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Analysis of Reinforced Concrete Beams by Finite Segment Technique
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ABSTRACT

A finite segment numerical model, in the form of a computer program, for tracing the behavior of reinforced
concrete (RC) beams from the initial loading stage up to failure is presented. The material nonlinear behavior is taken
into account for both the concrete and reinforcing steel assuming perfect bond and linear strain distribution along the
cross section. The effect of shear deformation is accounted for, while the torsional deformations and geometric
nonlinearity are ignored. The load is applied incrementally and the equilibrium is ensured for every load step iteratively.
The validity of the numerical model is established by comparing the predictions from the computer program with the
response data acquired from published laboratory testing for several cases of simply supported beams with various
dimensions. The comparison showed that the proposed model is suitable for simulating the bending behavior of simple
beams (for a wide range of span to depth ratio); provided that an appropriate model for the reinforcing steel is chosen.

Keywords: Nonlinear analysis, reinforced concrete beam, shear deformation, and finite Segment Method.
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1. Introduction

It is well known that the finite element method works
well for analyzing steel structures, due to the straight

forward constitutive behavior of the material. On the It will be possible to adopt simple functions to
othgr hand, for_ materials such as concrete the behawor is represent the local behavior of that region. 2) Finite
basically nonlinear and much more complicated, which segment technique [5-7] where the structural elements
limits the capabllltles_of the finite element m_ethod in this are divided into small segments. Every segment has a
latter case. The nonlinear response of RC is caused by constant section property. It is assumed that the cracking
two major effects, namely; cracking of concrete in in section means that the segment is fully cracked. Cross
tension, a}nd yleldlng_of the reinforcement or crushing of section properties can be determined by the (fiber model)
concrete In compression. [5 and 8] or (layered element model) [9 and 10]. In fiber
Many researches applied the finite element method to or layered models, the models are based on satisfying
analyze RC beams. They discussed the finite element equilibrium of stresses and compatibility of strains at all
technique in two phases: 1) In-plane mesh technique [1- fibers of the cross-section.
4] where the main concept of finite element model is to The classical flexural beam theory cannot be used to
subdivide the domain of integration into a discrete understand the structural behavior of RC beams.
number of small finite regions. Accordingly, there have been continuous experimental
and analytical studies to investigate the behavior and
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the combined shear and flexural behavior of RC beams,
using a finite element model based on the Timoshenko
Beam Theory. Based on the finite element method,
different tension models were presented by Dede and
Ayvaz (2009) [13] to compute the ultimate load capacity
of RC beams. Some experimental investigations were
carried out to study the behavior of high strength
concrete beams failed in shear by Cladera and Mari
(2005) [14].

The primary objective of the present study is to
establish and demonstrate convenient, and reliable
material models, and to develop a simple methodology
for the nonlinear analysis of RC beams. The validity of
the proposed models is verified by comparing the
analytical predictions with results from previous
experimental studies.

2. Numerical model

The proposed model to study the nonlinear behavior
of RC sections under the effect of axial forces and
bending moments is presented in this section. The model
is based on satisfying both the equilibrium of stresses
and compatibility of strains at all fibers of the cross-
section.

2.1. Material models

In this study, bilinear stress-strain models are chosen
for both the concrete in compression and reinforcing
steel. The tension stiffening of concrete is also taken into
consideration. All material models in the present work
are extensively illustrated by Chen [15].

2.1.1. Concrete in compression

The material model for concrete in compression is
shown in Fig. 1. In this case, the compressive stress is
given by [15];

a(g-)z &j % ECO fOI’(OSgi Sgco)
I f for(gco <g<¢g

cu cmax)
€e0 = fcu/ECO .............. Q)
&omax = 0-0035
Where;

Eemax — Maximum concrete compression strain.
&= Concrete compression yield strain.
f., = Cubic compression strength after 28 day.

E.,o= Concrete Young’s modulus in elastic zone.

