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ALGEBRAIC PREDICTION OF TURBULENT BOUNDARY 

LAYERS IN ADVERSE PRESSURE GRADIENT 

* 
A.M. EL-KERSH 

ABSTRACT 

An attempt has been made to develop a method for predicting 
the development of turbulent boundary layers in adverse pressure 
gradient. Simple calculation procedure is presented by incorp-
orating a deceleration rate parameter into boundary layer 
equations. The compressibility effect of the flow is considered° 
by adopting the Mach number in the momentum and skin friction 
relations. The predictions of the boundary layers are in good 
agreement with available experimental results,which validates 
the calculational technique. 

.* Lecturer,Mechanical Engineering Dept.,Faculty of Engineering 
and Technology,Minia University,Minia,Egypt. 
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INTRODUCTION 

The behaviour of the turbulent boundary layer in an adverse 
pressure gradient is probably one of the most important and 
also one of the most difficult problems in fluid mechanics. 
Almost all devices involving fluid flow, stch as pumps, diff-
users, compressors, airfoils and submerged bodies, depend 
critically upon this behaviour. The effort that has been 
expended on this one problem gives evidence of the difficulty 
as well as the importance. 

In an adverse pressure pressure gradient the fluid very near 
the solid surface that has been retarded by viscous forces 
quickly loses its remaining momentum. When this happens the 
boundary layer is likely to separate,or stall, and copletely 
change the flow. The loss of momentum by the fluid near the 
wall, then, is the significant factor in the behaviour of the 
boundary layer. Because of the mixing motion, the rate of 
transfer of momentum to the inner layers is much greater in 
turbulent flow, and separation is usually delayed relative to 
the laminar case. 

A number of schemes for turbulent incompressible, two-dimen-
sional boundary layer predictions have been reviewed by re-
search workers [1-4]. Such prediction methods are classified 
to differential and integral techniques. The basis of the 
differential techniques is the solution of the equations of 
motion at each point in the boundary layer, the distribution 
of shear stress being obtained through a few semi-empirical 
relations. The integral techniques form the largest class of 
the methods which use the momentum integral equation. The 
boundary layer thicknesses of such equation are usually relat-
ed to each other by integrating a semi-empirical expression 
for the velocity profile. The integral techniques are divided 
into dissipation or moment methods depending on the selection 
of the second integral equation. Also another method of the 
integral technique ,is based on the selection of the entrain-
ment equation. 

One of the methods of integral techniques has been extended to 
account for the flow compressibility on the boundary layer 
development [5,6) . The extension of such methods to co 	ssible 
flow is based primarily on the interpretation that turbulence 
structure is essentially unaffected by compressibility. Also 
such methods are restricted to compressible adiabatic flow. 

The present paper describes a calculation procedure for comp-
ressible turbulent boundary layer in adverse pressure gradient. 
The method adopts the approach of Senoo and Nishi [7] by using 
a handy parameter which controls the development of the 
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boundary layer for decelerating flow. 

DECELERATION RATE 

In steady two-dimensional compressible flow,the momentum integ-
ral equation of turbulent boundary layer is classified ae 

u  -(2+11-m2 0 dU Fgc  

For small deceleration rate,the increment of momentum thickness 
is proportional to the length of integration dx, 

In decelerating flow,the increment of momentum thickness dO 
is proportional to the change of velocity dU and it is slightly 
affected by the length dx. Following Senoo and Nishi[7),the 
number of steps required to integrate equation (1) can be 
minimized if the increment of the momentum thickness is app-
roximately constant for each step of integration. The step 
length is chosen so that -(1/U)(dU/dx)dx=-dU/U is constant. 
Accordingly the distance where the free-stream velocity is 
decreased by 10 percent is defined by) ,and equation(1) is 
integrated for the distance dx= A. As  the mean value of the 
velocity gradient is expressed as (1/U)(dU/dx)=-0.1/A the 
above equation is given by 

f
/2 	 (1) 

00 (0.2+0.1H-  - 0.1242)+0, 
=lied/6 + Li O 

f
ie' (2) 

where A 
d andp 94, indicate the increments of momentum thickn-

esses caused by the deceleration and the wall friction force 
respectively. 

