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ABSTRACT

5 = =5 2 ;
¢« Let M:D—V~ and M:D—sV (DcR”) be two surfaces in the second order def-
. ; : . 5 =5 = e
ormation in the Riemannian 5-spaces V° and v of curvatures R, R respect+ (.

ively.
5 -5 . dm dm
L: /") —aT t h th —) = —,
Let Tm(V ) m(V ) be an isometry suc at L(dt? 3

€ Tm(VS)__—n =.{v5} . Then M and M are in the third order deformation
provided that:

1- The Gaussian curvature K and the curvature k of the normal bundle satis-
fies K2—k2 #Z 0 on M.

2= dim Ti(M) = 4 on M.

3- M has no non-trivial real conjugate directions at each of its points

.

4- L { R(x,y)é} = ﬁ(Lx,Ly)Lz, and I.{#TR(x,y)u} = ff§(Lx,Ly)Lu for each
X/¥e2 € T, (M), u €N (M) ={v3,v4} ‘

5- M and M are in the third order deformation on~®»D.
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INTRODUCTION

The conditions for two isometric sur faces to be in the second order defor-
mation was discussed by A. Svec [3]_ His result concerns two infinitesimal
Lsomety o ,ar faces. He o"™tained the oonlitions for two infinitesimal iso-
metric sur faces in E3 to have the same second fundamental forms, that is

the variation of the second fundamental form <SI[: 0.

-Talaaq:4] generalized dvec’s result from the infinitesimal isometric sur-=

. faces to the more general isometric surfaces in the Riemannian 3-spaces.
.
The aim of this paper is to find the conditions for two surfaces in Riemann-=

ian 5-spaces in the second order deformation to be in the third order de-

formation.
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DEFORMATION OF SURFACES

Let V5 be a 5-dimensional Riemannian space, DcR2 be a bounded domain.

Suppose M:D—r—V5 is a surface such that at each point m € M the dimension of
the oscul ating space T:\(M) is equal to 4. To each m € M, associate a frame
such that{m,v ,vz} is the tangent plane Tm(M) and{m,vl ,...,v4}is the oscul -

1
ating space . Hence we can write

2 4
dm = wlvl + wévz v UJ3 =¢Ww =u.|5 = 0,
2 3 4 5 :
dVl— wlv2 +UJ1V3 “”UJ1V4 ’ wl = O; \ (1)

2 3 4 5
dvz——(ﬁlvl +w2v3 +¢,‘,|2v4 . uj2 = 0,

J

By exterior differentiation of w3 =w4 = 0, and applying Cartan's lemma we
get
3 3 1 3 2 4 4 1 4 2
Ww; = aw +bw ’ w, =aw +bw ,
(2)
3 3 1 3 2 4 4 1 4 2
L.U2=bUJ + C w i w2=bw + CWw .,
.From (1) and (2) we see that .
_ 2 1, 3 4 2 3 4 L
dvl —-le2 +w (a v3+a V4)+UJ (b v3 + b v4) ,
2 1,3 4 2. 3 4
d = —(,!
v2 “-‘1"1 +w (b v3 +b v4)+w (e v3 + C v4).

: 2 : :
The osculating space Tm(M) at each point m € M is generated by the vectors

3 4 3 4 3 4
vl,vz,av3+av4,bv3+bv4,Cv3+Cv4. (3)
3 3 3
Hence 2
eng dim T (M) =4 e=—erank [ 2 P O | _ (4)
. 4 4 4

a b C :
Let V,W be two tangent vector fields on M such that

V=xvl+yv2 , W=ZV1+7V2' (5)

From (1), (2) and (5)

]

=W +
WVm (xleVZ) W V‘.L+Wyv2+val+va2

Wx v1 + Wy v2 + x dvl (W) + dvz(w),
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From which we get

5 .
wvm ={Wx - ywl(w)} vy +{Wy + xW (‘W)}‘v2 +
(6)
3 3 s -3 g 4 4 A y
+(a xEHJ "?Jrh yZ+C y?)v:_:-k(a ¥ 5+b x?‘ruh 3»‘5 +C Y l X :4,

. 2
which shows +that the vector WVmEZTm(M).

