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Abstract

We have four systems, each of them contains N-atoms, and each atom of them consists of two
levels, and all of them interact with an atom consisting of three levels. Moreover, the atom is
also related to the systems by coupling parameters that are time-dependent. By considering
particular conditions, the exact solution for the wave function is realized. Then we survey the
atomic population inversion in addition to the normalized correlation functions. We examine
the influence of many parameters on the previous statistical aspects. We deduce from the
conclusions that the behavior of the correlation function is affected by the existence of the
time-dependent coupling parameters between spins. We prove that changing the values of the
coupling parameters between spins Ak, the parameters ¢, and the quantum numbers Ny enables
us to control the correlated behavior in addition to the atomic population. So, we can control
this model through these parameters.
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Behavior; Three-Level Atom.

1 Introduction

It is well known that the quantum mechanical atom-atom interaction can predict new aspects
of the quantum nature of the system and the atom. There are a lot of models in quantum optics
that describe the atom-atom interaction. For example, asingle two—level atom interacts with N-
two-level atoms with a magnetic field effect that has been discussed in Ref. [1-2] and other
cases, such as Ref. [3-9]. Recently, much attention has focused on the influence of the time-
dependent coupling parameters on various types of interactions. In the case of the atom-field
interaction, the influence of time-dependent coupling parameters of the dimer system, has been
discussed in Ref. [10]. Also, a three level A-type atom interacts with a two-mode with the
existence of nonlinearity that has been discussed in Ref. [11- 12] and [13- 14]. On the other
hand, in the atom-atom interaction, the effect of time-dependent coupling parameters of the
model like our model, but for different cases from us that have been discussed recently in Ref.

[15]. One of the most important goals of this paper is to survey the effect of atom-atom
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interaction on the atomic population inversion as well as the second-order correlation function.
There are some examples of the atomic inversion evolution in the case of a two-level atom
interacts with a various field, which has been discussed in Ref. [16 - 17]. Faraji et al.
investigated the system of two-level atoms interacts with two fields by taking into account the
dipole-dipole interaction of the atoms, and the time evolution of atomic inversion [18]. Faghihi
et al., on the other hand, discussed the atomic inversion evolution of the system of a three-level
atom of A-type interacts with a two-mode field in the existence of a bichromatic cavity [19].
Different types of interactions have been discussed in this field, for example, Ref. [20- 26].
Also, As the second-order function was evaluated, the system's non-classical behavior was
better understood [27]- [32]. Dibakar et al. discussed many non-classical characteristics, like
the sub-Poissonian statistics, correlation function among the two modes in Ref. [33]. Abdel-
Wahab et al. examined the non-classical characteristic of a two two-level atoms that interacts
with a two-mode cavity field [34]. There are different papers for several interactions and cases
that have discussed the atomic inversion evolution and the second-order function as Ref. [35-
41].

In our previous paper [15], we studied the problem of four systems, each of them contains
N-atoms, and each atom of them consists of two levels, and all of them interact with an atom
consisting of three levels. Moreover, the atom is also related to the systems by coupling
parameters that are time-dependent. We also investigated the influences of the quantum
numbers N, (y =1, 2, 3, 4), the coupling parameters between spins i (k = 1, 2), the parameter
¢, and some initial cases on the previous statistical aspects.

In this paper, we explore the previous model, but for different Hamiltonian, and cases.

We arrange the paper in the following organization: In Section 2, we describe the model of
the system and obtain the exact solution for the model describing the interaction between a
three-level atom interacting with four systems of N-two level atoms with time-dependent
coupling parameters, by taking some special cases. In section 3, and 4, we are investigating
numerically the influences of the quantum numbers N, (y = 1, 2, 3, 4), the coupling parameters
between spins Ak (k = 1, 2), the parameter ¢, and the initial state on the previous statistical

aspects. The conclusions are presented in section 5.