The variation of A 0 andt, 	with respect to the deceleration 
rate parameter 4)dis showfi in Fig.1. The influence of fric-
tion on the increment of momentum thickness is very small for 
deceleration rate greater than 0.01. Such influence is slight-
ly affected by increasing Mach number. 

BASIC EQUATIONS 

Momentum Equation 

For a large deceeration ratepequation(1) can be integrated 
over a distance neglecting the variation of friction on the 
shape factor terms. This gives 

62/G1= (U2/U1)
-(24-H1-M

2 ) 	
(3) 

L This equatic is corrected to be extended for the cases of 	_J 
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e/A 
Fig.1 Contribution of friction and of 

deceleration on increment of 
momentum thickness. 

small deceleration rate which is given by 

2. 

e2A = ( ke1
i's)(U2/U1

)
-(2+H1

-M ) 

The correction coefficient k is chosen 
by Senoo and Nishi [7) . 

+0.5C, 	(4) 
1 1 

to be 1.02 as suggested 

Skin Friction Relation 

Skin friction coefficient is determined following East,Smith and 
Merryman [61.The skin friction in general flow is related to 
skin friction on a flat plate by imperical expression 

((Cf/Cf0)+0.5)((H*M:)-0.4)=0.9 	(5) 

where suffix o indicates value in zero pressure gradient. 
Following Winter and Gaudet [8J , the relation of Cfo 

for the 

compressible flow is given by 

The 
ing 

value of C is shown in Fig.2 which is decreases by increas-

the Mach number for a certain value of the Re 
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Fig.2 Effect of Mach number on the skin 
friction coefficient. 

To complete the skin friction relation, the shape parameters 
are given by 

, 
1-1/Ho

* 
 =6.55(0.5Cf0(1+0.04M2 

 
))1 	(7) 

1+H =(1+H*) (1+0.2rM2) 	 (8) 

Equations(5-8) represents a set of relations to calculate skin 
friction coefficient for compressible flows. 

Shape Factor Relation 

A relation of shape factor for decelerating incompressible flow 
is given in Ref.[7].Such relation can be extended to copressible 
flow by making assumptions similar to those used in e4tending 
Head's meathod to compressible flow[61. Thus taking H as the 
analoge in compressible flows for H at low speeds. 

H*=H2H*1  =0 . 2H: ( 1. 65-H*1  ) + (H -1. 25) -x 

(1og1001/A +1•9)(log10Rei) 
	

(9) 

PREDICTION OF BOUNDARY LAYER 

Equations(4-9) are used to predict the development of boundary 
layer along two-dimensional walls. The length of wall is divided 
into segments,so that the free stream velocity at the downstream 
end of the segment are used as the values at the upstream end 
of the next segment,and the calculation is repeated. 

To asses the performance of the method o its predictions have been 
tested against experimental data. The aim is to illustrate the 
general accuracy of the method both in absolute terms and in 
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comparison with other methods. 

Fig.3 shows predictions of boundary layer development in the 
experiments by the auther[9) on a casing of an annular diffuser. 
The dist ibutions of H,Cf„ and 0 are seen to be quite well pre-
dicted by the present method compared with the other method and 
the experimental data. It must be noted that the boundary layer 
thickness in such experiment is small compared with the wall 
radius. Furthermore the point of the flow separation is predict-
ed in good agreement with the experimental data. 
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Fig.4 shows prediction of boundary layer development in the 
experiments by Cook (101 on a lifting aerofoil at high subsonic 
speed. The calculations made by Green,Weeks and Brooman [5] for 
the distributions of H and C

f on upper surface of the aerofoil 
are shown to be in good agreement with predictions of the 
present method and the experimental data. It is also noted 
that agreement between the present method and the measurements 
is provided by allowing for the effect of Mach number. 

