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ABSTRACT 

• Let M s D--.V3  andD—.-V3 (D c R2) be two isometric surfaces in the 
- Riemannian spaces V

3 
and V with curvatures R, R respectively. 	• 

We shall prove that the second fundamental forms of the two surfaces are 

the same provided that: 

1- The Gaussian curvature K of M is positive. 

2- M and M have the same second fundamental form on'-a D. 
- 3- For each d D, L

d 
T (V

3
)--11.1(V

3 
 ) is the isometry determined by 

M(d) 	R(d) 

its restriction i
d to T (M) which satisfies taodM = dR, and La  R(x,y) 

M(d) 

= R(Lax, Lay)Laz for all tangent vectors x,y,z6 T(M) 
M(d) 

• Also it is shown that the two isometric surfaces M and R satisfying the 

above conditions have the same Gaussian and mean curvatures at correspond-

ing points. 
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i= 	Hence there 

i.  u).+W
j  = 0 (i,j=1,2,3), 	(1) 
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INTRODUCTION 

It is known that the first fundamental forms I of two isometric surfaces 

are the same. This is not the case for the second fundamental forms II. 

However A gvec [3] studied the conditions for two infinitesimal surfaces 

to have the same second fundamental form. He proved that two infinitesimal 

isometric surfaces in E
3 

have the same second fundamental form, that is the 

variation in the second fundamental form5II = 0 on M, provided that the 

Gaussian curvature K >0 on the surface M, and there is a function 

10M--.1.-R such that the variation of the second fundamental form 1;11 =11%1 on 

-a ti• 

Our aim in this paper is to generalize §vec's theorem from the case of in-

finitesimal isometric surfaces in E3 to the case of the two general isome-

tric surfaces in Riemannian 3-spaces. 

THE RIGIDITY THEOREM 

Theorem: Let V
3
, T7

3 
be two Riemannian 3-spaces with curvatures R, R respec-

tively. Let Dc:R
2 

be a bounded domain, and let M : D---P-V
3
, M : D.--0.V

3 
 be 

two surfaces, such that: 

i) M and Fr are isometric. 

ii) the Gaussian curvature of M is K and K 0 

iii)Foreachdep,letLd:T(V3) T
M(d)

(V3) be the isometry determined 
M(d) 

by the condition that its restrictionCd  to T (M) satisfies lodM = 
M(d) 

dM , and L
dfR(x,y)z} = R (Ldx, 

L
d
y)L

d
z for each de D and all x,y,z 

E T (M). 
M(d) 

iv) II and II are the second fundamental formsof M and M respectively , 

and II = II on the boundary D . 
Then II = II on D. 

Proof: In the Riemannian space V3, let M:13,--s-V
3 
be a surface. For each 

1 

are differntial forms W
i
,t0

i
i  on D such that 

3 	3 
dm = 2: tuiv.1 	dv. = Z.  u)?v., 

i=1 	1 
j=1 

1 3 

with the structure equations 
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3 	. 	3 	3 i 	3 	i dujl=  Ewk.  .j_ 	LukA tuL, 	jk= o d  =rtil nu) , Wk 2 4-  j=1 	k=1 	k,L=l 
(i,j,k,L=1,2,3). 

Since dm lies in the tangent plane T
m(M), hence from (1) we have 

W3 =0. 

The exterior differential of (3) gives 

I 	3 	3 
WA 1+ 

2 
 A ui

2 = 0, 

and hence there exist functions a,b,c:D--..-12 such that 

3 

	

Wi  = a ui
1 
 + b

2 	uu 
2= = btu + cud

2 
 . 

The first and second fundamental forms of M are given respectively by 

22 
	1 3 	2 3 	 2 2 I =( L.0

1
)
2 
+ ( t.0 	 +0.1(A1 = a(w1)2+2b(..01(0

2 
+c( 	) . (6) 

	

1 	2 

The Gaussian and mean curvatures of M are given respectively by 

K = ac - b
2 	

2H = a + c . 	(7) 
• 
• 

' Let V be another Riemannian space, M : D--►V be another surface. For each 

point mE M associate an orthonormal framefm,v. 	i=1,2,3. 	Hence there 
are differential forms LO 

_. 
i 
j 
 on D such that 

(2) 

(3)  

(4)  

(5)  

d (A) 

TikL 

= 

_ 

	

dm-  = EU-I-1 -v. 	, 	d . 

	

1 	3.. i=1 

3 	. 	. 	3 	. 
E(.733 	C61.. A 	3 	dtm 	= 	5-31.A ji 
j=1 	k=1 	k 

	

= °' 	(k,L = 1,2,3). 