2.1.2. Concrete in tension

The stress-strain model for concrete in tension
considering the tension stiffening effect is shown in Fig.
2. For that model [15];

a=6,4=10,y =(a-1)/p
8Cr = fCr/Eco

& xEg, 0<g <&
U(‘gi ) =
ECO ><(gi _gCr)/ﬁ+7/>< fCr’gCr < & < 6€Cr
.............................................................................. (2
Where;
a, By = Conc_re_te tension  stiffening forming
coefficient.

e, = Concrete cracking strain.
fo, = Concrete cracking stress.
&, = Steel yield strain.
Emax = Maximum steel strain.
= Strain of layer No. (i).
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Figure 1: Stress-strain model of concrete in
compression [15].

©
]
2 P/ -
o
9]
=
0o
w E
o ‘~z-. Tension
n i stiffening
uw =y fo foee?
o | :
o [
=D ?ECC Eey
= | TET
E P
Z 1
=
Eer o B
Tension strain of concrete =;[-]

Figure 2: Stress-strain model of concrete in tension
[15].

2.1.3. Steel models

The elastic-perfect plastic (EPP) stress-strain model
for steel is shown in Fig. 3. In this case; the stress both in
tension and compression is given by [15];

(c.) gsxEgy, 0<eg,<gg
o\&: )=
S

f}” €50 < Es < Esmax

eo=Ty /B 3)
Esmax = 0.01
Where;
;= Steel strain.
E

so = Steel Young's modulus in elasticity zone.

€0 = Steel yield strain.
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Maximum steel strain.

f, = Steel yield strength.
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Figure 3: Stress-strain model of rebar [15].

The elastic-plastic hardening (EPH) model shown in
Fig. 4 is appropriate for cold-worked steel reinforcement
that doesn't exhibit a distinct yield plateau [15]. In this

case;
1-A
ole,)=E,xe x{ A+ T [ e (4
1+(Bxs,)
A=Es B:—Eso(lfA),cze, . =1f,—Eg xe,
EsO fs
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Figure 4: Stress-strain model for rebar [15].

2.2. Reinforced concrete section model

The proposed numerical model for nonlinear analysis
of a RC section subjected to an axial load N, and
bending moment M, is presented herein. The model is
based on the following assumptions:

1) Strain distribution is assumed to be linear along
the section while the stress distribution is
nonlinear.

2) Perfect bond between concrete and reinforcing
steel is assumed.

3) Deformation due to torsion is neglected.

4) The effect of geometric nonlinearity is not
considered.

The main objective of the model is to find the
effective area A and moment of inertia |, of the RC
section. Referring to Fig. 5, the sectional computations
are carried out as follows:

1)

2)

3)

4)

5)

6)

Initially, compute the coefficients of axial (EA)
and bending (EI) rigidities for the concrete
section neglecting the reinforcement, and locate
the initial position of the neutral axis, as

EA =E;,xbxt

El =E¢,xb xt3/12

y =t /2(from upper fiber )

Calculate the strain ¢ at both the top and bottom
edges of the section and locate the position of the
neutral axis NAL, as

&op =N, /EA=M, /El xy

o =N, JEA+M, JEIx(t=Y) o (6)
NAL = £, /(6165 — 0 )X

Divide the section into a number of identical
layers with a width b and a constant depth dy.
Then, calculate the strain at every layer
depending on its distance yi from the top edge of
the section. Steel strains both in tension and
compression are to be computed too; depending
on the distances d and Dd from the upper edge,
respectively.

dy = t/ Niayers

y, =dy/2+dyx(i—1)

& =&, (NAL—y; )/NAL
Ecomst = €10 X (NAL—Dd )/ NAL
Erenst = —€iop % (0 — NAL)/NAL
Calculate the stress and elasticity modulus E¢ for

every concrete layer, as well as for the steel
layers resulting from the computed strains.