CONCLUSIONS 

Simple calculation procedure is presented for predicting the 
development of turbulent boundary layers in adverse pressure 
gradient, The method provides a simple technique for Engineers 
to use a hand calculator. The prediction method using the 
decelerating rate parameter is applicable to flow at high 
subsonic speeds . Also provides good predictions for the flow 
separation. 

NOMENCLATURE 

Cf 	Skin friction coefficient 
H* 	Shape factor,579 
H 	Velocity profile shape factor 
M 	Mach number 
r 	Temperature recovery factor 
R
0 	Reynolds number, Ueiv 

U 	Free stream velocity 
x 	Distance along wall 
A, 	Increment which U is reduced to 0.9U 
5 	Displacement thickness 
49 	Momentum thickness 

Distance where free stream velocity is reduced by 10% 
v 	Fluid kinematic viscosity 
Subscripts 
o 	Values in zero pressure gradient 
1 	Upstream end of A 
2 	Downstream end of )4 
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A CRITICAL STUDY OF TAYLOR'S PARAMETER OF TRANSITION 

OF BOUNDARY LAYERS WITH A TURBULENT FREE STREAM . 

** 
Dr. ABDEL MAREEM M.S.E. 

Summary 

Taylor's parameter for predicting transition is studied . 

Following a more recent turbulence analysis, the Taylor's 

parameter is modified to be : X 1/6 
Rx  (transition) 	f 

It is found that the parameter as such does not correlate 

the transition results although it represents the 

correct effect of the constituent variables on transition. 

Based on tentative argument, the parameter is reshaped to 

be of the form : 
, 

R
I 
(transition) . f ( AT (

e  
-f-)

1/6 
 1 

I 
which gives a better collapse of the data . It is noted 

that the physical basis of Taylor's parameter has experi-

mentally been proven to be incorrect . 

* The reported results is a part of the auther's work 

which is reported in his Ph.D. thesis . 

**Presently, a lecturer in the Aeronautical department 

Faculty of engineering Cairo university . 
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NOMENCLATURE.  

Lx 	The stream-wise integral length scale of 
turbulence . 

N. 	The mesh size of the grid that produces the 
turbulence . 

p 	Pressure 

Rx 	The Reynolds' no. based on X . 

R 	The Reynolds' no. based on 

t 	The plate thickness . 

u 	The stream-wise velocity fluctuations • 

U 	The stream-wise mean velocity component 

X 	The stream-wise distance over the surface 
measured from the leading edge . 

The boundary layer thickness • 

The diffusion length scale 

Viscosity . 

Kinematic viscosity . 

The bounary layer momentum thickness 

	

p 	Density . 

	

A 	The fluctuating pressure gradient parameter . 

	

CD 	Refers to the free stream . 
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INTRODUCTION . 

A theory was put forward by G.I.Taylor(1936) which assum-

ed that the finite disturbances in the free stream were 

the principle factor in causing transition . That is, 

transition is caused by momentary separation (or points 

of inflexion in the velocity profiles) in the region of a 

adverse pressure gradient associated with the turbulent 

velocity fluctuations at sufficiently large values of the 
2 d P  

Darman-Pohlhausen parameter ( 	VU d x ). Using this 

assumption, Taylor showed that the  critical Reynolds' no. 
X..1/5\ of transition was a function of k-- U  Mk ---) 	• 

Taylor's theory predicted transition on a sphere reason-

ably well, and also that on elliptic cylinders (Schubauer 

(1938) ). Nevertheless, the theory failed to correlate 

transition over the flate plate of Hall et al (1938), 

despite the fact that the theory was basically for flat 

plates . Yet it was held by some investigators, notably 

Dryden (1947), to account for transition at high free 

stream turbulence levels of 	% and over, where the 

Tollmien-Schlichting stability theory ceased to be valid. 

In an attempt to improve Taylor's parameter correlation 

of the transition reeVits, Fage et al (1941) suggested 
1 e 

the use of the local parameter k) at transition 

instead of X k-i-) ija Taylor's parameter. But to the best 

of my knowledge, the usefulness of this suggestion was 

not tried . 

