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ABSTRACT

This paper has applied the mathematical process of reconstruction of a
three dimensional objects as used in €omputer Axial Tomography (CAT). It
uses direct convolution techniques with fumctione defined inm the real
space of the object either with parallel projections or with fan-beam
pro jectioms.

The simulated data is obtained using .a disk having a uniform denaity
from the centre up to radius equal 0.8 except for an off centre hump ,be=
yond which it tends smoothly to zero if the radius equals 1.2 . The data
has been simulated at different sample intervals and different pro jection
angles .

The recomstructed image by using the convolution techniques with two
types of filters for parallel ray and fan-beam ham acceptable error that
does not exceed 2% at greater number of projections and smaller sampling
interval .

INTRODUCTION

The digital recomstruction techniques for an image from its project—
ions has become important during the past few years.The significance of
these techniques is manifisted from their applications to areas such as
medical radiology and nuclear medicine,electron microscopy,radic and radar
astromomy,light microscopy and holography.The algorithms of these techmig-
ues have extended our ability to visualize the internal structures of obj-
ects.These algorithms are applicable when the measured data has the form
of line or strip integrals of the spatial distribution of a physical pro-
perty of interest [1-2J.In computerized tomography (CT) where X-rays are
used to generate the projection data for a cross-section of the human body,
the reconstructed image is obtained with many morphological details of the
body in that cross-section .

There are a mumber of different approaches for the reconstructiom,
namely, the Fourier techniques [31, the convolution method [4-61, and the

algebric techniques [7}.
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r~ The secope of this paper deals with the evaluation of the convolution ~ |
algorithms for reconstruction of a two—dimenstional (2-D) image using pro-—
jections from parallel and fan-beam geometry .

First section, discusses the reconstruction of images by convolution
techniques using two types of filters in order to convolve the parallel
projection data. In second section, the convolution algorithms using the two
filters are adapted for image reconstruction from the fan-beam projection
data. Third section, presents the flowchart of the convolution algorithms
and its implementation to reconstruct a disk that has three regions of den~—
sity variations. The simulated data are obtained from the parallel and the
fan-beam geometry at different number of projections and different sampling
intervals. The accuracy of the reconstructed disk using different types of
filters are studied, and the comparison between the actual and reconstructed
values are¢ presented .

1 ., PARALLEL RAYS RBECONSTRUCTION BY CONVOLUTION AND BACK-—
PROJECTION

The object which is usually represented by its linear attenuation coef-
ficient f(x,y), is scanned by a source-detector arrangement [8-91 ., The att-
enuation coefficient of the object is integrated over the ray path in Fig.l.
The object is scanned by parallel rays with sampling interval a ,so that a
set of parallel projections is generated. Bach measurement value of one set
g(a ,0 is defined by the distance s m? of the corresponding ray path from

the centre, B =ma , ms= -M/2,...,O,...,M/2 swhich is equivalent to the po =
gition of the detector. The sets of parallel projections differ according to

the tilting angle 6., j = l,...s,8 « The variable "s" describes a rotating

coordinate defined by ,

s cos O sin 6 x 7
{ t ] ®l_sin 6 cos O [ ¥y ] (1. 1)

which tracks the tilting angle 6 .
The projection data g(s 6) is the integral of f(x,y) along the ray L(s, 6)

g(s,8) = L(a{;) £(x,y) dt (1. 2)

where the line L(s 6) is represented by x cos® + y sinb® = s ,and the
Fourier transform (F T.) of the projection data is ;

F(R,8) = ]rg(s 6) exp ( -2njRs ) ds (1. 3)
From Eqgs. (1¢2) and (1 3) ,therefore ;
F(R,0) = Jo?f(x,y) exp [ -27jR (x cos® + y sinB) 1 dx dy (1. 4)