Ec(i)=doc(s)/de
Ecomst = A0 (Ecomgt )/AE orvvvermrereriinreriianerinns (8)
ETenSt = do—s (gTenSt )/dg

Calculate the overall section properties, as

EASI = EComSt XCAS+ ETenSt xTAs

Niayers

EA=EA, +bxdyx > E.(s) - (9)

i=1

EAg X Vg = Egomgt XCASX DA + E i x TASxd

Niayers

yz(EAStxySt+b><dy>< Zyi xEC(gi)j/EA
i1

Niayers

Ele = 3 Ecla)x bxdy*/12+bxdyxy7)
i=1

Elg = Eqypg XCAsx Dd? + Ep o x TASxd?

(10)

El =El. + El, —EAxY’

Solution steps from 2 to 5 are repeated with the
most updated section properties, until an error
tolerance of 0.01 for both EA and El is achieved;
provided that the compression strain of concrete
at the top edge does not exceed 0.0035.



7) Compute the effective section area A and inertia Where;
moment |, as 140
Q,=1+¢,,Q,, =4"—"",
8) ATENEe (11) R,
I, =EI/E
z /Ee 923:21”’2 .and o, =£|2= Shear angle
2-0, Gy AL
op - ]} As shown in Table 1, the effective shear modulus G
ﬁMx 7
/\ N Comsr—/ * Cas ® | depends on the type of RC element, [16].
/ f Table 1: Effective shear modulus G for RC elements, [16].
\'wl / o Element type Effective shear modulus
‘._/-‘ v, Beams and frames . _ 024G, (1-250¢,), & > &g,
I“I‘ / / o G, & <é&cr
/ / & e e
\ s TenSt | “o"| @ 145 o Deep beams G, =0.25G,
“bor f Shear walls G,y =0.125G,.
Figure 5: The Section Layered Model. Gc =Ec /(2(1+v))and v = Poison’s ratio = 0.2 for RC.

A and |, are computed at the start and end for

every segment, then the average values are taken

as the segmental properties that will be used in

the subsequent steps of the analysis.

2.3. Force-Displacement Relationship

2.3.1. Element stiffness in local coordinates

Referring to Fig.

6-a,

the force displacement

relationship of a plane frame element in local
coordinates is expressed as {F } = [K {5} where;
10 0 -1 0 0 |
121 6l -12I 6l
= == 0 -
AZ AL AZ AL
6l 41 -6l 21
Al o A~ 9 & &
[k]-EA AL A AL A
Ll-1 o0 0 0 0 |,
-121 -6l 121 -6l
0 7 Al ~Z A
AL AL AL AL
6L 20 o el 4l
AL A AL A ]
FT={F, F, M, F, F, M, and
B ={u v 6 Uy Vo o} (12)

According to Dundar and Kara [16], the stiffness
matrix [K] can be modified to consider the effects of
shear deformations as follows:

[ A 0 0 -A
121 61
0 5 0
L, LQ,
P 71 22
[K]‘L—A 0 0 A
-121 -6l
0 0
L, LQ,
0 6l 20 0
L LQZI QZ3

0
-121

L’Q,
-6l

LQ,

0
121

L’Q,
-6l
LQ,

(13)

1)

a) Local coordinate system.
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b) Global coordinate system.

Figure 6: Coordinate systems

2.3.2. Global element stiffness matrix

The local stiffness matrix [K]can be transformed

into its global form [R]With respect to the global
coordinates shown in Fig. 6-b. This can be achieved by
the multiplication by the transformation matrix [Tr] as

[K]=[reT K]

And;




[cosy siny 0 0O 0 0
—siny cosy O 0 0 O
[Tr]z 0 0o 1 0 _0 0 . (15)
0 0 0 cosy siny O
0 0 0 -sinyg cosy O
| 0 0 ©0 0 0 1]

Moreover, the global load and displacement vectors
({E} and{(_S}) are related to the local load and

displacement vectors through

Fl=mT (7}
{o}=[rr] b}

2.4.

