and daysd(d=1.2,..,5). Table 7 below, summarizes the cost of
“ssigning class 1 to room r (where reR;). A penalty of 1 in the table, is associated with the
Signment of class 1 to the smaller class in R 1, @ penaity of 2 is used otherwise

ﬁm‘ - they do not have the same preferencs. An instructor may be asked to sclect a
Sses v £, are la samc mns TR
Mmrﬁﬂufwdld&m(ml ~r 2 enecial oreference for each class {course)
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Male Classes Female Classes |
| Class (i) | Room1 | Room2 | Room 1 | Room 2
; i X f 1 N/AS 3
! 2 N/AS | - - |
N r- 1= 3 N/A . =1
| 4 N/A « 1 3 |
j - 8 — NA | -]

Table 7

Room assignment penaltics

Finally, if we assume (without loss of generality) that the penalty of assigning classes to

rooms, will not change from day
a and 8-b below

to day, then the penalties may be given as shown in Tables 8-

Male classes Female classes
Time slots () Time slots ())
1 2 3 4 ] 2 3 4
3 1 2 10 | 2 S
B ’ A ] 2 10 2
5 i i - ) a
Table 8-a

Penalties for assigning classes to room |-male
and room 1-female in the four time slots

Male classes Female classes
Time slots ()) Time slots (y)
1 2 3 4 1 2 3 4
1 5 2 1 10 |iis ignes i
2 U £ 1] 10
4 20 4
5 SR L R

Table 8-b

Penalties for assigning classes to room 2-male
and room 2-female in the four time slots.

5 This room is available only to the female classes. Classes 1, 3, and § are male classes.
This room is availahle only to the male classes. Classes 2, and 4 are female classes.
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01"}‘-\'“\(. function and W\’l‘ll‘lll constraints -
. ~ . S, § .

he ' |
" shown in Appendix A

9, problem Size

.. CAP mode YAretie: bkl "
rhe CAP model, theoretically, consists of n.m /) 2 variables. [n the exampl bt

. 200 variables. But room Lis i ‘ ’Xample presented there
S § notaccepted for classes 1, 2, and $ because of the limited

L

capacity.  Thus the variables associated with assigning classes 1,2, and 5 to room 1 over
12,5 may be d Lidm - . | 15
=12, y dropped from the problem [herefore, the total number of variables is
reduced to 140 (200-60),

rhe number of variables may further be reduced by removing all variables associated with the
assignment of any class to a period with an instructor preference of 10 Thus, classes 1, 2 and
§ may not be assigned to period 4 in any day, and classes 3 and 4 may not be assigned to

period 3 in any of the § lecture days. The number of variables is thus reduced to 115

variables.

The number of constraints is also dependent on the nature of the problem. It has been evident
from the cases observed (in the University of Qatar) that the total sizc of the problem is

actually less than the theoretical size by 30 to 60%.

10. Implementation

The CAP model was applied to the classroom assignment problem of classes offered by the
ficulty of Administrative Sciences and Economics in the University of Qatar in  the Fall
semester of 1993. During the first half of each semester, classes offered for the next semester
are determined by each of the four scientific departments in the faculty. Special forms are then
' prepared by the scientific department to present the classes that are being offered. These
forms include information like the number of groups for each course that is being offered, the
j nstructor's name, the number of credit hours (weekly class hours), student level allowed to
' lake the course, type of student group (male/female), maximum number allowed, and pre-
| Tequisites. These forms are then collected and approved by the dean of the faculty. The forms

e then turned to a special scheduling committee. The scheduling committee contacts the
a a form that the instructor fills.

"Structors to obtain their special preferences. This is done vi
s representing the different time

he form is actually a blank timetable, showing empty cell

"X" in the time slot-that he wishes to avoid as much as

sl . !
OS. Each instructor inserts a mark

Possible see F igure 4.

b,
fl"l'h(‘p N IU'}’ . Is J()
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Figure 4

Instructor Preference table.

Based on the problem constraints discussed ecarlier, the committee translates the Classy,

offered to a timetable taking in consideration the instructor preferences as much as pogsip),
This tlmetable is then handed over to another set of experienced personnel that try to assigy
thes. The whole process is done manually, with 3 big.

opportunity for mistakes, and to a never ending instructor complaints.

classes to appropriate rooms.
[n many cases
becomes impossible to find rooms that fit the proposed timetable. [f this is the case, then th,
timetable must be altered. This causes conflicts between classes that must be taken by one
student, and in most cases the instructor is assigned to a time slot that is not convenient 1o
him/fer. In many situations the rooms are either over utilized (a set of rooms is full in all time

slots every day) or under utilized (small classes occupy very large capacity rooms).

