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Abstract

In this paper, we shall develop a new approach to an implicit method for
solving the first-order hyperbolic systems in two space dimensions. The
suggested method gives highly accurate result. The stability condition and the
advantages of the considered method compared with the classical methods as
Crank-Nicolson method are discussed.
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1. Introduction

Consider the first-order hyperbolic systems of equations
Pu_ j0u pou )
at ax dy

where A and B are nxn real symmetric constant matrices, and u (x,y,t) is an n-
component column vector.

In this paper we define an implicit method for solving the first-order
hyperbolic systems in two space dimensions, it produces very high accuracy
compared with the other classical methods, i.e. the numerical solution produced
by the considered method is almost identical to the exact solution. In previous
work, we use the restrictive Pade’ approximation as done in [2] to approximate the
exponential matrix. Also, we use the restrictive Pade’ approximation, in [5] to
approximate solution of first order Hyperbolic partial differentia0l Equations, in [6]
to approximate solution of first order hyperbolic systems in one space dimension,
in [7] to approximate solution of first order hyperbolic systems in two space
dimensions.

1.1.Restrictive Pade’ Expansion (RPA)

The restrictive Pade™ approximation of the function f(x) can be written in the
form as done in [3]

M a
M+
S B,
i=1

RPA[M +a/N], (x)==——5— 2
1+ Zb, X
i=1
where «=0(1)N, N is the degree of the numerator.
S (¥)- RPAIM + a/ NJ,, (x) =o(x""""). (3)

Let f(x) have a Maclaurin series, as f (x):zn:c, ¥ .
=0
Then,
o N M " a
(ch r’] (l +3b, x') f(Zal x'] - LZ:) x”‘“) o x P, (4)
1=0 i=1 i=0 =0

The vanishing of the first (M+N+1) powers of x on the left hand side of (4) implies
a system of (M+N+1) equations, and hence we can determine the coefficient ¢, &
and b, as afunction of &, i=1(1)a, where the parameters & are to be determined,
such that

F(x)=RPAIM +a!N], (%) i=lDa . (5)

It means that the considered approximation is exact at (a+1) points.
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1.2. Numerical Example of Restrictive Pade™ Approximation

1+0.5x+025x* )
1+5x J '
its Pade’ approximation and restrictive Pade” approximation takes the forms:
1+19311x- 0563724 x7
1+41811x
1+1.73134x-0.114257x"
1+3.98134x

The function  f(x)= (

PA [2/1]y ()=

where a=1 and x,=0.6

RPA[2/1],,(x)

2. Restrictive Pade” Approximation for the First-Order Hyperbolic Systems
in Two Space Dimensions

Consider the first-order hyperbolic systems of n-equations (1). The exact
solution of its grid representation of equations(1) is:

m+l ﬁ m a a -
u, =erp(k5)£._, =exp(k(Ag+Bg;)J U;,

ie. ' =exp(r(4D,+BD,))u], (6)

=5

where D) =(uj,, -u' ) and Du =], -u ), Ax=Ay=h, r= %The

x—=l,f

restrictive Pade™ approximation [1/1] of the exponential matrix can take the form:
1
RPANT) a0, ) = (1 +E- —;—(AD, +BD,)) r] (1 w{B+ %(AD, +BD,)) rJ @

5 0

elr
where [ is the unitmatrixof (nxn) and £ = &j; ;

0 L

we use equation (7) to approximate the exponential matrix in equation (6) as:

= [1 +(& -%(AD, +BD,))r)7 [1 +(E +%(ADK +BD, ))r}g; . (8)

In the case of, 4= I:a‘ a’], B= [b' bz], and u=(f,g)"

a, a b, b .
its solution consists of the two functions f(x,y, t) and g(x.y, t). They satisfy the
initial and boundary conditions:
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Fxy,0=F(x,y) and g(x,y,00=G(x,y), 0<x,y<l

10, y.0=F.0, 80, y,0=G,(.0), f L y.N=F (3,0, and g(Ly,N=G,(y1), 120 (9)
F&x0.0=F(x,0), g(x,00=Gy(x,1), f(xLO=F(x,1),and g(xL)=G,(x1), 120

In this case, equations (8) are equivalent to the form:

ra, ra.
(l +r£li).fi.j.lr+l_7](-fl+l,1,mtl . j;ft.j‘nnl) h -Aiz‘(gn Ljmtl g:—!;}.m‘l)

rb

—r_sl-(j;.jel,url £ /;j !.mﬂ)‘Tz(‘gr.HI.n-‘v] o gi,j—l,-ﬂ)
> (10)