The nonlinear nature of the force displacement
relationship requires an iterative solution procedure. The
computations in this work are carried out using a linear
stepwise load-incremental method. The load is applied in
a series of small increments, and for each of these
increments, the changes in deformations and internal
forces are determined. The tangent stiffness matrix,
based on the values of axial and flexural rigidities
existing at the beginning of any step, is used to calculate
the change in the deformation caused by the load
increment. Mathematically, this can be expressed as

[Ky KAS} = {AF } oo

Where; [K+] is the tangential stiffness matrix, {Ad} is the
incremental  displacement vector, {AF} is the
incremental nodal force vector. The tangential stiffness
matrix [K;] can be written as:

ko] Sk

Iterative solution

Where; [K_IJ is the element stiffness matrix, the subscript

i refers to the element number, and n is the number of
elements. The total displacements and internal forces
existing at the end of any step are obtained by summing
the incremental changes in displacements and internal
forces up to the end of that step. At the ultimate load the
stiffness matrix will be singular and the structure will no
longer be stable. A summary of the linear incremental

method is listed below: Specify the incremental
loads {AF}.
1) Using the axial and flexural rigidities (as

explained in Sec. 2.2), form the local stiffness
matrix [K] for each element and construct the
transformation matrix [Tr].

Transform the element stiffness matrix from local
to global coordinates and combine to form the

overall stiffness matrix K |.

Solve for the incremental displacement {As}
using Eq. (17).

Using {As}, determine the change in internal
forces {AP}.

2)

3)

4)

ay

5) Calculate the total value of{s},{P} and {F}by

adding the increments to the existing quantities.
6) Return to step 2 for the next load increment.

2.5. Sensitivity analysis

An open source computer program called NAFS was
especially written to trace the nonlinear response of RC
beams up to failure by finite segment technique. The
program code involves all above-mentioned constitutive
models, formulations, and solution procedures. A
sensitivity study is carried out in this section to find the
optimum segment size for the proposed numerical
model. The solution technique and computer program
will then be verified in the next sections against some
previously published test results. A flowchart is given in
the Appendix to illustrate the main steps used to find the
RC element properties using the finite segment model.

The simple beam tested earlier by dePaiva and
Austin, [17] under a uniform load, is reanalyzed by the
current model considering different element sizes and
the results are shown in Fig. 7. The abscissa in Fig. 7
shows the number of elements used to model one half
only of the symmetric beam; while the coordinate shows
both the midspan deflection [mm] and the scalable
ultimate load capacity [KN]. It can be seen that the
ultimate load is less sensitive to the variations in
segment size; when compared with the midspan
deflection. The acceptable results of the central
deflection could only be achieved when 10 (as an
average value) elements were used to model one half the
span. For all cases under investigation in this study, the
full model of a simple beam comprises a total of 20
finite segments as shown in Fig. 8.

3. Verification of the model

In most of current codes of practice, RC beams are
classified as deep or slender beams according to their
span-to-depth (L/d) ratios. For instance, the span of a
deep beam in ACI 318-08 [18] should not exceed four
times the overall member depth. The Eurocode-1992
[19] defines the deep beam as a beam whose span is
equal to or less than 3 times the overall section depth.
The Egyptian code (ECP 203) [20] defines the deep
beam as a beam for which the L/d ratio is less than or
equal 2.0 for a simple beam, and less than or equal 2.5
for a continuous beam.
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Figure 7: Effect of segments size on results.
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Figure 8: Typical simply supported beam and segment
divisions into 10 segments.

Verifications are performed in this section for the
following three categories: (1) Two deep beams for
which L/d <2; (2) Two short beams for which 2 < L/d <
4; and (3) Four slender beams for which 4 < L/d < 11.
The simply supported RC beam shown in Fig. 8, which
is subjected to a uniform load, was tested earlier by
many researchers [1, 17, and 21]. The dimensions and
design parameters for the tested beams are listed in
Table 2. The main reinforcement of the cross section as
well as the material properties vary as shown. All cases
of tested beams failed in flexure. The experimental
results for those beams are compared in Tables 3 and 4
with the theoretical results obtained by the present
model.