3 	3 
,0) 	. Ev = 	- 3. v 

j=1 1 3  

3 

2 	R
ikLW Au.) 

1 -j -k L 

k,L=1 

(8) 

Since 	 such a 
way that 

-1 	1 	 2 = 	 = ( 9 ) 

Let us write 

Wi =coi 	11.^ . (10) 

From (9) 
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2 „,2 	1 
wA t i  = w At i = O. 

hence 

I 	= 0  and -C(1.2  - 	2  
1 - W  1 

Further we get from (2), (3), (8), (9) and (12) 

1 	„..„ 3 	2 

	

W A L 1 	10 A 42 = 0, 

3 3 ,3 	1 2 = (R112 - R112 ) ui A W1 „., 2+ 1- 1AW2+  t 1 A 2 

2 3 .d 	—3 	1 d 1 	W1 A
,), 2

+( -112 - R12 )CU A LI12, 

,r,3 d 17 g-'
3 
2 =-1131A (-• 1+  '11212;12) UI1  A W

2 
 

Equation (131) implies that there exist functions RI , R2 , R3  : D--.-R such 
that: 

,,3 	 2 	3 	1 -c
1  = R1 W + R2 w , rr 2 = R2 0,) + R3 

From (14) the second fundamental form of M is then 

(L01 ) 2+ 
 2R 1)” 

tli2 + R 	...2 ) 2 .  II = II + R1 	2 	3``'" 
The exterior differentiation of (122 ) gives 

1 	2 	— 3 — 3 —2 	1 2 us 3 w 3 +R 2 
t.0 A tAl = 1 A Li.) 2 + R112 CO A UI l's 2 112 

From (5) 

—2 (ac - b2)+ R112 = (ac - b-2  )+ R 112 ' 
from (7) it follows that 

2 K + R112 = K + 
112 (16) 

From (5), (14), (132 ) and (16) we get 

— aR3 - 2bR2 	1 +cR. +R1  R3 2  -R2  = K - 

From (133,4 ) and (14) 

K. 	 (17) 

2 	1 	 )0,121 Lu 2= (R 3 	 A it); 1 (dR1-2R2 LAI1)AW +{.dR2+(R1-R3 	11A 	112 "112'w 

(12)  

(13)  

(14)  

(15)  

(18) 
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(19) 

(20) 

(21) 
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dRt(Ri  -R3) W 12} A +(dR3+2R2 0312
)A ...2 	 D 	) 0 j1 It to  

= ‘
I
412--R212 

 

and hence there exist functions S1 
...,S

4 
: D--.R each that 

dRI-2R2Wi  = SILO
1
+(S2+12112)(A3

2, 

2 
dR2+(R1-R3

)(Al = (S2  +R 112  )10
1 
 +(S

3
+R
212

)L0
2
, 

2 dR
3  +2R2 1  

Ci32 = (S3+R212)0.31 + S4 CA • 

From (2 ) and (5) 

1 	1 2 
(da-2b (0 ) A cA +1[db+(a-c)(A21 (4)2 = - 81312  11 A 	W  A U3  ° 

17.db+ ( a -c) O 1
lAu 1+(de+2b01) pou32  = - R12

w1 4 w  2,  

and we may write 

2 	1 3 da -2b w1  = Uj
1 
 + (14+  2- 8112)  LL) 

2 
 

db+(a-c)(0
2
1  = ( 	2R112' W

1
+(  + 2 R212) W2 

2 dc+2b 1 = (e_ R22)u31 s w 2.  

On differentiating  (17) and substituting  from (19) and (21) the coefficient 

of uu2 vanishaz,Hencethe coefficient of each of (Al and (A2 will be equal 1 
to zero, which gives 

-- (c+R 	-2 (b+R ) +(a+Ri  )S3  = - ( 	2- 8212) R1  

1 3 	 3 
4-  2( 	-2- R112)  R2 -6(128  - a R

3 	+2b R112+ 	K) 212 	1 

1_A-R 	-2 (b+R )S + ( a+R 15 = -7R +2( 	 ,- R3  +13  )R 2 3 	1 4 	1 	2 212 212 2 

,03 	- 
2 -112+  R1

3
12)R 	"-i3 3+2bF 212 c813 12 + 	1°2.  

In D, let us choose coordinates (u,v) such that 

1 (.0 = rdu 2 
= .4dv , 	r = r(u,v) 	0, 4 r=.4 (u,v) 	0 	(23) 

(22).  
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which implies that 

2 	 1 M
v  r du r + -1 204 dv UJ1 = - 	— 	— u • 

From (19) , (23) and (24) we get 

-a(R.1-R3 ) 	( R
1 

-R3 ) -1 -2)r 	-1 MA5 du+ 	 dv - 4R2  (- 	du + r 	u  dv) _ - 

3 	 -3 • (S1-S3-R212 )r du +(S2 -S4+R112 )ady 5 

-waR 	 -1 -tr du+r  -1 -6.6 . -R .a 	v2 dv +(R 1  3)(- 	 -b u dv) 

3 
(S +R112/ ) 	 3 

	

2 	r du + (S3 + R212 )..0dv. 

From (25) it follows that 

---a ( RI  -R3 ) 	 2 	
r 	3 	-3 , r.6 	- 	 + r 	 + Thu (RI  -R3 )+4 _ay R2+ r (R_ -R 

	

SI 	"""a u 	"'"?,v 	 212 212 

-aR•  
• rAS2  =.4 _ u2  v (Ri  -R3 ) - r..OR112' 

---,R 
0 	 4s 	 -3 r ,sS3 = r but + .. IT  .T  (RI  -R3 )- r.6 

R212' 

Th(Ri -R3 ) 	-6 R2 	._..ar  
-6-6 rzS4  =-r 	 -6 u 	+4-6u 	"bv (R.! -R3)+4 -611 R2-r4(R1312--R1312 ).  