2 The Model

The following Hamiltonian explains our model as (we take h = 1):
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Where 7,y =1, 2, 3, 4 are the frequencies of the systems, Qi , | =1,2,3 are the frequencies of

the atom (where Q; > Q> > Q3).
The atom coupling with the system by time-dependent coupling parameters 4, (t) (k=1, 2)
which given by:
Ae(t) = A coser , k = 1,2 (2)

Also, Sqp=| a ){ B | are the operators satisfy the commutation relation:

[ Sap Sij 1 = Saj 6ip — Sip baj (3)

The angular momentum ](V) and J& satisfy the relations:

P =lny o L=xyz (@)
[y +11(V), (5)
L0 =218, (6)
I8 =418y, ™
And
I8N, = JGFNIGEN, + D] 4 Ny 1) (8)
191G Ny) = Ny| &N, ) (9)

We assume the state of our model to be in the form:

| W) =G,y N1,42, N3, G3, N3, {4, Nyp
+G2 Nl + 1' (z;Nz + 11 {31 N3! 54! N4>
+G5 N,+1,¢,,N, +1,{3,N; +1,{,,N, + 1} (10)

The Schrodinger equation is given by:
i | WD) = HW@). (11)

From equations (1), (10), and (11), we have the following differential equations:
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dG,(t
i a;r( ) = B,G,(1) + T} cos 1 G, (1),
.dGy(T)
i——== B2G,(T) + T cos et G, (1) + I, cos et G5(7), (12)
dGs(t
i d:g’f ) = ﬁ3G3(T) + FZ COS ET Gz(T),
Where,
p1 = NNy + 1N, +n3N; + nuN, + Q, (13)
Bz = ni(Ny+ 1) +n,(Ny+ 1) +n3N5 + nyNy + Qp, (14)

Bz = Ny + 1) +n,(N; + 1) +n3(N3 + 1) + no(N, +1) + Q3, (15)

I =23/ — NG+ N+ 1D)( G — No)(+ N, + 1) (16)

I, =23/({3 — N3)({3+ N3+ 1)({a— Ny)(+ Ny + 1)

Now, we can solve the system (12), by these steps:
G(1) = F(1)G(7) (18)

Where

G, —if, —ilj coset 0
G(r) = (GZ), F(r) = (—i[‘l COS €T —ip, —il, cos £T> (19)

G 0 —il, coset —if3

By considering particular conditions, the matrix F(7) of the system is symmetric and the
product of the matrix and the integral of this matrix is commutative. Therefore, the

fundamental matrix of the system is given by:

Q(t) = exp (f F(r)dr) (20)

0

(17)
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We evaluate the matrix exponential by converting the matrix to diagonal form, also we compute
the eigenvalues and eigenvectors of the matrix ( fOT F(t)dr). Then, we get the transition matrix

(M) of the eigenvectors. The Jordan form R of the matrix can be written as:

T

f F(r)dr

0

R=M"1 M (21)

Therefore, we can compute the fundamental matrix as:

Q(r) =M lexp(R)M (22)

Then the solution become G(7) = Q(7)C, where C = G(0). From the initial conditions, the
unknown vector G (t)can be obtained, then the nonhomogeneous system (12) can be solved.
Then, we get the solution of the system as follows:

—ifitT
G, (1) = ——{(T? cos 6 +T2)G,(0) — iwTy 5in 6.G,(0)
+ I T, (cos 8 — 1)G5(0)3, (23)
—ifiT
G,(1) = — ” {isin6 (I1G1(0) + I,G5(0)) — v cos 6 G,(0)}, (24)
—ifiT
G;(1) = 2 {(cos8 — 1)I'I,G,(0) — ivI, sin 6 G,(0)
+ +(TZ cos 8 + I')G5(0)3, (25)

Where
6 = ve(r), (26)

6(‘[) _ sin(er)' (27)

&

v=TZ+TZ (28)
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3  The Atomic Inversion

The atomic inversion can be written as follows [42]- [45]:

(S2) = 16,1 + 16 (DI? = 16z (DI, (29)

To discuss the atomic inversion, we have plotted several figures in which we take into

account {1="50, {>=40, {3=30, (= 20, and various values of J, N,, &, also at initially the state

be {i} | W ()%, = |13, {ii} | W(O)p, =% 115+ | 2b,and {iii} | W(0), = | 1o+

% | 2p +% | 3». We show that in all figures the oscillations of the atomic inversion curve are