~pd T

Then
'f(x,y) = //de_/lnl F(R,0) exp [ 27jR (x cos® + y sin8) 1 dR (1. 5)

e t x Source
- ; s
' £
FIG. 1 . Geometric arrangement (x,y) s
of a scanning unit generating 5 x
parallel ray projection . : - e
\k&%Q,izjzfi,bf”d/ Ray
Detector

a<va
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[;Le inner integral of (1.5) is defined as, 1

b(s,8) = | IRl F(R,6) exp (2niRs) ar - (1. 6)

where, h(é:a) is called the back-projection formﬁla ;and

£lx,y) = ‘/'b(x cos® + y sinB) 46 (1. 7)
By the convolution property of F.T. the filtered projection is

b(s,08) = fg(sl,,a) als - &) ds; (1. 8)

ol
where g(s,ﬁ) and q(s) are the inverse F.I. of F(R,8) and|R|respectively

hence , >0
q(s) = _£'|R|exp (2mjRs) dR (1. 9)

If £f(x,y) is bounded by -T/2<x,y<T/2 ,then g(s,0) is spatially limited to

the interval (=T/2 ,T/2) i.e. |8|<T/2 If the projection data g(s,ﬁ) are
measured at a set of equally spaced points s=ma, -Jl/2.gm_<.ll/2 ;then

M/2
b(na,®) = a 5 glma,0) q(n -~ m)a (1.10)
m=—M/ 2
The accuracy of reconstruction depends greatly upon the filter q(s)
[4-61,010) , The |R| response is approximated within the frequency inter—
val (—w,u)_. in this case ;

’ w
q(s) = / IR| exp (2mjRs) dR (1.11)
=W

According to the sampling theorem (111  the upper frequency limit (w) of
the reconstructed image sampled with a sampling interval "a" ;is
ws=1/2 (1.12)

Thus the samples,q(ma), of q(s) are represented by two cases ,

First Case

]./4&2 n=20
ww < | 8y - (L
b,(na,6) = g(na,6) /4a ~ ;é-; p%%d gl (n+p)a,6 1 /p° (1.14)

Secod Case 3
. Shepp and Logan [5] had modified the above filter function to be

2
q,(na) = { 2/ (na) S (1.15)
""2/ (Wa)2(4n2-l) n = : 1,..-..-
This filter is used as a convolwing function in Eq. (1.10)
M/2
hzﬂnahﬂ) = -2/ﬂ?a o glma,8) / T 4(n —-m)a-l 1 (1.16)
M=,
Finally,the reconstructed image is
N
f(x,y) = 'ﬁ/ﬁ z:- b( x cosﬂ:j +y ainaj) (1.1])
J=1
where,

6.= jT/N , and N ie the total number of scans sampled uniform-
ly between zefo and T.The linear interpolation is used to calculate the
value of b(x cos6 . + y sinﬁj) in kq. (1.17) from the pre-calculated values

of b(na,8) .

S —
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2 « FAN~BEAM RECONSTRUCTION BY CONVOLUTION AND BACK-PROJECTION

The new scanning systems

generate the different sampl—

ing points of one projection
simultaneously by means of a
detector array [12-141 in order
to reduce the excessiwve scann~
ing time which is mainly caused
by, the mechanical shift of a
single detector. This is achie-
ved by using a fan~beam of rays
which diverge from a source
moving in a circular path arr -
ound the object. The rays which
pass through the object are
intercepted by an array of detec~
tor elements Fig. 2.

FIG. 2. Fanmbeam geometry with its
various parameters .