The proposed model will not only solve these problems, but will also attempt to solve the
probiem in one run. That is, assigning classes to time slots as well assigning them to
appropriate rooms. Thus, a much easier process, a more satisfied instructor, a better utilized
room and an improved overall schedule that increases the selection range for the student and

improve the overall productivity of the university.

[t was found that each instructor wants to have one day with no classes to use it for office

hours. In addition, most instructors prefer morning over afternoon classes.

Also, mosl
instructors would not want to be assigned to the first time slot. T
morring time slots, especially 274, 3rd 4th and Sth time slots. To reduce this problem, each
instructor was requested to select at least one afternoon day. Based on this, and in an attemp!
to further reduce the size of the problem, the variables representing unwanted slots are |
removed from the problem. This may of course yield infeasible solutions. If an infeasible
solution is generated, the removed variables may be plugged back into the model as needed

For example, if the set of feasible solutions is empty, then the least unwanted time slots 1§
returned to the variable set of the problem. This requires that the personnel in charg® of

defining the model be in close contact with the instructor to determine which time slots 0}
inchide ,

.y

I'his creates a shortage for |
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If an instructor, prefers earlier classes, 3 larger penalty value is assigned to the late time slots.
A proposed penalty value can be the index of the time slot, That is, time slot 1 would carry a

pcnalty of 1, slot 2 a penalty of 2, and s0 on. If an instructor has a preference for afternoon
classes, then higher penalties are given to the earlier time slots

No class is 10 be assigned to the break period (the period between the fifth and sixth time
sots) unless absolutely necessary, (e.g., feasibility may not be obtained otherwise) The break
pcriod is usually given a very high penalty that is higher than the maximum time slot penalty
(twice the maximum time slot- penalties would be appropriate) There are cases however,
were the assignment of classes to the break period és not allowed at all In such cases the
variables representing the assignment of classes to the break period are removed from the

prOb]Cm.

Not all rooms are available for assignment to the faculty of Administrative Sciences and
Economics.  On the other hand, some classes require very large rooms. Thus, the room set is
defined such that these rooms are actually available, fully or partially. 1f a room 1s partially
available, i.e., in some time slots in some days, because it is being used by another faculty, then

the variables corresponding to these assignments are also removed from the variable set of the

problem.

The solution of this problem and improvement to the model will be the subject of a follow up
paper that is under preparation by the author. However, the problem size although very big, it
would be within acceptable sizes that can be handled with the support of a binary optimization

code.

11. The Timetabling Problem

The timetabling problem considers the assignment of classes to time slots, irrespective of the
room assignments.  Simply said, we may drop the room index of the variables, thus reducing
the size of the problem significantly. Many, as discussed earllier, have proposed solutions to
the problem in two phases. The first phase produces the timetable, and the second phase
assigns the timetable to the available rooms. It was found from the universities surveyed, that
Certain classes are assigned to certain rooms every time they are offered. This is due to the
Special requirements of these classes, the location of the rooms with respect to the department
eaching the class, and/or due to special preferences by the instructors. In such cases, the

asignment of classes to rooms is straight forward. The assignment of rooms may then be

done manually, or via one of the techniques presented in the literature
Decey, o
Yecembey 8 1993 - 15:46



20 I ne Classroom Assignment Problem (CAP)

12. Conclusions # K

The Classroom Assignment Problem CAP, is a very large problem which is hard to solve i
was shown that the actual problem may be reduced in size by more than 50% of the actual
theoretical size The resulting model consists of a much smaller variable and constraint sets

The special case that is considered in this paper deals with the presence of two different sets of
classes: male classes, and female classes. What makes the problem harder is the fact that the
time slots of the male dasses do not match those of the female classes. This was meant to

allow enough time for the instructor to move between the male and female rooms. Special
constraints were constructed 10 deal with this situation.

Also presented was a simple technique for calculating the penalty functions for the different

assignments, which takes; in consideration both, the instructor preferences and the maximum
room utilization objectives simultaneously.

The use of this model would minimize the complaints of the instructors, provide a better

utihization of the available rooms, and reduce the repeated effort of preparing such assignments
manually (or even via computer assisted procedures).