periodic. In Fig. 1, we modify the values of the coupling parameters /x and make the other
parameters fixed i.e. N,= 1,¢ = 1, also at initially state be {i} to examine their influences on the
atomic inversion. We note that the number of oscillations rises and the maximum value, <S;» =
1, reductions to attain its minimum value, (S;) = —0.2, as the coupling parameters Jx rise. We
have at the top of the curve constant interval at 4 = 0.25 decay as the parameters Axrise. In Figs.
2(a-c), we modify the values of the quantum numbers N, and make the other parameters fixed
i.e. &k=1, £ =1, to examine their influences on the atomic inversion. As the quantum numbers,
N, raise the number and the phase of oscillations reduction. In Fig. 2(a), initially state be {i},
but in Fig. 2(b), initially state be {ii}. In both, the curve begins at the highest point, (S;) =1,
this high point reductions to attain the lowest point, (S;) = 0.3, in Fig. 2(a) at N, = 1. On the
other hand, in Fig. 2(b), the high point reductions to attain the lowest point but at (S;) = 0.7, at
N, = 1. As the quantum numbers N, rise, the lowest point rises to attain (S;) =~ 0.9 at N, =19, in
Fig. 2(a). Also in Fig. 2(b), as the quantum numbers N, rise, the lowest point rises to be closed
too 1. But in Fig. 2(c), initially state be {iii}, the curve begins at the lowest point, (S;) = 0.5,
this lowe point rises to attain the highest point, (S;) = 1, at N,= 1. As the quantum numbers N,
rise, the maximum value reduction to attain (S;) = 0.7 at N, = 19. in Figs. 3(a-c), we modify
the value of the parameter ¢ and make the other parameters fixed i.e. Ak=1, N, =1, to examine
their influences on the atomic inversion. As the parameter ¢ rises the values rise, but phase of
oscillations reductions. in Fig. 3(a), initially state be {i}, the curve begins at the highest point,
(S;) =1, this high point reductions to attain the lowest point, (S;) =~ 0.35. As the parameter ¢
rises, the lowest point rises to attain (S;) =~ 0.65. Also in Fig. 3(b), initially state be {ii}, the
curve begins at the highest point, (S;) = 1, this the high point reductions to attain the lowest

point, (S;) =~ 0.65. As the parameter ¢ rises, the lowest point rises to attain (S;) =~ 0.75. But in

-6-
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Fig. 3(c), initially state be {iii} the curve begins at the lowest point, (S;) = 0.5, this lowest
point rises to attain the highest point, (S;) = 1, As the parameter ¢ rises, the highest point
reduction to attain (S;) = 0.95.

Atomic inversion

1.04= AR - P n Rt
N N A N A R W
o8k + \ ' \'[ . e N\ —— =025
l]?' : : . : : | i : |I : ! — =05
S N N A R N
0.5F ' AN /! - J ' .
.1:. t:, ."l_: . |": . ll.‘ . r
Vo 003 Y VYoold v 0M1s
Fig. 1: The atomic inversion evolution at initially the state be {i} with N, =1,
and € = 1.
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Figs. 2: The figures for &x=1,and e = 1.
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Figs. 3: The figures for /x=1, and N, = 1.

4  The Correlation Function

The normalized second-order correlation function can be written as [2], [15], [24] and [46]:

(ﬁ)zj(ﬁ)Z)

gp(0) = (I(ﬁ)](ﬁ))z B =1234. (30)

Then we evaluate these expectation values, where

JEH®2 = o (1P 1) 0 (1), (31)
JPI® = (1), (32)

Equation (31) becomes

(P -1)e (7))
(% (]Z(m))2

gp(0) = (33)

By substituting from (10) in (31) and (32), we have:

PN, S {pWN: — L,IDIG (D + oN; + 1, I)[1G,(DI* + 1G: (D]}

910 = N WG + 9y + 1, WGP + [GOPE

(35)

-10-
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g5 (@)
_ @ (N, &) {@(N, — 1,3)1G1 (D17 + (N, + 1, ) [1G (D * + 163 (D]}

o, DGO + o, + LGP+ GO Y
95(7)
_ @(N3,3){p (N3 — 1,85)[1GL (DI + 16 (D)1?] + (N5 + 1, {3165 ()17} 37)
B {o(N3,3)[1G (D2 + |G, (DI2] + o(N5 + 1,83) |63 ()2} ’
95(7)
_ PNy, $){p(Ny — 1,E)[I1G (DI + 16 (D)I] + (N, + 1, 3,)1G5 () 1%} (38)
B (N4, LG D12 + 16, (D12 + (N, + 1,165 (D[22 ’

Where
@(Ns.Gp) = (g + Ng)(Gp —Ng +1), B=1,234 (39)