[l S

Y

Definition: The vector field V is called conjugate if there is another

tangent vector field W # O, such that WV is a tangent vector field.
. Equation (6) leads to the following lemma

Lemma: The tangent vector field V = xv) + YV, is conjugate iff

4 4 4 2
(a3b4—a4b3)x2 +(a3c -a4c3)xy+(b3c -b c3)y =0 . (7)
= =5 : : 5 =5 .
Let M:D—»V be another surface isometric to M .If_L:Tm(V )_A,mﬁ(v ) is

the isometry, we may choose the frames of M and M in such a way that

L1 = m r LV, =wv, and Ldm=dm , (8)
Then
1 -1 5 D .y
wh -G, W@ w, W (9)
« From (9) .

e 1~ 5 -3 =4 e ] ’
dm =iV, tw v, , W =w =@ =o0,
o= i + i ok B =5 _ & (10)
VT WV, FUy VLV, w,; = < >

= p PR Ry -5
dvy= ~Wpvpra,vy fuyv, o W, = o :

Takinga general curve ﬂ‘= ﬁ'\ (u,v), u = u(t) , v= v(t) in D, then the corr-

esponding curves on M and M are given respectively by

. M) = m(u(t) , v(t)) , ML) = mu(t), v(t)), .
*Therefore ~ :
dm _ e
at mu mv v
r (ll)
2
g‘_ﬂ_ ¥ 2 u'v! (v! 2+ i (]
dt2 = muu(u ) +2muv : + 1, (V ] mu u' '+ mvv J
Let

i av , k=1,2, i=1,..,4 j=1,..,5.

E

k k k j j
A du+ B 4d . = :
u v Lﬂl Cl du + D

Then
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I 2 _ 1 2 1 2
dm = mudu+mvdv =W v1+ w v2 = (A vl+A v2)du+(B vl+B vz)dv,
which gives

i 2 1 2
mu—~AVl+1!\v2 . mv—Bvl+Bv2. (12)

From (1) and (12)

. By ™ A‘];vl +Al21v2+11\1 (Civ2+civ3+cfv4 )+A2 (—CJZ.vl +C3v3+cgv4 )i
. L A‘l’vl +A‘2’v2 +Al (Div2+va3+ Div4 )H\2 (-Divl +ng3+03v4 ) I
13
= Bivl +Bl21\12+13l (Cfv2+civ3+ Cfv4 )+B2 (—Civl+c:::v3+cgv4 ). [L o
mvv = B‘];vl +B‘2’v2+B1 (Dlzv2 +va3+Div4 )4—!32 (-val+D ;v3+ D;v4) " }

For the second surface M and its curve M( Z‘(t)), we get by the same pro-

cedure ﬂ_ dzx?l 7

r
dt at 2

where:

-k k Kk k -3 =3 -5
W" =w" = A'du + B dv ,U._!g=Cidu+Didv , k=1,2,i=1,...,4,5=2,...,5,

Now, introducing

k k-
k d d
Yoomnso - = (14)
at dt

we give the following definition "
Definition: The two sur faces M and M are said to be in kt— order deformation;

if and only if ij = 0.

Let the two sur faces M and M be in a second order deformation, hence

2 a’n o
y} =5 = - — =0, from which we obtain, X
at at ;
2 2 2
L 4 o o e
2 wacieh =0, I alel-s) - 0,3 sipi-pl) = o, j=3,4. (15)
lzl i=l * & l:-..l 1 1 s

Since the two tangents mu and mV are independent, we get from (12)

1 2

1 5% O (16)
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From (152’3) and (16)
D =D; . i=1,2 , j=3,4. (17)

From (17) and comparing the coefficients of v, and V4 of (132 3) for the

r
sur faces M and M we get

2 . y .
3~ B(c)-c)) = o, j = 3,4 (18)
G : i i
. i=1
Equations (151), (16) and (18) imply that 2
3 =i - Lo
C, = €7 . 1=1;2 , j= 3,4, (19)
i i
Equations (17) and (19) imply that
1 _ =3 - .
w: = Ww; i=1,2 , j = 3,4. (20)
i S
P
Since the oscul ating space 77 1MY At coach point m € M is generated by the
vectors
? A B e T Bl (21
5 i b 2 - : ’
V17V 1 Ya G Vg D VP Vs CoVatC,av,, DoV v, ) .
“the ’
n from (21) C3 C3 D3 D3
5 1 2 "1 T2
dim Tm(M) = 4 <&===3>Rank 4 A 4 4 = 2 (22)
© % Py by
From (11)
12 3 3 2 3
L= =g (W)™ 3m  (u')"v'43m  u'(v')4m . (v') +3m u'u"+
dt3 uuu uuv uvv VvV uu
(23) -

+ 3m  (u'v"+u"v')+3m v'v'+m u'"4m v'",
uv vV u v

Differentiating each equation of (13) with respect to u,v respectively, con-
sidering that the two surfaces M and M are in a third order deformatioh,

and equating the coefficients of v., v and GS in

3" 4
3 & 35
?7 = L(——Sﬁ - —3 =0, we get
dt dt
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. j, 4 =4 _ j, 4 =4 _ j 4 =4 _ i, 4 =4, _ £l "% e 4}
D; (Cq C;)=0, c; (€3-C5) =0, c; (D5-D;)=0, D; (D4-D3)=0, i=1,2,] 3,4.