Moreover, Elthanoff et al (1959) found no sign of inter-

mittent separation before transition even at a free stream 

turbulence level of 0.8% . 

Eventually, nearly all the investigators ( such as Wells 

(1967), Hall(1968), Spangler et al (1968), and Michel 

(1974) and others correlated their transition results 
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using the free stream turbulence intensity directly and 

did not use Taylor's parameter at all . While some other 

investigators (e.g. Hall et al (1972) and McKeough(1976)) 

reported more scatter when their transition data was 

correlated with taylor's parameter rather than the free 

stream turbulence intensity directly . 

The purpose of the present work is to investigate experi-

mentally as well as analytically the validity of Taylor's 

parameter . 

EXPERIMENTAL APPARATUS AND TECHNIQUES.  

The start of transition was detected on the surface of a 

11 inch thick smooth flat plate fitted with an elliptic 

nose 8 inches long . The hot wire anemometer was used to 

detect transition as the start of amplification of small 

disturbances or the start of appearance of high frequency 

bursts in the laminar boundary layer , using a technique 

described in detail in Abdel-Kareem (1978) . 

Also bi-planner grids were used to generate free stream 

turbulence in the test section of the 3x3 feet wind 

tunnel used in the experiment . 

MODIFICATION OF TAYLOR'S PARAMETER.  

Taylor, in his analysis, expressed the mean square press-

ure fluctuations in a turbulent flow in the form : 

‘ 1 	u2  
«: P x»;. ffP  

where (Xyl ) is the length determined in the diffusion 

experiments to be of the form : 

( 	)T 
M u 

Using a similar approach to the one used in the Karmen-

Pohlhausen theory of the boundary layer, Taylor determined 

the fluctuating pressure gradient parameter (R) to be 

given by : 	A‘ 	34 
X( ax 

a p\  
p u2    
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Then Taylor concluded thal 
f  C2j1/5 

	

acT 	U '14/ 	/ 

But, more recent experiments ( Batchelor,1953 ) shows 

that : 
0( ( UMvi- 

' 	u M 

So that , following Taylor's analysis, we get that : 

At transition 

	

RxT 	f 	
(M)

1/6 ) 

Which suggests that the length scale of turbulence has a 

slightly weaker effect on transition than suggested by 

the original Taylor's parameter 

RESULTS AND DISCUSSION .  

Figures 1&2 show the intensity (0/1i) versus the 

Reynolds' no. ( UpX/), ) & ( Ue/V ) respectively 

Although nearly all the workers in the field calculated 

( 6 ) from the laminar boundary layer relations, it was 
always measured in the present work ( i.e. calculated 

from the measured mean velocity profiles at transition). 

This is because the free stream turbulence induced some 

variations in the values of the boundary layer integral 

parameters, and this may be why figure 2 shows a better 

collapse of the data than figure 1 . 

The two figures show that (P/Uco  ) represents a major 
parameter in deciding transition, while the scatter is due 

to the fact that (‘[712/y) may not be sufficient to 
correlate the occurence of transition . 

Figure 3 shows the dependence of ( ROT ) on ( Lx/t ) , 

where ( t ) is the plate thickness ( which is constant 

for the present experiment ). Also shown in the same fig. 

is the line formed by the triangular symbols . This line 

is obtained by plotting the values of ( 11-2/ U ) belong- 
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ing to each curve in the figure at the ( ROT ) of the 

intersection of the lines Lx/ t . constant and the 

respective curve . The process is repeated for 

( L/t ) = 0.5 & 0.6 

We observe the following s 

* The interesting linearity of the curve of transi-

tion at constant ( Lx  ) suggests that it is the 

changes in ( Lx  ) that cause the scatter of the 

data in fig.2 and possibly cause the relation 

between ( 	U ) and R T  to deviate from 

linearity . 