2.1l. Adaptation of the Parallel-Ray for the Fan-~Beam Geometry 3
The prd'ection data generated by the fan~beam along ray (X.P) is de-
noted by R({,P) , where §gives the location of a ray within the fan and

Pdetermines the source position Fig. 2. The relationships between the
parallel and divergent rays geometry are ,

& = D gin?Y . 6 =%+ P , &s,8) = B(§,D) (2.1)
where, D ig the distance of the source from the origin 0 ,
In c1‘.,ho preceeding mection, from parallel s)rojections g_{s,&.) collected over
1807 ,f(x,y) is reconstructed by Eqa. (1.7) and (1.8). However, when the
projections are generated over 360 , these equations can be rewritten as;
om
f(x,y) =% [ f’“ g(5,8) q(x cose + y sin® - &) de 40 (2.2)
Q =

and in polar coordinates (ryp) , as
T sm
f(r,#) = % j j g(s,8) a(r cos(é -¢) - 8) ds 4@ (2.3)
0 -

where , sy is the value of s for which g(s,0) = O for |sl »8, « The
variables im (2.3) are change by the relationships in (2.1) then ,

o=t g
f(r,p) = % [ j] R(Y,p) afr cos(P+¥ =%) <D gin ¥ )D cos¥ d¥ 4P
B (2.4)

h
d.:‘ ;?-'D cosf d¥ dp > Xm_- si'ﬁl (am'/D) $ 0<x_m.<'. w/2 (2.5)

In Eq. (2.4) the integrand is periodic of period 27Mwere.tef, then the lim=-
its of the f-integration is replaced by O and 2MW. The argument of q is
written as ,

r cos(P+ ¥~ ¢)-D sind = r cos(P ~¥§ )cosl - (r sin{P - #)+D) s%ndw
' 2.

The following relationships are evident from Fig, 2 ;
! ’
Lcos8 =D+ rsin(p-¢) » Leind =r cos(p=-¢) (2.7)

and
LArp¢,f) = ( D +r ssa (p—¢) )2+ (x con(p-¢) )% ; (2.8)
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[} 1
I %= tai’ (v cos(B=$) / D+ r sin(P - ¢) ) , L
where, L is the distance from the source to a point (r,¢’) and § is the
angle of that ray passes through this point. From Egqs. (2.4) »(2.6) ama
(2.7) it follows ¢ p '
m

or
(e, #) = % Qf [ B8P ) a(L ain(¥'=8))D cost as ap (2. 9)

ol )
From Eq.(1.8) the function q (L sin( ¥ =0 )) written as ;

fqu. sin{1=1)) = [/ R exp(2/mjRL sin( f-4)) ar (2.10)
or , il

, ™ = Rusin (¥-8) / (1'_1)
Callsin(8-0)) «(_E =¥ )2 [y exp (2miw (K1) a

Isin(y~§) -

- §- 2 (¥4
( - si-n-(a!’-ﬁ )) af ) (2.11)

Therefore, Eq.(2.9) is written as =
am: ¥m ;
f(r) = [1/12 .{ B(¥ \p) n(8-¥) Dcosta¥ap (2.12)
m

0
ROTE v n(¥a¥)a 3 (¥ o ¥ )244_4) (2.13)
- sin (= ))
The inner integral‘%n (2.12) is defined by ,,
AYp) = / p(85p) n(8-¥) a3 (2.14)
-0 M :
wherey, (¥, p) = R( ¥ »P) D cos ¥ A2.15)
Hence ,, the reconstructed function is
2w "
£(ry¢) = of (/1% Q¥,p) ap (2.16)

For the projection data R( § o P ) sampled with interval « the reconstructiom
formulas (2.14) » (2.15), and(2.16) are written in discrete versiom as ;

M/2
QUne, p) = o p(mo«,p) h(m-n) ; -M/2<n < M/2  (2.17)
me-M/ 2
Mnoyp) = Rimo, [5}3. D cos me i M/2gm s W/2  (2.18)
£(x,y) = 2m7/8 T 1 Q 8, Bi) (2.19)
'herﬁ " i-l LZ (xiyf Pl)

N is the number of projections at which the angles Pi are taken .

