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Females Males
X q. x q. x q. x q.
<1 0.017 40-44 0.008 <1 0.018 40-44 0.014
1-4 0.003 45-49 0.016 1-4 0.003 45-49 0.027
5-9 0.002 50-54 0.031 5-9 0.003 50-54 0.054

10-14 0.002 55-59 0.054 10-14 0.003 55-59 0.091

15-19 0.003 60-64 0.098 15-19 0.006 60-64 0.146

20-24 0.003 65-69 0.122 20-24 0.007 65-69 0.171

25-29 0.003 70-74 0.207 25-29 0.007 70-74 0.274

30-34 0.004 75-79 0.303 30-34 0.008 75-79 0.375

35-39 0.006 80-84 0.447 35-39 0.01 80-84 0.528

(WHO, 2016) Aallall Zaall Zaliia : jaadll *

Liadly iy sull e oSall Sasin g (1) Ch-square ki) e JS )l 23 LS
Aggudll (3 5k (g Alialiall ds g2ill da )3 s RMSE (e JS s 3

ol jgal ¢l yal s dilaayl 3laill cilales 58y 33 gaall ardll Clua 2% 2,
b e (a 2inis Excel, MATLAB R2020a dsibasy!) zal yll aladiuly 45 ol
(lail) il 5 ol ghad (jadle
(VA) gal&d Js>-ud) &

¢<(0.01,0.05, 4,0 ) 2 2peaill dddaal afisac alaaiuly o slul) 13a Gkt o
A Aad 83l e 2y i bagaall ) A gat 5 Al da 3 o Ad Apmly )l Gailiadl) Ga
o il al ;e 5 Aa¥) wdll (e sagaall wrll LA Al Lagl oy 55 65 el
o8, bl (3ukals (GCV) panal) @labiall 33l e bl (Ao 1 a8 (saa) JLsal
il e 0.1550.25 o Sy ) SAl sl @ilS 5 (12)

O IS Bagaall il (o Al (il Hl) Jlaill (8 bl Jaaall Gakai (e i g
Lals b jealldad jal vie gty peall dad Jsf vie 1o () 3Ll Y ana s (X) enl)
i el g Alal) andll sae e 2y sagaall Allull s3a 8 4yl sae S i)
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oo Al § 5 X adl I adll JLSiuY) adad 35k (e bagaall adill e saaall
k) Janall Gl
24) G =G0

Ly ALYy [ 5SA (po IS0 5 gadl 35 53 ¥ ame i (2) by Jsiall G smsy
A sl ) LR il yelaly ] sgail) Aaleal Adlide a8 U aladinly bl Jaaall
27 o S Cun VAl e 8 A pie S By ) (o (5) B Jpaall b diag el
e YA G >k S S A paall gl plas e JE5 3 a4 gl

(VA) AL Jaall aladinly 3) gsal) 3L gY ira 3(Y) a8, Jg2a
Females Males

A=001 | 1=0.05 | 1=0.15 | A=0.01 | 1=0.05 | A=0.25

Age

<1 0.01630 0.01543 0.01430 0.01725 0.01632 0.01432

1-4 0.00334 0.00376 0.00430 0.00338 0.00384 0.00481

5-9 0.00201 0.00202 0.00204 0.00300 0.00300 0.00300
10-14 0.00201 0.00202 0.00204 0.00303 0.00307 0.00315
15-19 0.00299 0.00298 0.00296 0.00598 0.00596 0.00590
20-24 0.00300 0.00300 0.00300 0.00699 0.00698 0.00695
25-29 0.00301 0.00302 0.00304 0.00701 0.00702 0.00705
30-34 0.00401 0.00402 0.00404 0.00801 0.00802 0.00805
35-39 0.00600 0.00600 0.00600 0.01002 0.01004 0.01010
40-44 0.00806 0.00813 0.00823 0.01409 0.01420 0.01445
45-49 0.01607 0.01616 0.01627 0.02714 0.02731 0.02770
50-54 0.03108 0.03118 0.03131 0.05410 0.05422 0.05450
55-59 0.05421 0.05447 0.05481 0.09118 0.09140 0.09190
60-64 0.09780 0.09755 0.09722 0.14570 0.14533 0.14450
65-69 0.12261 0.12336 0.12436 0.17178 0.17275 0.17490
70-74 0.20711 0.20725 0.20743 0.27398 0.27395 0.27389
75-79 0.30348 0.30408 0.30486 0.37552 0.37617 0.37760
80-84 0.44412 0.44056 0.43585 0.52494 0.52116 0.51270