Referring to Table 3, the ultimate load capacities
Wi given in the 2™ column were found by the tests;
while the W, results given in the 3 to the 6" column
were calculated numerically by the present model. The
corresponding midspan deflections are listed in Table 4.
Four different constitutive models for the reinforcing
steel were examined with the proposed model, as it is
illustrated below Table 3. For the sake of comparison,
the predicted results W, and &, were normalized using
the ultimate test results Wi and g ,respectively, in
each case. The normalized results are listed in the 7"
through the 10" column in Tables 3 and 4. The
theoretical ultimate load predictions W, were calculated
based on EPH and EPP models, described earlier in Sec.
(2.1), with material parameters as given in Table 2.
However, for W, computed on the basis of EPHEC and
EPPEC models, the stress levels given in Table 2 for
both the concrete and rebar were limited to the design
parameters and strength reduction factors recommended
by ECP 203 Code [20]. This means that concrete
characteristic strength is reduced to 45% of its original
value; whereas the yield strength of reinforcement is
reduced by 13%. Figures 9 through 16 show the
comparisons between load-deflection curves for the
midspan section in every case, as obtained
experimentally and numerically considering the different
steel models.

3.1. Deep beams (L/d < 2):

As shown in Figs 9 and 10, the theoretical and
experimental results are in excellent agreement up till
50% of the test ultimate load. Although all theoretical
models showed stiffer behaviors for further loading, yet

ay

the ultimate load predictions for some of the theoretical
models (such as the plastic hardening EPH and EPHEC
models) are in good agreement with the test results. For
deep beams, the EPH ultimate load predictions were
found to agree with the test results with maximum
discrepancies of 13%, as given in Table 3. Moreover, the
EPHEC ultimate load predictions were found to agree
with the test results with maximum discrepancies of
21%. Load discrepancies increase up to 32% and 37%
for the elastic-perfect plastic EPP and EPPEH models,
respectively. However, the proposed model, as listed in
Table 4, was too stiff such that it could not give any
satisfactory predictions for the deflection, in this case.

3.2. Short beams (2 < L/d < 4):

Figures 11 and 12 describe the theoretical and
experimental load-deflection response for two short
beams of 2.66 and 3.71 span-to-depth ratios,
respectively. As shown by the two figures, although
different models were used for the rebar, the theoretical
load-deflection behaviors are very close to one another,
and agree well with the test results, up till 85% of W.
For further loading, both plastic hardening models of
rebar (i.e. EPH and EPHEC) showed stiffer behaviors,
whereas both elastic-perfect plastic models (i.e. EPP and
EPPEC) showed more realistic behaviors. For both test
beams, the most accurate theoretical predictions were
also achieved via the elastic-perfect plastic models, as
given in Table 2. For L/d = 2.66, the EPP model gave a
zero error prediction, whereas the percentage error in the
EPPEC prediction was 12% lower than W. For the
other short beam (L/d = 3.71), the predictions of the
same two models (EPP and EPPEC), respectively, were
26% and 11% higher than Wyg. On the other hand, the
EPH and EPHEC predictions were 21% and 9%,
respectively, higher than Wy for L/d = 2.66. For L/d =
3.71, the discrepancy was much more noticeable and
reached 83% and 56% higher than W, for the EPH and
EPHEC predictions, respectively.

As listed in Table 4, the deflection predictions still
underestimate, if compared with the test results.
However, the situation in this case is much better, if
compared with deep beams. Elastic perfect plastic
models show a relative more flexible response compared
to the elastic plastic hardening models, in this case.