* It is shown that at constant (‘r,--- /u ) 

R T c< Lx/ t  

i.e., the laminar boundary layer is less sensitive 

to large scale turbulence , which is a reasonable 

observation because the boundary layer will tend 

to see large scale turbulence as unsteadiness in 

the free stream . While at the same (11-J/U ) 

a large ( Lx  ) will tend to cause less disturbance 

in the boundary layer . It may also be said that 

the intensity of the pressure fluctuations assoc-

iated with grid turbulence increases as ( Lx  ) is 

decreased at constant ( 6112/U ) . 

Figure 4 shows the ratio (e/ Lx  ) at transition as a 
function of ( RxT  with ( ij/U ) as a parameter . The 

plot shows that in general, at the same intensity, trans-

ition is more sesitive to smaller values of ( Lx/e ) and 

this conclusion is expected to be true until a certain 

limit at which the Tollmien-Schlichting instability 

processes become more evident . This observation is in 

line with fig.3 . Figure 4 also shows that RxT  is , in 

general, less sensetive to changes in (8 /Lx  ) at smaller 
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values of ( c1U ) . 

TRANSITION FARAKETER  . 

We have seen above that : 

RT 	f ( \172/U , e/Lx  ) 

Hence, any parameter correlating the transition with the 

free stream turbulence should have 	besides (NInA/LI ) , 
a representive length of the boundary layer in the 

numerator and another representive length of the free 

stream turbulence in the denominator . Taylor (1936) 

deduced such a parameter, which in its modified form has 

V-u2  x  R
xT 	f 	

)1/6 
 ) 

Figure 5 shows the data of figure 1 plotted according to 

the new parameter . We notice that such presentation did 

not improve the collapse of the data . In fact, the scatter 

is greater in fig.5 and therefore, Taylor's parameter as 

such does not correlate the present transition data . 

Hislop (1940) and Hall et al (1938) found the same result 

where the scatter in their plots eventually increased when 

they were plotted using Taylor's parameter . Most of the 

later workers did not bother to pursue the issue any 

further and simply correlated their results using the 

free stream turbulence intensity ( 1W/1:1 ) only . 

Because, using the grid dimensions and the distance until 

transition imply assumptions about the nature of the free 

stream turbulence at transition and the way the laminar 

boundary layer develops until transition beneath a free 

stream turbulence that may not be strictly true ( see 

Kareem (1978) ) , perhaps if Taylor's parameter is expre-

ssed in terms if local quantities, a better collapse of 

the data may be obtained . 

become s 
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From the above discussion and Abdel-Kareem (1978) , (e) 

may replace ( x ) and ( Lx  ) may replace ( M ), and we 

may write that : 
e/6 ) 

RxT 	f  ( U ( L 
,1 

x  

Figure 6 shows the same data plotted accordingly . We see 

that in general the scatter is much less t_ 	that in figs. 

1 , 2 & 5 ( notice the change of the scale of the 

ordinate ) 0 

CONCLUSION . 

We conclude that the occurrence of transition of the 

laminar boundary layer over a flate plate is reasonably 

correlated with the flow parameters based on local estim-

ates of such quantities as follows : 

At transition : 

RxT 	f ( —Ty ( 	) 	) iu2  G 1/6 

In fact, this conclusion gives more weight to the argument 

put forward by Abdel-Kareem (1978) that the free stream 

turbulence affects the laminar boundary layer stability 

while the layer is still very thin . Since the turbulence 

entrained by the layer will cause it to develop in a way 

different from that in a smooth flow and will cause 
	

) 

to be different at transition from that predicted by the 

laminar boundary layer theory . This change in (0) is 

gradual rather than local as seen from figs. 6.14 & 6.15a 

in Abdel-Kareem (1978) . Hence, the use of ( Lx ) rather 

than (-
a-) in the parameter, although being a local 

parameter at transition, yet allows for the observation 

that the development of the laminar boundary layer beneath 

a turbulent free stream is different or in other words, 

is an expression of the history of the laminar boundary 

layer 
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This argument and the results of Klebanoff (1959) draw 

the attention to the fact that the basic physical assump-

tion of Taylor that at transition , local separation occurs 

due to the pressure fluctuations associated with the free 

stream turbulence, is not correct . 
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