3, 5 =5 4 5 =5 3.5 =5 4 5 =5
- = = = - = 24
c; (03 c3)+ci(c4 c4) o, Di(C3 c3)+t>i(<:4 c4) 0, r( )
3. 5-=5 4 5 =5 3, 5=5 4,5 =5 _
Ci(D3—D3)+Ci(D3-D3)—-O, by (D3—D3)+Di(D4—D4)—O. J
From (22) it follows that
. i =3 - .
(J6 = Ww; i= 3,4 , j= 4,5. (25)

Now, let M c V5 and M = \_/5 be two sur faces in a second order deformation.

Then the structure equations of M and M are given respectively by:
n

5k 313 kb3 .3 _
dw; =WiAwWy- 3 Ry W AW, Ry + Ryp =0
(26)
-j =k -3j 1= _k — | = = _
duj =Wy AW 3Ry @AW Ry Ry, SO
J
Let
@ = w] + T3] - (27)
- From (9), (20), (26) and (27) we get
1

4 4 .3 =3 1 2 3 4 _ -4 4 12
W, AT3= R, R dwAw s WIAT = B Ry wAw s

3 5 4 5 -5 5 1 2 4 .4 .3 =3 1 2
WIA T3rwy AT,m(Ry, Ry WAWT WHAT s =Ry, Ryl wA w

3,4 =4 4 1 2 3 5 4,5 -5 5 1 2
WyA T3 Ry Ry wAw P WHNTHWAT, =Ry =Ry ) WA
(28)
4 _ 5 .5 .5 5 .5 .5 4 -4 1 2
: d T3 = ~WiA Ty Tan W LAT Ry Ry A w’s
5 4 5,04 5 .4 o5 5 =5 1 2
aT3= WiAT T 3A Wyt TIAT 4+ By =Ry D w AW’
5 4 5 04 5 a4 o5 5 =5 1 2
d Ty = ~WiAT; 73/\033 TATSH Ry, Ry ) waw
J

Now let the three vectors x,y,z g Tm(M) be such that

x=xlv+x2v = lv+2 1 2 3
1 2 ! ¥= ¥ lyvz, z—zv1+zv2, (x"=y =2z"=0) .
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Then
L j ki L i ¥
= Lo+ L=
R(x,y)z Rijk X'y 2z , Ri]k ijk 0
5 5
2 - 1 A ) + (29)
ﬁxyz(%R]quL)+xyz(§____lRlZle r
1.2 2 2 :
+x vz ( E% R212VL)+X y oz ( Ei R221vL)
J
Again let u € Nm(M), where Nm(M) = {VB'V4}';
then
R ( Ju = RL xj K v
X,y)a = 15k y uv,
(30)
b 123 L 124 b 213 L 214
—(R312x Yy u +R412x Yy u +R321x ¥y u +R421x Yy u )vt -
Let 7T : Lo (V { }- 7r(2: z v = z5v5 is the natural projec-
i th R( ) (R +“, ]4‘( ]"'2—x2 1)
1on, en 77 R(x,y)u= 312u 4192 u ) (x vy y VS.
Assume that for every x,y,z e Tm(H) and UEIJ UM
I [?(x,y)z] = E{Lx,Ly)Lz, i fﬂR(x,y)u] ='ff§(Lx,Ly)Lu. (31)

From (29)—(31) and comparing the coefficients of ;1,...,;5 we get,

2 =2 12 21 2 e
(R112'R112) (xy -x"y)z" = 0,
2 =2 12 21 1
(R1127Ry1p) Xy x"yT) 2" = o,
1.2 213 3 -3 1 -3 2 B
(y -x"y )‘[(Rl ¥3 Pipl® +(R212 Ry12) 2 } = Ox(32)
1.2 21 g g4 )} -4 2
PR =y ){ 1127 R11272 +(Rzlz Ry12) 2 } = O
1 2 21 =5 1 |
Xy =xy) (R z +( 5 -5 2 _
11277112 B s Fonu) 2 =0, )
which are valid for every xl,xz, yl,yz, zl,zz.
From (32) we get
L _ =L . _—
Ry = Ry i=1,...,4,3,k=1,2, l=1,...,s. (33)
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From (28) and (33)