2.2, Filter Adaptation for Pan-Beam Geometry :

The two filter functions presented in the preceeding section are adap-
ted for fan-beam geometry. By analogy with Eq. (1.13) ythe samples q(no<)
of q( §) sampled with interval o is ;

Third Case :

o) - (%4 et )
q, (noc = 0 n even (2.20
A {-]_/ (mnot )2 n odd

From Egs, (2.13) and (2.20) y the adapted discrete impulse response of the
filter is ;

hl (nec ) = {0 n  even (2.21)
-3 (o/ masin n«)? n odd

L. % (aeyp) = ( plne ,p))/8e -W/znzkgdp((km)d o)/ 5in’ke (2.22)
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1

»qurth Case @
By analogy with Eq. (1.15)

p .
qﬂ( nol) = { 2/ (““")2 2 B =0 (2-23)
-2/ (wdg (4n° - 1) D= tlpee.
From Eqs. (2.13),and (2.23) the adapted filter for fan-beam geometry
sampled with interval is,,
{ 1/( met)? n =0
h2( n’d) = - ‘ n o< )2 / (4“2 - 1) n = tl'ooc (2.24)
Tw8in ne
: 2 2 u/2 2

Qz(n,o(,,;B )- l/]fd-(p(nor,P) - o ):7 pﬁ«(’n*k)dgp)- : k )
K=t/ 2 (4k€-1) sin2 ke« )
E¢0 (2.25)

where , K —
= -

The linear interpolation is used to calculate the values of Q(ﬁJ”P)
from the precalculated values of Q&ndhla) .

3 o FLOWCHART OF ALGORITHMS AND IMPLEMENTATION :

The convolution algorithms for reconstruction an image from parallel
and fan-beam are summarized in the flowcharts shown in figures 3 and 4,
respectively., In order to study the algorithms etficiency and also to test
if the convolution algorithms are capable of revealing a- fairly localized
small density change in a flat region, the object chosen is represented in
Fig. 5. The object data are represented as f(xﬁy) in matrix form with dime
ension (kxk). The Pig. 3 is applicable for parallel ray reconstruction at
different sampling intervals "a" and different angular intervals (q,=1r/H)

while Fig. 4 is adapted for fan-beam reconstruction at different angular
intervals (Po = 27 /N) , where N is the number of projections .

The reconstruection from the parallel ray has been applied using two
types of filters for different number of projections 3, 64 or 12 with
angular intervals gféﬂo, 30, and 15 respectively, at sampling intervals
a = 0,1, and 0.2 . Alsa, the fan-beam has been applied using the two ada=
pted filters for d%ffergnt numbeg of projections 6, 12, or 24 with angular
intervgls B, 3 6o, 307, and 15 respectively, at sampling intervals

o= 1, and 2  for each projection .

The accuracy of reconstruction was estimated through the values of the
mean relative error, R , and the root mean square error, R .For parallel
ray and fan-beam , these values have been calculated at difrerent regions
of the disk by utilizing the reconstructed quantities for each case acco-
‘rding to the filter type as shown in tables 1, and 2 respectively. The er-
ror values are acceptable for greater number of projections ; and increase
whenever less projections are used, specially at the varialle region (V).
Also, the accracy has been improved for smaller sampling intervals. The
comparison between the original and the reconstructed values from parallel
ray (at a=0.1 and 8,=15°), and fan-beam (at==1° and p,=15°) using the
corresponding filter type are shown in figures & and 7 respectively, where
the reconstruction is quite good .

Generally, the reconstruction obtained from parallel ray or fan-beam
geometry using the second filter type has better accuracy for the uniform
region (U) than the first filter type which has better accuracy in the
varying region (V) and near the hump (H), this can be seen in figures 8
and 9 respectively.
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' I
Table l. Ry, and R Values for the reconstructed