T ra
= 0478t S Ui~ Feaimd + o Gt = B
rbh,

rh
+_2—l ij+lm ‘.fx.; l.n)+ ?Z_(gl,}‘[,n - gl.)'*l,;ﬂ)

ra ra
(I+rs, VL, jii— 'El(f;n,“.n =Tt st T;(g..u,.m =Bt js1)

rb. . rb,

- 22 (-f;.jul.ml ~f.,j--l,m-1)“*2"(5:'” v~ Bigamin)
(11)
ra. ra
=(+ ré, )g., e _22_(./;»1._;.;« - fx '!,J,ll.) + '?3(3.”,1‘.- - g,,,J_.)

rb, . rb,
# ";"U;J.a,m —f;,J 'Lnr, + '_2‘ (g.,”Lm —8,.; |,,.)

i,J =1()n and m non — negative integer .

Fl

where r = L
2h

We note that &, =e;=0 gives Crank-Nicolson method. To determine the
restrictive parameters &1 e, We must have the exact solution at the first level,
this enables the value of f(x,y.t) and g(x,y,t) atthe grid points. Practically we
found that e;=¢2 , hence we can say that g4 =¢, =g, .

3. The Stability Analysis

A Von Neumann stability analysis must considered the finite difference
equations(10) and(11). This is accomplished by substituting the Fourier
components of u;, as u] =U"e' """ U = (F.GY where I =+-1,U" isthe
amplitude at time level m, and P,y are the wave numbers in the x, y directions
respectively. If a phase angles 6= ph and ¢ =yh are defined, then u! =U"e'® e'*’ .
A stability analysis of a hyperbolic systems in two space dimensions is very
difficult, even A and B are constant, unless A and B commute, i.e. as=a, and
bs=bi, which is the case in practice. The eigenvalue of the amplification matrix
corresponding to the finite difference equations(10)and(11) is:

A:(]+re‘)il[(ra,sin19+rb,siné)i(razsin9+rb,sin¢)] F=1

(+re)tI|(ra,sing +rbsing) +(ra,sinf+rb,sing )] ©




Proceedings of the 9" ASAT Conference, 8-10 May 2001 Paper AM-03 55

ie. |A=LVe,rand i=1()n. Consequently the considered method is
unconditionally stable.

4. Local Truncation Error Upper Bound

Using Taylor expansion, and after very long and computations we can
obtained the local truncation error of the difference equation (10) as the general
form:

1 k" 0"u
_—(1 )Z( = lm

1& h2n+l a:nﬂ f 62:&1 g 62:“1 f aZ»H g
-7 Z bh——=at+h wa T o Y h
h =\ (2n+1) oy dy dx 0x &

© hlml w kn aZ-fmlf 62-+n+lg azmnﬂf aZlHlH!g
“2n z ((2,,, +1)|JZ( J b, o +b, o iy 2 o +a, vl
.=“ " ()]

Then if there exists a positive real numbers M, My, M; for all sufficiently large
positive integer n such that

"u o"fllo"gl|d"f]|0"g
aor" ay" [l ay"[| ox"[| ax"
a.*ﬂf

max ’ anﬂ!g'alﬂ)f’autug
@,u atn @m alu axm aln

ox™ or"
Let M =max{M, M, M.}
then, the local truncation errors 7;" of the difference equation (10) will have an
upper bound as:

ko) s% (k(@, +a, + b, +5,) (+e*)sinh b+ (20 + sk)e* —1)).

<M,,max{

}(Mz, and

}< M, Vnm.

Similarly, the local truncation errors T, of the difference equation (11) will have
an upper bound as:

ITmIS (k(a, + a, + b, +B,) (1+¢")sinhh+ (2h + sk)e* -1)).