4 4 3 4

3 5 4 _5 4 4
wlAT3+w1AT4 =0 ’ szT3

0,

3 5 4 5 3 4
Wy A Tatw,AT, =0 . WA Ty =0

. r (34)
4 -8 B a5 88 a5 4wl 1 2
AT 3==W3AY 4~ T3 AW, TinT Ry Ry ) wAw ™,
5 4 5 L4 5 .4 5
dT3= WA T+ TAWFT AT,
5 4 5 4 5 nd 5
d7:4"“"3"T3"L}3"“"3',2’/3’\T3' )
Let us write
4 _ 1 2 5 _ 1 2 5 _ 1 2
T3—Aw tBw L, Ty s wnwt, 7O sy wiiy,wt. (35)
* From (2), (34) and (351)
aBB - b3A =0 . a4B - b4A = 0,
(36)
bB - A = 0 , bl - c?a = 0
From (4) and (36)
- 4 —
A=B =0 :—'E:; = .0, (37)
Thus &quation (34) reduces to
3 5 4 5 3 5 4 5 A
WAT3+unAT, =0+ won T3 *WoAT, =0 .
5 .5 5 5 5 4 - 1 2
Wih Ty +T5awg +T 5T, = Ryua Ryl waw - (38

5 4 5 5 4 .5
d'Z3 —UJ3I\"C4 ’ dT4 = _w3AT3 -

From (2), ,(352'3) and (381’2)




f\ ' SLCOND AM.E

ICA—12 11251 DL, 5 - 8 May 1986 , Cairc
r S ‘
4 4 3 3 4 4 3 3
=5 - = = A -C =0
az, b zl+a Y, b Y, 0 , b z, C 7l+b Yo Yy (39)
From (352'3), (384'5) and Cartan's lemma, there exist functions sl""'sé'
such that,
2 4 _ 1 2 2 4_ 1 2
le‘Y2w1-21w3 = Slw +82w ‘ dz:L 22w1+ylw3— 84w +55w ,
(40)
2 4 1 2 2 4_ 1 2
dy2+ylqu—zqu3 = 82UJ +S3w i d22+zlwl+y2m3- st +86w "
" From (2) and Cartan's lemma, there exist functions o(l ,...,0(8 such that,
3 3 2 4 4 1 L 3 2 9
da” -2b"W)-a Ww,= o W (X, = 3R, w
3 3 3 2.4 4 1.3 1 1 3 2
db” +(a"-c) by =0+ SR )W Xy = SRy ) w
3 3 2 4 4 1.3 ] 2
dc ™ +2b w, ¢ L.IJ3 —(°(3+ §R212)UJ +°<4LLJ ’
7 (41)
4 4 2 3 4 1 1.4 2
da -2b u_)l+a U33—°<50) +(<D<6 5R112)U’ .
4 4 4 2.3 4 14 1 14 2
: db +(a—c )W +b iy = (Xt SRy w (g™ Ry )w
’ 4 1.4 1 2
dc4+2b4wi dwy TSGRyt W :

. CONFLERENCE

Differentiating each equation of (39) and substituting from (40) and (41)

. . 1 2
we get two homogeneous equations in W™ and (¥, and hence

3. 3 4 4 B 1.3 1.4
b7S) ~a"Sytb S, -a 8, = =[efyt 5By )Wt Vo m (8t 2Ry 1o 1R FRE
3. 3 4 4 - 1.3 1.3 1.4
. PSymatsgtb Sg-asg = m(ekgm SRy )Yyt (T SRSV, T SRy )2
1.4
+ -
(g~ 2Ry12)%50
3 3. 4 4 1.3 1.3 1.4
€78 ~b g 40 5, 8. = = -
1 2 4 5 (ot g+ SRy Y Hletyt SR IV = (ot SR,y ) 2+
1. 4
Rt 3R 2,0

0

42)
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3. 3. .4, .4 _ 1.3 14
C 8,=b S;#C Sg=b S = = )y + (X = SRy )V~ Rz H (X y= SRy 52,
-

On the surface M the Gaussian curvature K and the curvature of the nor-

mal bundle k are given respectively by :

£oaate = oo atcisteh 2 L ke B -a b (a3t (43)

.