Extensions to this paper include a detailed investigation of the constraint matrix of the problem

n an attempt to further decompose the problem into smaller sets that arce casier to solve. In

addition, 2 man-machine interactive procedure may be developed, where the output of the

above smalier sets of problems may be evaluated to determine lower and upper bounds for the
room assignments as well as alternative penalty functions.
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APPENDIX .
The mathematical model of the porblem given in the example is given below.

Minimize 5%y3 % 5%,73 % 5%y13 % 5%y 100 % 551350 % W00 % D01y % 28,0 + 22 +
Ly ¥ Byya ¥ Xyym ¥ Xyypy ¥ Xyag * Xpygy 4 108,40, + 102, + 101,
108 g3 * 10%g5y 4 555403 % 5%3400 % SKyy30 ¥ 5%y # 553459 + 22054, +
Loy ¥ Vo ¥ Wopg ¥ 20+ Sy ¥ X ¥ Sy * X * Xy +
V0ksa12 ¥ 100005, 4 100y, + 100300, + 1085, + 23, #2050+ 2,5, +
2on ¥ Xy ¥ Wiy ¥ Xy + Lty 4 yp0 F 28540 + 20y 4 by, #
Wy ¥ Wy + Wiy, + 81y, + Lxyyy, #1455, + Liyggy 45550, +
1Oxy30y + 20835, + 20035, + 200355, + 108355 + Wiy # 1023, +
2083300 4 VOxyss, + 2003057 + Dasgyy + Atyy + 2y + Spy * 205,
Wy ¥ Wpggy ¥ Wy + 21,5, + 4, Yy Py Sy T Dy
S ¥ W ¥ K40 ¥ Wy + X410+ Wgy50 + Wgggy + Mgy + 204y +
4% 409y + 24, + 41‘,m b3, + %0 ¥ W pgy ¥ W0y + 10K, +
20x4312 % 10%433) # 20435 + 108,350 + 20,307 + 108,34 + 20705, |
10xg5y + 200455, + 21, + BX g ¥ 2y ¥ WX gyyy ¥ Ly, ¥ WXy * 4
20y ¥ gy ¥ Dy ¥ Ay ¥ 5%y # 5%y ¥ K50 ¥ K0 * SKgup *
sy ¥ Wygyy + gy % Wy + Wigggn ¥ Xyyp + Xyngg ¥ Xgmy * Xong +
Ky ¥ 10xg7 + 10840, + 108,55, + 101, + 105y,

|
|
1
4
i

ol

:

Subject to the following constraints: *

I RAEITREITEL U RETTER |
it Xgy Y Xy s Xt ipp S
LRI L o Xmtxpp sl

JICREZ RS SRR Lmt Xy <) i
U RETTTRENTER X2 F X S 1
IR STIRE TS X250 ¥ X057 < |
R TRE R BITRECTTT R
R RETER X ¥ ippn S |
TREZTTRETV RS I RESTRE
X250 ¥ Xgagy ¥ X357 S | g Y X<l
TR IR TR X3 Y Xy < 1
TVREZTRE VRS Xjanz ¥ Xy <1
X332 ¥ X33 F Xy < Xiun ¥ Xy < |
VR TRE TR X t Xy sl
I RETTRE RS X0 ¥ X34y S

L VTREIRE MPES
IR TRETEL
LR TRE PIER
X7 ¥ Xaaay ¥ Xopuy S |
TRETTREITEN

TRETITER
Yt X sl
ITRESTI RS
Yot Xa s

TR IITEL
T REITES
TTRETER
TR ES
Xt X555 1
IREITES
RETTTEL
Xigp ¥ X4y <1
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X T X5 51
X)g52 ¥ X352 S 1
Xy32 T X532 S |
X132 T X3 S 1
X133 F X333 S
X342 T X342 S
X352 T X352 S 1
Xig2 t X543 S 1
Xja22 + X549 S
X430 ¥ X537 S 1

X142 T Xgqp S |
X1452 F Xgq55 S 1

Xt Xy €1
Xy122 Xy S 1
X133 ¥ X33 S 1
Xy142 F X242 S |
Xjps52 tXgp5p S
X312 T Xg3)2 S |
X1220 ¥ X322 S |
Xi233 T X333 S
X2 T X3 S