Now, in equation (8) if Aand Bare 3x3 real symmetric matrices:

4 a a b b b
A=|a, a; a,|, and B=|b, b, b,
a, a, a b, b, b

then the local truncation errors 7,.7,” and 7.,?) for the 3-finite difference

equations reduced from equation (8), analogous to equation (10) and (11) can
take the form:

|T"’ls—-— k(a, +a,+a;+b +b,+b)(1+e )sinhh+ (2h+ ck)e* 1)),
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IT“) sm(k(a2+a,+a4+b +b,+b,) (1 +")sinhh+ (2h+ ck)(e* —l))

IT(” <——(k(a,+a +ag+b,+b, +b) (1+e)sinhk + (2h+ ek)(e* 41))

In general if A and B are nxn real symmetric matrices, the local truncation errors
upper bound can take the form:

Ii',?_""’lsz%( k(a, +a, ++a,  +b +b  + ) (1+¢*)sinh A

mtn-1 m-n

+(2h+ek)et 1)), m=1n

5.Numerical Resuits

We present some numerical examples to compare the considered method
(10) and (11) with Crank-Nicolson method , and we consider two cases. In case |
we apply our method on the examples 1and 2 such that the exact soiution is given
at the first level to determine the restrictive parameters eq,e2, and hence we
continue using it for another levels for calculation. In the general case the exact
solution at the first level is unknown, so in case |l we use another method as
Crank-Nicolson method , to evaluate the solutions at the first time level by large
number of levels by very small time step length k to determine the restrictive
parameters ey,e5, after which we can use large time step length k to evaluate the
solution at another levels, we apply this case for example 3.

Example1

du_ ﬂ‘..,.gé.’f = S B= o .
ot ox oy’ 1 -2 0 -1
with f(x.,0),8(x.y,0),£(0,y,1),8(0, y.0), /(1 y.0).8(L y.0).,
and f(x,0,1),g(x,0,1), f(x,1,1),g(x,1,7), are known from the exact solution:

S,y 0) =sin(x—r) +sin(y—1), g(x,y,i) =sin(x —1) + cos(y —1).

Example 2
1 0] [0 1

Pu_ 0w g08 gl 9 g [01]
ot " ox ay 0 1 1 0]

with f(x,y,0),8(x,y,0), £(0,y,0), (0, v,0), F(1, y,1).g(1, ».1).,

and f(x,0,1),g(x,0,1), f(x,1,1),g(x,1,1), are known from the exact solution:
S(x, y.t) =cos(x+ 1)+ cos(y +1), g(x y,t)=sin(x+¢)+cos(y+1).

Example 3 7 _
éy; Fu B(f?l A= 1 O,B: 0 l‘I‘
ot 3x ay 0 1 1 0

with f(x,y,0),g(x,y,0), £(0,,0),8(0, y,0), f(Ly.0),g(Ly.1)..

and f(x,0,1),2(x,0,1), f(x,1,0),g(x,1,2), are known from the exact solution:

S, y.t) = exp(0.01(x + 1)) + exp(0.01(y + 1)), g(x, .1} =exp(0.01(x + 1)) + exp(0.01(y +1)).
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The numerical results present in this example compare Crank-Nicolson method,
with the considered method in equations (10) and (11), in case | and case |l, such
that in case Il we use Crank-Nicolson method to evaluate the solution at the time
t=k=0.9, by the choice of the time step k;=0.05 and h=0.2, after 18 step k=18xks=
0.9, hence we determine the restrictive parameters ¢4, , then we can use large
time step length k to evaluate the solution for another levels, see Table(3).

Errar

¥
0. 08 ’/
e
/PA[z!l}
///
-
/ RPA[2/1]_ .
e = - .
“““““““ 06
Fig (1)

Comparison of truncation errors between PA[2 / 1] and RPAJ2 / 1]

Table{1)
Comparison of the absolute errors (A.E.) and relative errors{R.E.) between
Crank-Nicolson and the considered method for h=0.2 and k=.02, for example 1.

t (x.y) Crank-Nicolson method | The considered method

A E. R. E. A E. R.E.

(02,02) | 25x102 |13x102 |26x10" [13x10" |
2 [(0404)|56x10° |28x10° [26x10" [1.3x107
(06,06) |1.2x102 |60x10? |44x10™ |25x107"®
(08,0.8)|23x102 |12x10? |84x10" |45x107"

(0202)[19x10Z |15x102 [91x10 " |[7.4x10 ™ |
4 [(0404)[12x10° |13x10° [11x10™ |1.2x107"
(06,06) | 77x10° |15x102 |{86x10™ |16x10™
(0808) |46x10* [41x10”° |62x10™ |53x10™

(02,02)[21x102 [10x102 |24x10 " [12x10" |
8 [(04,04)|88x10° |45x102 [26x10™ |13x10°™"
(06,06) |83x10° [46x10° |26x10™" |1.4x10™"
(0808) [20x102 |1.2x102 |1.3x10™ [83x10®

(02,02)[24x102 [13x10" |87x10 " |47x107"
16 | (0.4,04) |6.9x10° |32x10% |90x10™ |41x10™
(06,06)|78x10° [12x10?% |72x10™™ [12x10™
(0808) [78x10° |81x10° |58x10™ [6.0x10™
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Table(2)
Comparison of the absolute ervors (A.E.) and relative errors(R.E.) between
Crank-Nicolson and the considered method for h=0.2 and k=.02, for example 2.