(WH) (Aanal) Whittaker-Henderson Ada o (o)
P =2,p=3 G5 An,l (piad it b & cerall WH 48y b 3dai o3
aazall alal i)l il e Galnd o ] Al anan o LS (((5) ad ) Alaleall)
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e 0.1550.25 (o LYy S0l sl il ¢(12) ad) ddaladll Gudais(Ap, )

il Ay gl (5) ad) Jsaall B dia s yrall 4y el ol LA il yelid s 4, Hhall

Al e
daarall WH 48y b aladinly 3) gusal) 3L o) c e 3(*) by Jgaa
Age Females Males
WH@P=2) | WH(p=3) | WHE=2) | WH@E=))

<1 0.01583 0.01540 0.01617 0.01601

1-4 0.00485 0.00584 0.00573 0.00636

5-9 0.00170 0.00177 0.00260 0.00266
10-14 0.00183 0.00134 0.00314 0.00304
15-19 0.00271 0.00228 0.00537 0.00506
20-24 0.00296 0.00309 0.00670 0.00663
25-29 0.00311 0.00345 0.00706 0.00706
30-34 0.00394 0.00382 0.00763 0.00715
35-39 0.00549 0.00508 0.00928 0.00896
40-44 0.00824 0.00879 0.01442 0.01565
45-49 0.01601 0.01716 0.02827 0.03052
50-54 0.03108 0.03198 0.05442 0.05508
55-59 0.05560 0.05446 0.09134 0.08867
60-64 0.09125 0.08649 0.13586 0.13132
65-69 0.12900 0.13287 0.18345 0.18769
70-74 0.20487 0.20432 0.27014 0.26877
75-79 0.30816 0.30686 0.38218 0.37992
80-84 0.44236 0.44399 0.52124 0.52445

o) T igaill g algasle £igal (7)
ad Aoleall) Gprialeall 53 1 23 saill 5 ((2) By Ualaall) algaSle 73 s (338 53 a3
r ) sl e aad gl a5 i S 5 (Y5 )5S e JSU 3l 5l VLY ((4)

L g5l
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¥o¥e aday — U sdall - Jo it



olas uanle — 8 ykausl ol — aplanlg il Crgmly oyl gl it

Females: ¢, =-0.00045+(0.0005)(1.086)" ,

3 leSle 3 sa
Males: g, =%22+(o.0014)(1.075)x (Fetegss)

Females: ¢, =0.00049¢°%%°7>* |

Males: ¢, =0.00139¢*72!7*

JSI a8y Sy S e JSTBaganl) B gl Y ana 0 (4) @8 Jsaall (a2

by Jsaal) 8 A g yeall Ay sudill ol il il el s V1 7 saill 5 algaSle 23 503 (ga

dleSle zdgaiilla b 7 dad of Adasde pa cale JSE A gie S Ay sl 0 (5)
ABLaal) agslly 45 )l Ly 58 cilS G

) 3 galll g algSla 73 gl aladiaily 3) guual) U8 5l i ana 1(£) A8 J5aa

(Ofialae 53 ) 73 saill)

Age Females Males
Makeham Exp. Makeham Exp.
<1 0.00051 0.00008 0.00144 0.00144
1-4 0.00060 0.00017 0.00166 0.00166
5-9 0.00091 0.00049 0.00238 0.00239
10-14 0.00138 0.00096 0.00342 0.00342
15-19 0.00208 0.00168 0.00491 0.00491
20-24 0.00315 0.00276 0.00704 0.00704
25-29 0.00477 0.00440 0.01010 0.01010
30-34 0.00721 0.00687 0.01448 0.01449
35-39 0.01091 0.01060 0.02078 0.02079
40-44 0.01650 0.01624 0.02981 0.02982
45-49 0.02496 0.02476 0.04276 0.04277
50-54 0.03775 0.03762 0.06134 0.06136
55-59 0.05709 0.05705 0.08800 0.08802
60-64 0.08634 0.08640 0.12624 0.12626
65-69 0.13059 0.13074 0.18110 0.18112
70-74 0.19751 0.19770 0.25980 0.25981
75-79 0.29872 0.29885 0.37270 0.37270
80-84 0.45180 0.45164 0.53466 0.53463

o gl o0 Yo¥e g don o3 suall - Jot1 lant



it oyt aeldlrs - ugly Cadalll de damara

B8 gl i anal 4y gudill B3 g ) LA il 1(0) aBy Jgaa

Q Stevens
Method % Chi-sq. n | m k| g RMSE Smoothness
=
F | 0.00009 | 14| 4 | 3 3 0.00073 0.23379
VA (4 =0.01)
M| 000010 [ 11| 7 | 3 | 4 0.00079 0.32316
F| 000044 | 13| 5| 3 3 0.00163 0.21747
VA (1 = 0.05)
M| 000048 [ 12| 6 | 3 | 4 0.00176 0.30112
VA (1 =0.15) F| 000128 | 14| 4 | 3 3 0.00283 0.19588
VA (1 =0.25) M| 000226 [12]| 6 | 3 | 4 0.00392 0.25217
F | 0.00204 8 |10 3 5 0.00294 0.07941
WH (p=2)
M| 0.00369 91913 6 0.00462 0.08221
F | 0.00507 91913 5 0.00407 0.04098
WH (p=3)
M| 0.00646 8 110 3 6 0.00576 0.04295
F | 3.75957 91913 3 0.00693 0.05154
Makeham
M| 022121 | 10| 8 | 3 3 0.00986 0.04892
B F| 055988 | 10| 8 | 3 3 0.00694 0.05177
X
P M| 022134 | 10| 8 | 3 3 0.00986 0.04893