Xyp59 ¥ X352 S
X312 F X412 €1

Xy T Xy S 1
Xj332 T Xpa32 £ |
X130 ¥ X342 S 1

Xy352 ¥+ Xae52 S 1

Xzt X522 S|
X2 t X5 S 1
I ATRETE L
X142 ¥ X502 S |
Xjysy X575 1

X122 F X532 S 1

Xj22 ¥ X322 S |

Xyt X332 € 1
Xi242 F X5342 S 1
X352 T X5357 S 1
Xj32 ¥ Xgq2 5 1
Xi322 + X542 S |
Xj330 ¥ X543 S 1
X342 ¥ X542 S 1
Xyyg t X5 S

Xy1y2 + X2 S |
TRE R R

Append:ix
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Xym t X5y S 1

Xpna ¥t X S

Xys2 ¥ X552 S |

X2 * X5z S 1
Xy t X €
Xpp + Xsap S 1

Xt X5 S 1

Xyp5y + Xs357 < |

Xy X532 S 1

Ay Xy S 1
Xpn *Xap S
PR TER

Xyysy F X535 S
Xoq T X512 S 1

Xogz + X542 < 1
<1

Xaq32 F X432
Xpqay * X547 < 1
Xaqs2 T Xsas2 S 1

Xy X Xan Yo S

Xy t Xt Xan tXgn S 1
Gt Ot X Sl
Xy P X0 ¥ X F X2 S
S SRR STORE ATTRE ATTE
Xan g T g X2 €1

Xy ¥ Xy * X F X S

Xyom ¥ Xy F Xgp5 F Xgp3p S
Xa H Xpa P Xan T Xpa S
Xaa1 ¥ Xyg52 + Xga) T X367 S |

-

Xaan P X PXgn Y agp s

Xy FXyag t X P X €1
Xy Xy F Xy F X €1

AV

Y3341 ¥ X300t Xg3ar T X34 S
Xy351) + Xy352 ¥ Xg3,) T X35 S 1
Xy FXya X Xy <1
X312 T Xyypn t Xygg) F Xgpp S
Xg t Xym t fa T Xy S 1
Xy4 ¥ X302 F Xgp F X040 S
Xyt X315z 7 Xags) T Xg253 S 1
Xagp) FXagp2 F X3 T X3S )
Xy + X322 F X T X S 1
Xy t Xy 2 F Xg3) X33, S
X0 T X ot G T Xpa S
¥ X syt Xy F X35y S 1

Xp 2 ¥ X+ Xq ) S
X2 a2 Y Xy S
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Xn T X3 X5, S Yimtx
Yo ¥ X349 + X504y S
Xus2 ¥ Xy + Xg S

<1
Yt X4, <
Xja F X442 <1

I REATTEL

4122
o -

X Y X0 S

Y2 ¥ X Xyt tXptx

Pt XY X0 t Xy it
Y132 ¥ Xpp + X4

+ o ; : =
X242 *‘71342+x:442+x|:s:Txrzsz+xf35z Fousy £

+ 1
na T X t Xy, + X212 T Xqy9 Y Xy + Yt X t X t g t

S : 2 : X ' | =
BT X2an T Xy T Xy, t X4 FXggan FXgp00 1 Xopgp X150 P X5y 7 I

Xy o + + : 8010
T X T Xy txy,, P Xaany F Xygpn g T 2, FXpn b
1 = 123
X3221 ¥ X3g92 + X339, + 255, + X341 T X347 T Xq03) X559 F Xgpq, + X332
X33 ¥ Xz ¥ Xyg + Xy X000 F g F Ky F Xgy F Y341 T Xpqp

Y381 F X3a02 ¥ Xyy5) + 2y 0 F X0 FXgp0 F Xy Xays2 t Xy T Xaysp =1
RUTREZTTRESITIE PRSI PRSI MR ETITIE nt
Xaan ¥ Xaan + Xgyn) b Xggy F Xy F Xy Xy Yoz £ Xaayy t Yap t

Xg330 T Xa33p T X3 T Xy t Xarar Y X0 t X001 T X4 t X5 + ’fgtg +
Xaaqt ¥ Xaaqr ¥ Xq150 + Xgp50 + X0 + X0 + X g, + WSURENURE IS

Xsia ¥ Xsg12 F X3 ¥ Xgq10 X510 + X530 + Xg3pp + Xgaqy + X5, + Xs232, %
512 ¥ Xsan2 ¥ Xs100 F X500 + Xpn T Xgagg X1 + Xgg  Xgpgp Xsq52 = |

xi'jdr w O’l; :
i=1,2,...n
J=L2,....m
d=12,..D
rek;
t
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