3.3. Slender beams (4 < L/d < 11):

The theoretical and experimental load-deflection
responses for 4-slender beams are depicted in Figs 13
through 16. The span-to-depth ratio for the 4-beams is 4,
6, 8.8, and 11, respectively. It can be seen from the
figures that all theoretical load-deflection behaviors are
stiffer, if compared with the corresponding experimental
behavior. However, they are very close to one another
for every tested beam. For beams with L/d = 4 to 6, this
typical coincidence of the load-deflection curves
continues along the entire loading history until the full
experimental ultimate capacity W, is reached. For L/d
= 8.8 and 11, respectively, it continues up till 97% and
85% of Wy This means that a conservative estimation



of the ultimate capacity W, for a slender beam (L/d > 4)
can be obtained throughout the proposed model. In this
case, the load-deflection response of the beam is to be
plotted by the 4-proposed models. The first point at
which the theoretical response curves deviate from one
another is to be determined. Then, the load level at the
deviation point can be taken as a conservative estimation
of the ultimate capacity of the beam.

For deflection predictions, it can also be seen from Figs
9 to 16 that the proposed models are more efficient for

slender beams if compared with short and deep beams.
Deflection estimations at failure are much closer to the
test results for slender beams; especially for the elastic-
perfect plastic EPP and EPPEC models. Among the
proposed models, the EPPEC model can be considered
as the best for nonlinear analysis of slender beams;
because the response curves achieved by that model are
the closest to the test results. The greater the span-to-
depth L/d ratio, the closer the theoretical predictions of
deflection to test results.

Table 2: The dimensions and design parameters of tested beams.

L d t b Rft. feu fu E. f, Es
Beam  Rel. Ud 1o [mm] [mm] [mm] [mm? [MP&] [MPa] [GPa] [MPa] [GPa]
NLB1.0 [17] 10 914 914 959 114 258 35 35 26 331 210
NLB2.0 [17] 2.0 914 457 503 114 400 34 3.5 25.7 307 210
NLB2.66 [1] 2.66 2473 931 991 203 2443 17 2.3 18.1 320 210
NLB3.71 [1] 3.71 2438 657 686 203 1927 22.5 21 20 350 206
NLB4.0 [17] 40 914 229 273 114 258 24 2.9 21.6 334 210
NLB6.0 [17] 6.0 914 152 195 114 142 29 3.2 23.7 382 210
NLB8.8 [21] 88 2235 253 305 152 852 43 3.9 28.9 305 210
NLB11.0 [21] 11.0 2794 252 305 152 387 36 3.6 26.4 462 210
Table 3: The experimental and theoretical ultimate load capacities of tested beams.
Beam West Ultimate Load W, [KN/m] W/ Wiest [--]
[kN/m] EPH' EPHEC?® EPP® EPPEC® EPH EPHEC EPP EPPEC
NLB1.0 1236 1171 982 841 776 0.95 0.79 0.68 0.63
NLB2.0 751 851 742 562 498 1.13 0.99 0.75 0.66
NLB2.66 743 901 808 743 656 1.21 1.09 1.00 0.88
NLB3.71 308 564 481 388 343 1.83 1.56 1.26 111
NLB4.0 173 313 265 213 189 181 1.53 1.23 1.09
NLB6.0 74 144 122 98 85 1.95 1.65 1.32 1.15
NLB8.8 103 174 148 120 106 1.69 1.44 1.17 1.03
NLB11.0 51 71 63 55 49 1.39 1.24 1.07 0.95
TEPH = Elastic Plastic Hardening steel stress-strain model.
2 EPHEC = Elastic Plastic Hardening steel stress-strain model considering the design parameters and strength
reduction factors for concrete and steel reinforcement adopted by ECP 203 Code.
®EPP = Elastic Perfect Plastic steel stress-strain model.
4 EPPEC = Elastic Perfect Plastic steel stress-strain model considering the design parameters and strength
reduction factors for concrete and steel reinforcement adopted by ECP 203 Code.
Table 4: The experimental and theoretical deflection at midspan of tested beams.
Beam Otests Midspan deflection 6,, [mm] Ou/Oest
[mm] EPH EPHEC EPP EPPEC EPH EPHEC EPP EPPEC
NLB1.0 181 121 1.13 0.59 0.48 0.07 0.06 0.03 0.03
NLB2.0 218 215 1.89 085 0.73 0.10 0.09 0.04 0.03
NLB2.66 200 7.78 8.07 940 1 .10 0.39 0.40 0.47 0.51
NLB3.71 199 797 8.78 8.68 11.80 0.40 0.44 0.44 0.59
NLB4.0 105  3.53 3.23 289 3.10 0.34 0.31 0.28 0.30
NLB6.0 152 490 441 580 6.23 0.32 0.29 0.38 0.41
NLB8.8 270 16.60 17.10 26.00 32.30 0.61 0.63 0.96 1.20
NLB11.0 51.1 33.90 36.00 51.10 105.50 0.66 0.70 1.00 2.06