Ve Ay gunt] Al all o2 (A Lgaladin) a5 5kl asas Of Baw Laa gy

JSi s A g il Cidae | o8 (g el puaitiall o gil) Blald) Jsand LY 5 5SAl 5l )

1Y) daadle (S ale

2eaill o A gaill A ja (mladi 5 g i 1y 23 (RMSE) _pa-sill 4 83330 5 ol )
(5) A s (e iy e s 5 cmmua (82l 5 ((smoothness)

(A peail) Aalea 2y ayand 8§kl Bl & e ¢ ST A0 5 e sy i) Jaadd) of Y
Ao Sl )y A dgaill da o sl Jully

A0 e Lt b 508 0 6S5 7 Al o Dl ¢ ) 23 saill 5 aleSle 23 gai aladin) yie ¥
plasinl vie Jlef 055 seaill da 5o o () (A5 Am ol b aa g ekl il
aill e L Bagey CulS 5 yaall Hlee ) aie 3 aal aill () LS ¢l uad gaill
lay)

Lalral Apalin dad a4 giie Al 5 228 (GCV) parall plaliiall il lna of 8
WH 5 VA Gb Gubi vie elld g i gaill g 2801 (g ¢ 51 6l (e 158 Boay Lay gl
PO
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Ay 5k JS 8 o LESY) Sy 100 63 pdall apend A giie S A gl il (o Lallda
OIS sy 5 kel wadll 8 da sail gl dpgaill (o ST A 0 Lema iay Sl AlaTly
10 S aladiuly sagadl) 3l 5l cVlaial a3 (2) 5 (1) e‘-U
S (A=0.15) 5 )5S (4 =0.25) s - (VA) bl Jasd) =
. (p =3) 1ic (WH) 4aexall Whittaker-Henderson 4,k =
2L (Exp) oY) g2saill s 583 (Makeham) pleSle gisai =

0.50
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0.40
0.35
0.30
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0.20
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0.10
0.05 —
0.00
3 o & o o & & o o & & < < & > o o o
LS SO SR SO S SO S SUR ST, SO S SEN S SO S S S
A o X o;\“ LI I G R T I P I P i P I P e
o Gl g < BN R S i S R SRR B L
T AT AT AT WSS FA AT S
—e— VA (I=0.15) - &= WH(s=3) — & — Exponential x Female
ETELS LS " - - % S
CUIM Bageaall 3l8 ol cilalal 3(V) a2, JS&
0.60
0.50
0.40
0.30
0.20
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0.00 e—o—9 o0 o—>—9
S L L oL é’;\‘o FR R R T I I R R R R SR I
I R R N R R S RN I N RN R AN N R S
S P DN D F D PP D PO A D P
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Loy s Caaldll (5 5 LaS 4800 ) dudlal) g sagaal) anll dm 53 8 ST 455 pa (b SIS
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Leadat s 4y gl ) yyeaill Aipaall (5 el 4 g g LIS & ) jaiul] Y

S g3l oA ¥o¥s gdan — U adall - JoM et



olas uanle — 8 ykausl ol — aplanlg il Crgmly oyl gl it

:3\)&\
Abid, A. D., Kamhawey, A. A., & Alsalloum, O. 1. J. J. o. K. S. U.
(2006). Graduating the Saudi crude mortality rates and constricting

their monetary tables. 19(1), 23-39 .

Benjamin, B., Pollard, J. H., & Haycocks, H. W. (1980). The analysis of
mortality and other actuarial statistics (Vol. 3): Heinemann
London.

Dodd, E., Forster, J. J., Bijak, J., & Smith, P. W. (2017). Smoothing
mortality data: the English Life Tables. Journal of the Royal
Statistical Society, 181(3), 717-735 .

Henderson, R. (1924). A new method of graduation. Transactions of the
Actuarial Society of America, 25, 29-40 .

Joseph, A. W. (1952). The Whittaker-Henderson Method of Graduation.
Journal of the Institute of Actuaries (1886-1994), Vol. 78, No. 1,
pp.99-114

MacLeod, A. J. (1989). A note on the computation in Whittaker-
Henderson graduation. Scandinavian Actuarial Journal, 1989(2),
115-117.

