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S . ABSTRACT

In this paper a variation of the usual %refftz method is presented and )
applied to harmonic problems. Here, the fundamental solutions of the givel}
problem are employed as expansion functions and their singularities are
located outside the domain of the problem to awid any handling of a singul -
ar quantities. This method has a significant computationsal advantage in
that here no integrations are required. Test problems have been analysed
using tlie proposed method and the results compared with those generated by
the Rec vl ar Boundary Element Method using continwus and partially - dis-

continio us elements.

INTRODUCTION

The remarikable success of the Finite Element Method in design applications

has led to a progrssive demand for more sophisticated design models. To

date, most designs have been effected on the basis of simplified two dim- -«
ensional nodels but there is mounting pressure, as reflected by design code

trends, to use three dimensional models more extensively. However, the con-

siderable cost increase in ging from two to three dimensional analyses, in-
curred because of the increased number of freedom implied, stimul ates inter-

est in searching for more efficient methods than the Finite Element Method.

Since freedoms occur only on the boundary when using boundary techniques,

L J

Department of Mechanics and Elasticity, The Military Technical College,

Kobry El Kobba, Cairo, Egypt.



’ ' SECOND A.M.E. CONFERENCE

CA-21 |222° JMLE,

6 - 8 May 1986 , Cairo

'— e e e "“

such approaches are potentially more efficient than the finite element
method, becuase of the likely need for fewer freedoms in a satisfactory

discretization.

One boundary technique which has already been investigated in some detail
is the Boundary Element Method. Although the method has been used in de-
sign applications no comprehensive formul ation has yet emerged of its

* comparative performance in all the tackled fields over the Finite Element

« Method. 5

There are other boundary techniques available, including the classical me-
thod of Trefftzl[l]. Here no integr ations are needed, the solution is us-
ually expresseé‘aé a polynomi al expansion and the expans%on coeffi cients
determinea by imposition of boundary conditions. In thislégper a variat-

ion of this method is proposed.

An interesting feature of the Boundary Element Method is that it employs

fundamental solutions of the governing equations in arriving at the bound-

ary prescription. Being solutions of the homogeneous equations of the pro-
* blem such functions are presumably efficient as expansion functions for thq
* solution of other homageneous problems. 1In this paper the Trefftz method °
is applied to harmonic potential problems but the approximate solution is
generated using fundamental solutions = with singul arity located outside
the domain of the problem, as in the regul ar boﬁndary integr al method [2].

The coefficients of the series are as usual determined by satisfaction of

boundary conditions.

The method is presented for steady state, inviscid laminar fluid flow and
+ steady state, heat conduction in two dimensions. Test problems are analy- .

. " sed and results compared with those given by the regul ar boundary element -«

method.

THEORY

One variation of the boundary method employs a solution that satisfies the
Pverning equations in the domain but which inwlves some unknown paramet -

ers determined by enforcing the boundary conditions. This technique can
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give good results in many' practical applications, especially when the fun-

damen 1 solution [3] are employed [4]

Let ;ZJC be a potential function which satisfies the governing equation (Lap-

lace's equation) in the domain 2 of a given problem, that is

9?9 =o in 7 (1)

* If there are "N" freedom points on the boundary, then the function ¢° can

* be approximated by a set of linearly independent functions O’i (x) such that,

N
g = Z o(i 9, (2)
i=1
where O(i are undetermined parameters.

In the advanced formul ation, presented in this Paper, the functions Q‘i are
taken to be the fundamental solutions that satisfy the governing equations

of the problem. For two dimensional harmonic problems, they are given as:

A |
Qi E In (r. ) (3)

1 .

Where "ri " is the distance between the source (xi) and the field point (x) .'

To awid any singularity in the solution given by equation (3), the source
(xi) is taken outside the domain of the problem (5) as in regul ar boundary
element method [2_] - Here, the singular point corresponding to a node on
the boundary is relocated at an arbitrary distance and along the positive

normal to the node.

‘ Equation (2) can be written in matrix form as: i
. N :
g (x) =Ei=lai &g o _x.)g(i =P (x)C (4)

Similarly, a systemof equations for approximation of normal derivatives

can be set up as :

N
X2
29 (x) = =%, x) X. =p(x)c (5)

where
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In which n is the unit outward normal at the boundary point X, ri is

the position vector from xl to . 0(i in equations (4) and (5) can be det-
ermined by satisfying the t boundary conditions for the problem. This can
be done by appropriately evaluating the right hand side of equation (4) or

* equation (5) at each node and equating to the known boundary conditions.

.