4. Conclusions and Recommendations

A nonlinear analysis of RC beams based on finite
segment technique and a direct iterative solution scheme
was presented. The presented model takes account for
material nonlinearities of concrete (both in tension and
compression) and rebar, assuming perfect bond and
linear strain distribution along the cross section. Four

q¢

different nonlinear material models for rebar were
considered. The present analysis has the advantage to
easily trace the nonlinear response of RC flexure beams
along the entire monotonic load history up till failure.
The analysis accuracy and efficiency was validated
against 8-cases of deep, short, and slender test beams
from the literature. From the comparisons and analyses
carried out in this work, the following could be drawn:



a)

b)

Several times, the proposed model could
successfully trace the nonlinear response of RC
deep, short, and slender flexure beams subjected to
monotonic loads up to failure.

The model can satisfactorily predict the ultimate
load capacity for deep beams (L/d < 2) and short
beams (2 < L/d < 4) using the elastic-plastic

q0

hardening EPH and EPHEC models. The EPH
model is more suitable for deep beams with L/d
closer to 1, while the EPHEC model gives better
predictions as L/d ratio is closer to 2. However, the
deflection predictions are not acceptable for both
models.



1400
E1200
3 —
1000
o /
©
S 800
——Experimental
& €00 |
o —m—EPH
5 400 ..m-- EPHEC -
— —a— EPP
= 200 =
+-a-+ EPPEC
0 T T T 1
0 5 10 15 20
Deflection at midspan [mm]

Figure 9: Distributed load vs. midspan deflection for
beam with L/d = 1.
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Figure 11: Distributed load vs. midspan deflection for
beam with L/d = 2.66.
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Figure 13: Distributed load vs. midspan deflection for
beam with L/d = 4.
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Figure 15: Distributed load vs. midspan deflection for
beam with L/d = 8.8.
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Figure 10: Distributed load vs. midspan deflection for
beam with L/d = 2.
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Figure 12: Distributed load vs. midspan deflection for
beam with L/d = 3.71.
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Figure 14: Distributed load vs. midspan deflection for
beam with L/d = 6.
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Figure 16: Distributed load vs. midspan deflection for
beam with L/d = 11.




c) For short beams (2 < L/d < 4), the model can
satisfactorily predict the ultimate load capacity
using the elastic-perfect plastic EPP and EPPEC
models. The EPP model is more suitable for short
beams with L/d closer to 2, while the EPPEC model
gives better predictions as L/d ratio is closer to 4.
The deflection predictions are much better than
those of deep beams but they still underestimate for
all models, in this case too.

d) The proposed model can satisfactorily predict the
ultimate load capacity (within 11% of the test
results) for slender beams, via elastic-perfect plastic
EPHEC model. However, the deflection predictions
are irregularly accurate.

e) A conservative estimation of the ultimate capacity
W, for short and slender beams (within 15%) can
easily be obtained throughout the proposed model.
This estimation can be encountered at the first point
of deviation obtained from the plot of the 4-
theoretical response curves computed by the 4-
proposed models.
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Appendix I: Flowchart

For all members

£ = Concrete compression yield strain.