Manejero, J. L., & Mendoza, R. (2020). Variational Approach to Data
Graduation. Philippine Journal of Science, 149(2), 431-449 .
Murray, L., & Bellhouse, D. (2019). WF Sheppard's Smoothing Method:

A Precursor to Local Polynomial Regression. International
Statistical Review, 87(3), 604-612 .
Murray, L. L. (2016). Data Smoothing Techniques: Historical and

Modern. Electronic Thesis and Dissertation Repository. 3679.
https://ir.lib.uwo.ca/etd/3679 .

Nocon, A. S., & Scott, W. F. (2012). An extension of the Whittaker—
Henderson method of graduation. Scandinavian Actuarial Journal,
2012(1), 70-79 .

o gl 614 Yo¥e g don o3 suall - Jot1 lant



it oyt aeldlrs - ugly Cadalll de damara

Orfanidis, S. J. (2018). Applied Optimum Signal Processing -
http://www.ece.rutgers.edu/~orfanidi/aosp.
Spencer, J. (1904). On the Graduation of the Rates of Sickness and
Mortality Presented by the Experience of the Manchester Unity of
Oddfellows during the Period 1893-97. Journal of the Institute of
Actuaries, 38(4), 334-343 .
Wahba, G. (1990). Estimating the smoothing parameter: Spline models
for observational data. Society for Industrial Mathematics,
Philadelphia, 45-65 .
WHO, W. H. O. (2016). Life tables by country- Egypt.
https://www.who.int/en
sl A palell Alaall LAl 3L8 1 iV aee Ay gl = 580 23 503 (2012) 1 a T caaal
452 - 423 (1)) st Al Jae W 5 lal 5 5 laill A0S ¢y jlacll sl all

A gl LpalnaBUI (3 ydall pladind (2013) o0 o ple 0 & ef ) ddla ¢ & o Sl
Gaala iy jladl) il all A jeaal) A daall 25 e Ao 1ol sl 3L 1 i
:621-599 ¢(3)37 s laill LS - 5 ) puaiall

pleSle 3 Hma g md gl st (2017) . .2 el & 08 .z ccial g e a o alil

S - 5y seaiall Aaals i laill bl Al &y jeaall Alaall 5L8 sl 2 ane Ay gt

431 - 409 «(1)41 ka3
LY g oSA (e JST G gl LSS puaine sba Jglas dlae) (1993) 2 @ el
386-361 ¢(2)5 A Y aslall - 3 grs Cllall drala dlae

S iV ) a3 g aladial (2018) .8 La cdlaie & .o L o llae
Ll Apalall gl 5 jlail) A Al ) Sy 8La 1) Ve i b
112 - 74 ¢(65) 33 S - L gand

Ol mainad il A 2 geas (2013) ) Y & a2 58 o call o) cgaga
(o Anala - 3l 4SS - A jladll s ) bl Hall Alae jean (A agile Gesall

(3) s

3 gl oV Yo¥e gdou — o3 sdall - Jo¥) alant!



olas uanle — 8 ykausl ol — aplanlg il Crgmly oyl gl it

Variational Approach in Mathematical Analysis as a
Recent Method for Graduating Mortality Rates

Dr. Mohammad A. Zayed Dr. Elsayed E. Elashkar

Assistant professor in Quantitative Methods Assistant professor in Administrative
Department School of Business Sciences Department Community College

King Faisal University King Saud University
Lecturer in Applied Statistics & Insurance  Lecturer in Applied Statistics & Insurance
Department Department
Faculty of Commerce Mansoura University Faculty of Commerce Mansoura University
m.a.zayed@mans.edu.eg sayed_alashkar@mans.edu.eg
Abstract:

The process of smoothing mortality rates is considered a
fundamental step when preparing life tables. This study aims to introduce
a modern method of graduation, proposed by Manejero & Mendoza
(2020), based on the variational approach in mathematical analysis, and
compare it with other methods, Generalized Whittaker-Henderson,
Makeham and exponential models, applied to mortality rates in the
Egyptian national abridged life tables. Therefore, this study enriches
Arabic studies in the field of actuarial sciences by offering methods that
have not been covered much in Arabic literature, nor applied to Egyptian
mortality rates. All the applied methods produced acceptable results in
terms of accuracy and smoothness, and the method of variational
approach had more flexibility in determining the desired degree of
smoothness in light of the preference for smoothness over accuracy or
vice versa, and that the generalized cross-validation criterion can be a
guide for choosing an appropriate value for the smoothing parameter. It
is recommended to apply the smoothing methods presented in this
research on data from other populations, and for large samples, as well as

making available the data on deaths and population both at national level,
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in general, and for the Egyptian insurance companies (insureds’ data), in

particular.

Keywords: Smoothing - Whittaker-Henderson - variational approach -
Makeham - generalized cross validation criterion.
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