Now, let us turn our attention to condition (iii) of our theorem, for x,y,z 
E T (M) , let 

M (d) 

x= xl v1  +x2 v2 , y= y1v1+y2v2 , z= z1vi lz2v2  , (x3=y3=z3=0).. 	(27) 

We have 
3 

R(x,y) z = 	R 	j k i 1=1 	ijk  x y z vt  • (i,j,k=1,2.) 

2 	1 2 1 	3 	1 2 1 	2 	2 1 1 	3 	2 1 1 = R112 xyzy2+R112xyzy3 - Rii2xyzv-R. xyzy 2 112 	3 
2 	1 2 2 	3 	1 2 2 	2 	2 1 2 	3 	2 1 2 v1+ 	y z v3+R ii2x y z v -R - R112x  y z v+ R 	 1 212x y z v3  

• • • 

--eR2 
 du + 

-6 u 	-6 v 

(24)  

(25)  

(26)  

L 
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= 

	

(x2 y1-xly2, 	R2 	(z  2v  
I 	112 	1 
I ...z1v 	) _ (03 v

2 )-( 112z  
1 	3 	2 )  

+R212z )v3 

Since Ld  v. = v- . , then . 

3 1 3 2 Ld{R(x,y)z}- = (x2y1-xly2){ 2 	2- 
R112 (z vl-  Z1172)-(R112z 441212z )v3}' 

	

x,L y)L z = (x2 y1-x1y24 	(z2; 	) _ (53 z1.4.  ;3 
• 112 	1 	2 	112 	"212z Iv  a d a 	

+ 

Since from the condition Ldf R(x,y)z} = R(Ldx,Ldy)Ldz for each d 6  D and 
all x,y,z E T (M), it follows from (29) that we have on M 

M(d) 

2 	-2 

	

 
R112 = R112, 	= R 3 	3 	-3 112 

3 

112 , R212 = R212. 

Hence from (16) we get 

	

K = 	> o 	 (31) 

Using (31), equation (17) can be written in the forms 

• (2 ,34-2C+1114-R 3 )R1-2(21D+R2 )R2 -(2a+Ri )(Ri -R3 ) = 0 
Or 

(2 c+R3 ) (R1-R3 ) -2 (2b+R2 )R2+ (2 a+2 c-HZ1+R 3 ) R3 = 0. 

From (10) and (14) we get, 

-3 _2 -1 -3 	 1 2 - 1 2 
LIJ1 A Ul +U.)  A W2  = 2H tiJ1 

Lk)
2+ (R.J. -1-R3 )t..0 	= 2H ei.) 	, 

Hence 
2(H+R) = 2a + 2c + R1  + R3. 

Since 	52> K = K >0 , H2> K, imply 2 (H+5) > 0, 

then from (32) and (34), 

(33) 

(34) 

(H+R) 	(2b+R2  )R2 	2 
1 + 	(2a+R1  ) (RI  -R3 ) 

s 
: • 

1 R3= (H+5)-1 	
2 

(2b+R2 )R2  - 	(2c+R 3 ) (R1-R3 )} 

From (26), (35) and (22) we get 

(28)  

(29)  

(30)  

} 	(32) 

(35) 

L • • • 	 —J 
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(36) 

} 	(37) 

(38) 

R2 	 - R2  

-6 2 4 (b+R ) 	 +r (a+c+R+R) Thy  2 u 	i 3  

fi  (RI  -R3 ) + f 2  R2 , 

-R3 ) 	 "-a R 2 	 -- R2  
v -r(a+R1) 	 + ( a + c +R

1+R3 ) _Thu 	2r (b+R 2 ) 	v 

f 3 (R1 -R3 )+ f4 R2 . 

The quadratic form gr of (36} is equivalent to 

, c(X= - (a+c+R1+R 3 ) r
2 (a+R )11 2+2r (b+R ) 1A + 	(c+R 3 ) N) 2 

1 " 	 2 L 

Let the discriminant of cif be - Q , then 

6 = r22 (a+c+R1+R 3 ) 2  I (a+R1 ) (c+R)-(b+R2 ) 2  , 

from (7) , (17) , (31) and (a+c+R
1+R3 ) = 2171 	0 equ (38) reduces to 

A = r2 .62K (a+c+R1+R 3 ) 2
> 0. Hence 95 is definite and (36) is elliptic, 

and from (iv) we get 	R
1-R3 = R2 = 0 in D. From (35) we get R = R

2=R3=0 1 
inside D. Then from (33) we get H = H , and from (15) we get II = II 
in D, which proves the theorem. 

Q.E.D. 
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CONCLUSION 

We conclude that the theorem of A. gvec [3] can be generalized from two 

infinitesimal isometric surfaces to the case of two general isometric sur-

faces in Riemannian 3-spaces. Moreover if V
3 
 = V

-3 
 = E

3 
the condition (iii) 

is automatically satisfied sin 
ijk = RiJ'k 
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