Paper AM-03

t {x.y) Crank-Nicolson method The considered method
A E. R E. A E. R.E.

0202) | 30x1072 | 25x107 |32x10™ | 18« 10" |

2 [(0.404)| 86x10° | 58x10° [57x107™| 39x107"®
(06,06)| 51x10° | 29x102 |53x107| 31x107"
(0808)| 15x102 | 79x10° |31x10™| 16x107
0202) ] 16x102 | 1.7x102 |16x10 7| 16x10™" |

4 [(0404)| 10x102 | 16x102 [77x10™ | 1.2x107"®
(06,06)| 86x10° | 38x10% |10x10™| 46x107"
(0808)| 25x102 | 14x10" |13x107™"| 79x10™
(0202)| 23x102 | 34x10° [26x10™| 39x10 s

8 [(0404)| 55x10° | 53x10° |66x10™®| 6.4x107"°
(06,06)| 82x10° | 60x10° [97x10™ | 71x107®
(0808)| 1.0x102 | 61x10° [68x10™ | 42x10™
(0202)| 23x102 | 13x102 |[17x10“| 98x10™

16 | (0.4,04)| 9.7 x 107 63x10% |22x10"| 1.4x10™"
(06,06)| 1.3x102 | 1.0x107 |12x10™| 1.0x10™
(0808)| 25x102 | 28x10? |{26x10™| 28x10™

Table (3)

58

Comparison of the absolute errors (A.E.) and reiative errors(R.E.) between Crank-Nicolson
and The considered method for h=0.2 and k=0.9, for exampile 3.

t x Crank-Nicoison The considered method
Method Case | Case |l

A.E. R.E. AE. R.E. A E. R.E.
0202 [ 10107 | 92x10° | 1910 ° | 16x10 " [92x10° | 78x10"
180 | (0.4,04) | 45x10° | 39x10°| 14x10" | 1.1x10™ | 398x10°|32x107
(06,08) | 45,105 | 39x10°] 1.2x10 " | 10x10" | 38x10°|32x107
(0808) | 10x10*]|91x10°| 9710 | 80x10" [91x10°|75x107
0202) | 29107 | 256x10° | 6610 7 | 2210 * | 26x10~ | 85x107
270 | 04.04) | 12x10* | 1.0x10° | 58x107 | 19x10™ [ 1.0x10°|36x107
06,06) [12x10*| 10x10°| 4810 | 15x10" [10x10°|36x107
0808) [ 28x10*|25x10%}35x10" | 1.1x10 " [25x10°|84x107
(0202 | 4610710107 13107 | 30x10 " |40x107[91x107
540 | (0.404) | 18x10°|44x10°| 91107 | 20x10™ |17x10"|38x107
(06,06) [ 19x107 | 44x10°] 69x107 | 1.5x10™ [17x10*|38x107
(0808) [ 45,102 | 1.0x10°| 72«10 | 18x10™ | 40x10*|90x107
(0202) [11x102 | 10x10°| 44x10 " | 40x10 7 [89x107[91x 107
630 | (0.4,04) [ 48x10° [ 44x10°]| 5010 7 | 45210 " | 42x10*|38x107
(0606) | 48102 | 44x10°| 54x10" | 49x10" [42x10*|38x107
(0808) | 11x102|1.0x10°| 55-10" | 50x10" | 98x10*|80x107
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Conclusion

1- The numerical results presented in case | in each of tables (1), (2) and (3)
shows that the absolute errors obtained by the considered methods is almost
of order 10 of that absolute errors obtained by Crank-Nicolson method.

2- In example 3 we show that the largest absolute error estimation for Crank-
Nicolson method is almost of order 107, while for the considered method
using case Il the largest absolute error is almost of order 10°*.
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