Disk (D) using Parallel Ray

uged 8 & [ | Bv % H@ 7;
Filten - u H D v u H D
50 0.1 | 6.1 | 1.7 | 2.6 | 3.4 1 3| 1.6 | .43
q | C.2 |11l.4 | 2.7 | 6.2 6.1 | 1.7 53| 4.8 74|
— 0 | O |25 | 259 3.5 | 6.4 | 1.96| .52 2.1 | .79
0.2 |[13.3 | 3.07| 4.8 6.9 | 2.18 54 | 3.6 .88
60° | Q.1 [25.5 | 5.59| 6.62 |12.89| 3.98 | 1.12 | 4.38] 1.7
15 0.1 | 7«2 | 1.5 | 3.3 | 3.7 | 1.1 | .3 | 2.37| .46
0, : 0.2 [12.7 | 2.8 | 6.1 6.6 | 2.08| .6 4.9 .8
- 30° 0.2 (13,7 | 2.49( 3.22 | 6.% | 2.04| .5 | 2.4 | .74
: 0e2 [13.3 | 2.9 [ 7.2 | 6.9 | 2.17| .57 | 5.8 | 0.89
60° 0.1 |24.03| 4.65 6.67 [11.52] 3.79 | .93 | 4.45] 1.55
Table 2 R and R Values for the Reconstructed
Disk (D) using Fan-Beam o
used Rv‘ * i * I
Filter ¥ u i v v e | o |
1559 ) 7.26] 1.2 | 2.38 | 3.5 | 1.05| .27 | 1.6 -43?
n, | 2° | 9.6 | 1.4 | 4 4.59| 1.4 | 34| 3 -513
| . 1° | 10.79] 2.1 | 3.16 | 5.2 | 1.68| .42 2.18 .69‘
(casel) 9 2° | 11.5 | 2.79| S5.07 | 5.5 | 1.8 S4 | 3.4 -72:
I 60° 1° | 17.86] 6.08 5.26 | 10.4 | 2.78| 1.25| 4.5 | 1.28|
. 1° | 7.56| 1.08] 2.78 | 2.56| 1.08| .23| 2.05| .43
b, 13 2° | 10.95| 1.54 5 5.19! 1.58] .37 3.9 65
. 1° | 11.3 | 2.09] 3.5 | 5.4 1 1.8 AL 2.3 | .72
(cases)| 3 2° | 11.56| 2.0 | 5.6 5.9 | L8| «5 4ol $76
| 60° 19.]17.88] 5.81| 5.7 |1o.2 | 2.77 | 1.27 | 3.84] l.25].
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F1G. 6 . Recomstructed results from parallel rays ( a =0.1 ’ 0-150)

Prue densities (Row I), recconstructed densities using filters

given by case 1; and case 2 (ilows 11 ard 1II,respectively )
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107.8 100.8 101.1 100.8 971 47.6 0
105.4 100.4 100.7 100,5 96.4 474 0
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140 105 100 100 63 21
135 105.5 99.8 98.3 7965 22
105 100 100 95 A4 6
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997, 93.5 80.3 475 20
9841 9241 197 471 19.5

44 38 21 &
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4

0

o}

. o
"FIG. 7 - Reconstructed results from fan-beam (e =1 s £=10 J
Pyue densitizs (Row), reconstructed densities using filters

giyen by case J; and case 4 (Rows IX »n? III,respectively )
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CONCLUSION : )

In this paper, the conwolution techniques have been used for reconst-
ruction of the object having three regions of density variations; from pa-
rallel ray and fan-beam geometry using two types of filters. The differen~
ces between the reconstruction results uwsing parallel ray and fan-beam were
indistinguishable. Yet the speed advantige of collecting the data using the
fan-beam was quite apparent for the larger data sets, which have wide appl-
ications in modern CT scanning systems.

The accuracy of reconstruction was improved with increasing the number
of projectione and making sample interial smaller. The reconstruction of
the disk shows that, the first filter “/pe hqs good results in variable
density region; while the second type .3 good in the uniform region.

The used techniques can give better demonstration in case of using
real CT projections due to realized ac:eptable accuracy.
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FIG. 4 Flowchart for Fan-beam reconstruction by convolution
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