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Abstract. In this paper, we introduce the notions of generalized locally pairwise closed sets, generalized locally pairwise closed star sets,
generalized locally pairwise closed star star sets on bitopological spaces and study some of their properties. The properties of the space (X, 71, 72)
are studied through the study of the space (X, 712) which is a supra topology associated to the bitopological space (X, 71, 72). Also, characterization
of these sets have obtained. Finally, we introduce the notions of GLPC— ( resp. GLPC*, GLPC**) (continuous) irresolute functions which based
on these sets and study some of their properties.
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1 Introduction

(Levine, 1970) [1] introduced the fundamental concept of generalized closed sets. He defined a set A to be generalized closed if its closure
contained in every open superset of A. A bitopological space (X, 71, 72) was introduced by Kelly [2] in 1963, as a method of generalizes topological
space (X, 7). Every bitopological space (X, 71,72) can be regarded as a topological space (X,7) if 71 = 72 = 7. In 1983, Mashhor et al. [3]
introduced supra topological spaces by dropping only the intersection condition. In [4] Kandil et al. generated a supra topological space (X, 712)
from the bitopological space (X, 71,72) and they studied some properties of the space (X, 71, 72) via properties of the associated space (X, 712).
Thereafter, a large number of papers have been written to generalize topological concepts to bitopological setting [4-9].

In general topology at 1988, Ganstern and Reilly [10] was studied the concepts of locally closed (LC') set and locally closed continuous ( LC-
continuous) functions. At 1996 Krishan, Palaniappan and Haruo [11] were studied the concept of generalized locally closed sets, generalized locally
closed star sets, generalized locally closed star star sets and generalized locally closed continuous (GLC-continuous) functions. In this paper we
introduce the notion of generalized locally pairwise closed sets, generalized locally pairwise closed star and generalized locally pairwise closed star
star and study some of their properties. Also, we have used the previous concepts to define and study the concept of pairwise-submaximal and
generalized pairwise submaximal P- submaximal. Finally,we study the concept of generalized locally pairwise closed (GLPC-) functions and some
of their properties.

2 Preliminaries

This section contains the basic properties of generalized pairwise closed sets, generalized pairwise open sets, supra topological spaces and
bitopological spaces.

Definition 2.1. [2] A bitopological spaces (briefly, bts) is a triple (X, T1,72) where 71 and T2 are arbitrary topologies on X.
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Definition 2.2. [6]. Let (X, 71,72) be a bitopological space. Then, A C X is said to be pairwise open ( briefly, P-open) if A= Uy UUs2, U; € 74,
(i=1,2). A set A is called a P-closed if its complement A€ is P-open.
Note that the notion of P-open sets as well as P-closed sets has studied in [4, 12] under the name of P*-open and P*-closed.

Definition 2.3. [13]. A family n C P(X) is said to be a supra topology if n contains X, ¢ and closed under arbitrary union. The elements of n
are said to be supra open sets and their complements are said to be supra closed sets. The complement of any A C X, denoted by A°.

Proposition 2.1. [12] Let (X,71,72) be a bts. The family of all P-open subsets of X, denoted by T12 is a supra topology on X and (X, T12) is
the supra topological space associated to the bts (X, 71, 72).

Definition 2.4. [/]. An operator C': P(X) — P(X) is a supra closure operator if it satisfies the following conditions for all A, B C X.
1. C(@) = ¢.
2. ACC(A).
3. C(AUB) D C(A)UC(B).
4. C(C(A)) = C(A).

Proposition 2.2. [12]. Let (X,71,72) be a bts. Then, the operator cliz : P(X) — P(X) defined by cli2(A) = al OZQ, is a supra closure
operator such that T12 = {A C X : cli2(A°) = A°} where A" is the closure of A with respect to T; and i =1, 2.

Proposition 2.3. [12]. Let (X,71,72) be a bts. Then, the operator inti2 : P(X) — P(X) defined by, int12(A) = A°LU A2 is a supra interior
operator such that T12 = {A C X :int12(A) = A}, where A% (i = 1,2) is the ;- interior with respect to T;.

Proposition 2.4. [12] . Let (X, 71,72) be a bts and A C X. Then
1. 71,72 C T12.
2. clia(A) = X\int12(X\A).
3. int12(A) = X\cli2(X\A).
4. A is P-open < A =int12(A).
5. A is P-closed < A = cli2(A).

Definition 2.5. [/]. A mapping f : (X, 71,72) — (Y,71,72) is said to be P*— continuous function ( briefly, P*-cts) if f~1(B) € T12 for all
B € 72

Definition 2.6. [4]. A mapping f: (X,71,72) — (Y,7v1,72) is said to be P*— closed (P*-open) if f(A)is yi2— closed (open) set on'Y for all
Ti2-closed ( open ) set A in X.