¢ = Maximum concrete compression strain.
¢ = Concrete cracking strain.
£,= Steelyield strain.

¢ = Maximum steel strain.

¢ = Strain of layer No. (i).

= Cross section top fiber strain.

Input: structure data Etop
¢ = Cross section bottom fiber strain.
bot . :
£ Strain of compression steel.
ComSt
Calculate the initial properties: Strai ft . teel
Yeg = t/2 (from upper f|ber) gTenSt - raln ot tension steel.

axial rigidity (EA0) =Ec xb x t
flexural rigidity (E10) = Ec x b x t¥/12

For each load level step

A

Calculate actual properties:

EA = (certain value equal EAQ for example)
El = (certain value equal EI0 for example)
€iop = NZ/EA-MX/EIxXy. 4

epot = NZ/EA-MX/EIX(t-Y. )

NAL:glop/ (810;1 - Epor) Xt

£comst = &op X(NAL-Dd)/NAL

Brenst = -giop X(0-NAL)/NAL

dy = tInLayers

For all section layers

Next section layer

Ecomst = dos(comst)/de; Etenst=00s(tenst)/de

Els = EcomstXCASXD0? + Eensx TAsxd?

vy = Poisson's ratio.

Q,1,9,,,9Q,; = Shear deformation coefficients.
@, = Shear angle.
b= Width of RC section.
d = Distance of tension steel from upper fiber.
f (gi ) = Stress function of concrete layer No. (i).
f(s,)= Stress function of rebar row.
Concrete cracking stress.

f = Cubic concrete compression stress after
28 days.
f, = Steel yielding stress.

dy = Concrete layer thickness.
= Cross section gravity center position

Calculate the layer strain: (from upper fiber).

AL INAL y, = Distance between center of layer (i) and
& = E€top X -Yi .

E.(e)=dox(er)/de upper fiber.

= Overall depth of RC section.
A= Cross-section area.
CAs= Compression steel area.

EAs = EcomsiXCAS + ErensixTAS Dd = Distance of compression steel from upper
A |EA= EAq + bxdyxYE(e) fiber.

EA«*Yst = EcomstXCASXDd + Erensx TAsxd ' R R

Yoo = (EARXYsctbxdyx T (yiXEq(e))/EA E,= Concrete Young's modulus in elasticity

Elc = Y(Ec(er)x(bxdy/12+bxdyxy?)) zone.

EI= Elot Bl - EAXYe, E,= Steel Young's modulus in elasticity zone.
EAEI = Axial and flexural rigidities of cross
EAO = EA section.
EI0=EI E, (i)= Elasticity modulus of concrete layer
No. (i).
Econs = Elasticity modulus of compression steel.
Eronst = Elasticity modulus of tension steel.
EA, = Total steel axial rigidity.
El.= Concrete flexural rigidity.
Figure A.1: Flowchart illustrates the main steps used to El = Steel flexural rigidity.

find the RC element properties using the finite segment
aA
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Shear modulus and Effective shear
modulus.
Cross-section moment of inertia.

Segment element length.
Neutral axis location (from upper fiber).
Tension steel area.

Nodal displacement vector in local
coordinate system.

Nodal force vector in local coordinate
system.

Nodal displacement vector in global
coordinate system.

Nodal force vector in global coordinate

system.
Stiffness matrix in local coordinate
system.
Stiffness matrix in global coordinate
system.

The applied nodal loads vector at free
degrees of freedom.

The reactions or resulting forces vector at
restrained degrees of freedom.
Reinforcement.

Transformation matrix.
The displacement vector at free degrees

of freedom.
Experimental failure load.

Ultimate load computed by model.
Experimental deflection at failure.

Deflection at ultimate load computed by
model.
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