We note that from pervious equations that g2(z) = g3(z) also g%(t) = gZ(z). So, Figs. 4,5
and 6 show the normalized second-order correlation functions g#(7), and g3(z) only vs. the
time t. To discuss the normalized second-order correlation functions we will plot several
figures in which we take into account ¢, = g also at initially state be {i} and modify different
values of A, N, and ¢ parameters. We show that in all figures the oscillations of the second-
order correlation functions is periodic and regular. In Fig. 4, we modify the values of the
coupling parameters Ax and make the other parameters fixed i.e. N,= 1 and ¢ = 1, to examine
their influences on the correlation functions g2(r) and g3(z).The correlation functions
g2(1), g3(r) > 1, thus these functions show super-Poissonian behavior. In Fig. 5, we also
modify the values of the quantum numbers N, and make the other parameters fixed i.e. Ak=1

and ¢ = 1, to examine their influences on the correlation functions g(z) and g2(r).The

correlation functions g7(z) and g5(z) grow up As N, rises. At N, = _73_71 the functions

g5 (1) and g5(r) <1, so these functions show sub-Poissonian behavior. But As N, = % the
correlation functions g#(r) and g%(r) sometimes show sub-Poissonian behavior (
g%(1), g3(r) <1) and sometimes show super-Poissonian behavior ( g#(z), g3(7) >1). As

N, =§, the correlation functions g#(zr) and g3(z) show super-Poissonian behavior

(9%(1), g2(r) >1). In Fig. 6, we modify the values of the parameter ¢ and make the other
parameters fixed i.e. N,= 1 and Ax= 1, to examine their influences on the correlation functions

g%(7) and g2(t). The correlation functions g?(z), g3(z) >1 at all values of the parameter ¢,

-11-
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thus these functions show super-Poissonian behavior. We note that the number of oscillations
rises as the parameter ¢ increases, yet the phase of the oscillations reductions.
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Figs. 5: The functions g3(7) vs. the time 7. At initially the state be {i} with 1, =1, =1.
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Figs. 6: The functions gé (7) vs. the time 7. At initially the state be {i} with N, = %,AK =1

5 Conclusion

In this paper, we have studied four systems, each of them contains N-atoms, and each atom of
them consists of two levels, and all of them interact with an atom consisting of three levels.
The coupling parameters between the atom and the systems are modulated to be time-
dependent. By considering particular conditions, the exact solution for this model has been
obtained. Therefore, the wave function has been obtained as well. We also have discussed the
influences of various parameters like for example the coupling parameters Ax, the quantum
numbers N, and the (decay rates) parameter ¢ on some statistical aspects. We have managed to
study the atomic population inversion in addition to the second-order correlation function. In
our handling of the atomic population inversion, we have realized that there is a constant
interval in the top of the curve at 1 = 0.25, and then it decays and the maximum value, <S> =
1, reductions to attain its minimum value, (S;) = —0.2, as the coupling parameters A rise. On
the other hand, in Ref. [2-15], this constant interval also decays as the coupling parameters A
rise and the number of periodic oscillations rises, also the maximum value, {S;> = 1. When the
coupling parameters A rise, the maximum value reductions to attain a different minimum value
than our model, (S;) = —0.75, in Ref.[2], and, (S;) = —0.4, in Ref.[15]. This difference in the
minimum value between the three cases can be assigned to a different number of systems and

the Hamiltonian. We show that as the parameter ¢ rises for all initial be {i}, {ii}, and {iii}, the
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values rise, but phase of oscillations reductions. For the first two initial states, the minimum
value of the atomic population inversion curve rises to attain (S;) =~ 0.65. But at the last initial
state, the maximum value of the atomic population inversion curve reductions to attain (S;) =
0.95. Also, we note that the correlation function g#(7) = g%(z) and also g2(t) = g2 (7). The
correlation functions at all values of the parameter ¢ and the coupling parameters A, thus these
functions show super-Poissonian behavior. We note that the number of oscillations rises as the
parameter ¢ rises, but the phase of the oscillations reductions. On the other hand, As changing
the quantum numbers N,, the correlation functions g#(7) and gZ(t) sometimes show sub-
Poissonian behavior ( g% (z), g%(r) <1) and sometimes show super-Poissonian behavior (
g% (1), g5(r) >1). The correlation functions g#(z) and gZ(t) grow up As N, rises. Finally, we
have proved that changing the values of the coupling parameters between spins Ak, the

parameters ¢, and the quantum numbers N, enables us to control the correlated behavior.
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