Definition 2.7. [14] Let (X,71,72) be a bts and (X, T12) its associated supra topological space. Then, A C X is called a generalized pairwise
closed set (briefly, gp-closed ) if cli2(A) C O whenever A C O, O is a P-open.

Theorem 2.1. [14] A set A is a gp-closed set if and only if cli2(A)\A contains no non empty P-closed sets.
Corollary 2.1. [14] Let A is a gp-closed set. Then, A is P-closed if and only if cli2(A)\A is a P-closed set.

Remark 2.1. [14]
1. If A is P-closed set, then A is gp-closed set.

2. If A and B are gp-closed sets, then AU B and AN B are not necessary gp-closed set.

Definition 2.8. [14] Let (X, 71,72) be abts, A C X and (A, T1|a,72|a) be a bitopological subspace of (X, T1,72). The collection T12(A) is defined
as a following: 7‘12(14) = T1|A [N T2|A = {Ul uls :U; € 7‘1|A,U2 S T2|A} such that Ti|A = {Aﬁ U,:U; €1y,i = 1,2}.

Theorem 2.2. [14] Let (X,71,72) be a bts, A C X. Then, T12|a= T12(A), where T12|a={ANU : U € 112}.

Theorem 2.3. [14] Let (X, 71,72) be a bts. Suppose that B C A C X, B is a gp-closed set relative to A and A is a gp-closed set of X. Then,
B is a gp-closed set relative to X .

Corollary 2.2. [14] If A is a gp-closed set and F is P-closed set, then AN F is a gp-closed set.
Theorem 2.4. [14] Let (X,71,72) be a bts and A C X. If A is a gp closed set and A C B C cli2(A). Then, Bis a gp-closed set.

Theorem 2.5. [14] Let (X,71,72) be a bts and A CY C X. Suppose that A is gp-closed in X. Then, A is gp-closed relative to Y.

117



Theorem 2.6. [14] Let (X, 71,72) be a bts, T12 be supra topology on X induced by T1,72. Then, T12 = 7{, if and only if every subset of X is a
gp- closed set.

Definition 2.9. [14] A set A is called a generalized pairwise open ( briefly, gp-open ) set if A° is a gp-closed set.

Theorem 2.7. [14] Let (X, 71, 72) be a bts. Then, A set A is a gp-open set if and only if F C int12(A) whenever F' is a P-closed set and F C A.

Definition 2.10. [7] Let (X,71,72) be a bts and A C B C X. Then, A and B are P*— separated in X if ANcli2(B) = ¢ and cli2(A)N B = ¢.
Not that if A and B are P*-separated and C C A, D C B, then C and D are P*— separated.

Theorem 2.8. [14] Let (X,71,72) be a bts. If A and B are P*-separated and gp-open sets, then AU B is a gp-open set.

Corollary 2.3. [14] Let (X, 71,72) be a bts and let A and B be two gp-closed sets and suppose that A°, B¢ are P*— separated. Then, AN B is
a gp-closed set.

Theorem 2.9. [14] Let (X, 71,72) be a bts. Then, a set A is gp- open if and only if O = X whenever O is a P-open and int12(A) U A¢ C O.
Theorem 2.10. [14] Let (X, 71,72) be a bts and A, B € P(X). Ifint12(A) C B C A and A is a gp-open set, then B is gp-open set.
Theorem 2.11. [14] Let (X, 71,72) be a bts. Then, a set A is a gp-closed if and only if cli2(A) \ A is gp-open.

Definition 2.11. [14] Let (X, 71,72) be a bts. A space (X, T1,72) is said to be a pairwise symmetric (briefly, P*-symmetric ) if for all x and y
in X, then [z € clia2{y} = y € cli2{z}].

Theorem 2.12. [14] A space (X, 7T1,72) is a P*-symmetric if and only if {z} is a gp- closed Vx € X.

Theorem 2.13. [14] Let (X, 71,72) and (Y,v1,72) be two bitopological spaces and A be gp-closed set in (X,71,72). (X,71,72). Suppose that
f: X —Y is P*-cts and f is P*-closed function, then f(A) is a gp-closed set.

Remark 2.2. [14] If f is P*- continuous and P*-closed function and A is gp-open set, then f(A) is not necessary to be a gp-open set.

Theorem 2.14. [14] If f: (X, 71, 72) — (Y,v1,v2) is P*-cts and P*-closed function, B is a gp-closed ( gp-open) subset of Y, then f~1(B) is
gp-closed ( gp-open) set in X, respectively.

3 Generalized locally pairwise closed [resp., closed star, closed star star]
sets.

In this section we defined the concepts of locally pairwise closed sets, generalized locally pairwise closed sets, generalized locally pairwise closed
star sets and generalized locally pairwise closed star star sets. Also we study some of their properties and find some relations between them.

Definition 3.1. Let (X, 71,72) be a bitopological space and 112 = {UUV :U € 7,V € 72}. A set S is called locally P-closed set if S = GNF
where G is P-open set and F' is P-closed set relative to T12.