Let there be a node "j" on the boundary [-where potential is prescribed as°

g = ¢j, so that from equation (4),

¢j =Z¢i (xi ' xj)o(i (7a)

Similarly, for another node "k" where potential derivative is given as

= Y; i Equation (5) gives :

Lf/k a’n (Xj_ 4 )ﬁ() q/i (7b)

o
. \-_\ )
» Equations (7a) and (7b) produce a system of "N" equationg which can be wri-—

- »

]
tten in matrix form as

¢e ji Cc (8)
Now since the fundamental solutions are linearly indepe.dent at any point
(x), the rows and columns of A are also linearly independent, so that det (a)

# O and therefore from equation (8), we get:

==l

Substituting Equation (9) in equation g4),and (5), we obtain:

7@ =P ) Al g (10)
and

== @ =p Ix} AL 9 (11)
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Equat . ns (10) and (1l1) are our approximate boundary solutions for poten-
tials d their normal derives respectively. Once the boundary solution

|
is kncwn, solution in the interior can be determined using equation (2).

APPLICATIONS

The cases examined using the advancedffrefftz method are :

Inviscid laminar fluid flow past a circul ar body and a steady state heat
conduction in a rectangular prism. The results are compared with these :
generated by the regular boundary element method using the same discret- °*
ization and quadratic continwus and partially - discontinuwomus elements.
In case of the advanced Trefftz method, the results correspond to the best

location of fundamental solution singularity outside the domain of the pro-
blems [5] o

Inviscid Laminer Fluid Flow Past a Circul ar Obstacle in a Channel

Consider the flow past an infinitely long cylinder positioned symmetrica-
lly between two flat plates of infinite dimensions. With properly speci-
fied boundary conditions it is possible to take only one quarter of the

equivalent finite domain (Fig.l1) .

In the stream function (@ = 9’) formul ation of the problem, the boundary
conditions are easily determined. The axis of symmetry and the upper
boundary are both streamlines. The arbitrary numerical values for stream-
lines formed by the axis of symmetry and the cylinders, and the upper boun-

dary are taken as 9’= O and 9’= 2 respectively.

The results obtained at the boundary using the advanced Trefftz and the

regul ar boundary element methods are compared in Fig. 2. For the advanced.
Trefftz method, these results correspond to the best location of the sing—:
ularity of the fundamental solution. Streaml ine ?’= 1 is also plotted to

illustrate the interior solution.
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Steady State Heat Condition in a Rectangul ar Prism

The domain of this problem was discretized using 16 quadratic elements
with the boundary conditions as shown in Fiqure 3. The problem was solved

using the advanced Trefftz method for the singularity location given by[ﬁ}
BT
ogn
calcul ated at various points on the boundary and in the interior are given

The temperature (g = T) and the temperature normal derivative ( ) are

« in table 1, where they are compared against the exact values and the val-

ues given by the regul ar boundary element method for the same grid. :

Boundary Solution

Exact Regul ar Advanced
Function Point Trefftz
Solution B.E.M. method
k (0.5 , 0) 35.0 35.247 34.956
L (1.5 , 0) 25.0 25.073 25.040
Temperatwre | w5 6 | is.0 14.930 14.998
(T) N (3.5 , 0) 5.0 4.751 5.069
* | Temperature: © (0 , 3.5) 10,0 10.556 10. 206 :
normal P (01, 2.5) 10.0 9.837 9.980
derivative Q (0, 1.5) 10.0 ©9.837 9.980
DT '
( ~n ) R (0, 0.5) 10.0 10.556 10.206
Internal Solution
: X (1.0,2.0) 30.0 30.116 29.999 .
Teuperatiure !y .6,5.8) 20.0 20.264 20.000
(T) I ‘ B
2 (3.0,2.0) 10.0 10.285 10.003

Table 1., Comparison of advanced Trefftz solution with the exact and

regul ar boundary element solution.
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- DI SCUSSIONS AND CONCLUSIONS

(63}

A variation of the familiar Trefftz method has been proposed for harmonic
problems in which the approximate solution is sought as an expansion in
terms of fundamental solutions where singul ar points are located outside
the domain of the problem. Test problems have been analysed and results
presented using the proposed method and the regul ar boundaryAelement me-

. thod with quadratic continwus and partially - discontinwus elements.

In the cases analysed a similar discretization yielded for both solutions

which were highly satisfactory in the interior but showed a slight degrad-’

ation on the boundary.

In the problems analysed both methods yielded results of similar quality
for a given discretization for both the regul ar boundary element and the
advanced Trefftz methods. While both methods evidenced similar qualities
of convergence iﬁ should be noted that no integrations were required in

the Trefftz method implying a substantial computational advantage.

]
e
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