-

‘Assuming K # k and taking (48) into consideration, certain combinations of (39)

lead to,
3.4 34 3.4 43 44 42 i

(K—k)y1 = (b"b -a ¢ )(y2+zl)+-[a.b -ab -ac+(b) ] (zz—yl),
(K-Kk)y = [a4c4~(b4)2+c3b4—b3c4] (y.+z )+(b3b4—c3a4)(z -y.),

2 271 2 =1

(44)

(K=k) z ==[a4b3—(b3)2—a3b4+a3c3] (y. +z )+(a4c3*b3b4)(z -y.), r

1 271 2.1
(K-k)z = (b3b4-a3c4)(y +z_ )+ [;3c3+b4c3—(b3)2—b3c4] (z_.-vy.).

2 2 1 ZlJ

Certain combinations of (42l 3) lead to,
r

. 4 4 42 3.4 3 4 3I4 3 4 7
: (K—k)s2 = [a c =(b’) +¢b -b ¢ ] (Sz+s4)+(b b -c a )(SS—Sl)+L1(y2+zl)+
L, (27 )
_ 3.4 3 4 3.3 43 3.2 34
(K k)S5 = (b’b -a¢ )(52+S4)+[:a c+b c =(b”) -bc ] (SS—Sl)+L3(y2+zl)+(45)
+ L4(zz—y1).
Certain combinations of (422 4) lead to, J
r

_ .34 34 3.4 4.3 4 4 4 2 -
(K k)S2 =(b"b -a"c¢ )(S3+SS)+ [a b =-a b -ac+(b) ] (SG—SZ)+L5(y2+zl)+

g (257y,),

4 3 3.2 .34 13 13 4 3 3 4
(K k)s5 [ab (b”)"-a"b +a"c ](s3+ss)+(a c =-b’b )(ss-sz)-bL.’ (y2+zl)+ (46)

- -y.).
LB(z2 yl)

From (40) J
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2 4 1 2
d(y2+zl)+(yl—z2) (wl + u)3) = (52+s4) w +(S3+SS) Gy
(47)
2 4 1 2
d(yl—zz)-(y2+zl)(wl+w3) = (Sl—ss)w + (52—86) L e

5 ~ =5 .
Theorem: Let M:D—+V~ and M:D—V be two surfaces in the second order
2 . 5 =5 3 :
deformation, where D —~R  is a bounded domain and V , V are two Riemannian

* spaces. Suppose that :

.
1- Kz--kz#o on M 7 2- dlme(M) =4 on M, .

3- M has no non-trivial real conjugate directions at each its points,

4- L [R(x,y)z] = R(Lx,Ly)Lz, L [‘IT’ R(x,y)u] ="ﬁ'§(Lx,Ly)Lu for each

X,Y,Z € Tm(M) ’ u e Nm(M) '

5- M and M are in the third order deformation on the boundary "9 M.
Then M and M are in the third order deformation.

. ; 2 Z
Proof: We can choose in the bounded domain D &< R coordinates u,v such

. that
K 2 .
w =yr du , w = r dv ¢ Y=rlu,v). (48)
2 1 2 4 1 2
wl —Flu +F2w - U"B— FBU" +F4UJ (49)

From (451), (461) and (47); similarly from (452), (462) and (47)

(b3b4—c3a4) _Bg.%z%) +[ a4c4—(b4)2+a4b3-a3b4]1_%:—22—) + ]
: . [(b4)2_a4c4+b3c4_c3b4] ¥L+(b3b4—a3c4) 1;:3_*"7-_1)
= £ (y,-z,)+ £, (v +2,),
[a3c3+b4c3-(b3)2*b3c4]——B;yi-zz) +(b3b4—a4c3) —-——-—-——}(;1;22) + e
+(a304—b3b4) 1(_37212—1) +[a3c3—(b3)2+a4b3—a3b4] Z%L -

= f3 (yl—zz) + f4(y2+zl)
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R The associated quadratic form 7\0f (50) 1is

>\= (k-K) |:(a3b4—a4b3)tk % +(a3c4-a4c3)tl N +(b3c4—b4c3) v2:l 7 (51)

. . . 2
1*15 definite because of our assumption that K —k2 # Q and that the surface M
has no non-trivial real conjugate directions. Hence the system (50) is

elliptic.

* Now, since M and M are in third order deformation at the boundary—B'M, hence
. from (25) and (27) we have qfi =FE2 = 0 on the boundary @M. Then from )
(50) and (44) y1=y2=zl=12= 0 for every m € M. HenceM and M are in the

third order deformation which proves the theorem.
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