Remark 3.1. The following are well known:
1. A subset S of space (X, T12) is locally P-closed set if and only if its complement X\S is the union of a P-open set and P-closed set.
2. Every P-open (resp., P-closed ) set is locally P-closed sets.
3. The complement of locally P-closed set need not be locally P-closed set which shown by the following example.

Example 3.1. Let X = {1,2,3,4} , 1 = {X,¢,{4}}, = ={X,¢,{1,2,4}}, 112 = {X, ¢,{4},{1,2,4}}, 77, = {X,¢,{3},{1,2,3}}. Then, {1,2}
is locally P-closed set that is to say {1,2} ={1,2,3} N {1,2,4} but {1,2}° = {3,4} is not locally P-closed.

Definition 3.2. Let (X, 71,72) be a bitopological space and T12 is the supra topology generated by T and 1o. A subset S in (X, T12) is called
generalized locally pairwise closed set ( briefly, GLPC set) if S = G N F where G is gp—open set and F is gp—closed set.

Remark 3.2. Every gp—closed set (resp., gp—open set) is GLPC set.
The collection of all (generalized) locally pairwise closed sets of (X, 71, 72) denoted by GLPC | resp., LPC].

Definition 3.3. Let (X, 71,72) be a bitopological space. For a subset S of X, S is called generalized locally pairwise closed star set (GLPC*) if
there exist a gp—open set G and P-closed set F' such that S=GNF. [ S € GLPC*(X,T12)].
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Definition 3.4. Let (X, 71,72) be a bitopological space. For a subset S of X, S is called generalized locally pairwise closed star star set (GLPC**)
if there exist a P-open set G and gp—closed set F' such that S=GNF. [S € GLPC**(X,T12)].

Proposition 3.1. Let S be a set in (X, 71,72).
1. If S € LPC(X,T12) , then S € GLPC*(X,T12) and S € GLPC**(X,712). In other words, LPC (X,71,72) C GLPC*(X,71,72) N
GLPC**(X,T1,72).
2. If S € GLPC*(X,712) or S € GLPC**(X,T12), then S is generalized locally pairwise closed set. In other words, GLPC*(X,112) U
GLPC**(X,m12) C GLPC(X, m12).
Proof. Let (X, 71,72) be a bitopological space. Then, (X, T12) is a supra topological space generated by 71 and 72.

1. Suppose that S is locally P-closed set. Then 3 P-open set G and P-closed set F' such that, S = G N F. But, G is P-open set and therefore
it is gp-open set, F' is P-closed set, it follows that S € GLPC*(X, 12). Similarly, the set F' is P-closed set implies, F' is gp-closed set. So,
S € GLPC**(X,T112).

2. Let S € GLPC*(X,T12). Then, there exist gp-open G and P-closed set F' such that S = G N F. But, every P-closed set is gp-closed set.
Then, S is GLPC set.
Let S € GLPC**(X,712). Then, there exist P-open G and gp-closed set F' such that S = G N F. But, every P-open set is gp-open set.
Hence, S is a GLPC set.

Example 3.2. Let X = {a,b,c} , 11 = {X,¢} and 72 = {X,¢,{a}}. Then, 112 = {X, ¢, {a}}. We get LPC(X,112) = {X, ¢, {a},{b,c}} and
GLPC*(X,112) = GLPC**(X, m12) = GLPC(X, 112) = P(X).

Example 3.3. Let X = {a,b,c} , 1 = {X,¢,{a}} and 7o = {X,¢,{c}}. Then, 112 = {X,¢,{a},{c},{a,c}}. We get, LPC(X,T12) =
GLPC*(X,T12) = GLPC**(X, 12) = GLPC(X, T12) = P(X).

Theorem 3.1. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and T2. Then, for a subset S in
(X, T12) the following are equivalent:

1. S € LPC(X,T12).

S = GnNcliz(S) for some P-open set G.
cl12(S)\S is P-closed set.

SU (X\cl12(S)) is P-open set.

S Cint12(S U X\cl12(9)).

G e e

Proof. (1) = (2). Let S € LPC(X, 712). Then, 3 P-open set G and P-closed set F' such that S = GNF. Since, S C G and S C F and F is
P-closed set which implies that cl12(S) C F. Then, S C G Ncli2(S). Conversely, S =GN F D G Ncli2(S). Hence, S = G Nclia(9).

(2) = (1). Since G is P-open set and cl12(S) is P-closed set, then G N cl12(S) € LPC(X,112) by Definition 3.1.

(2) = (3). Let S = PnNcl12(S) and P be a P-open set. Then, cl12(S)\S = cli12(S) N [P U (cl12(5))¢] = cli2(S) N P¢ U ¢ = cl12(S) N Pe.
We have cl12(S) is P-closed set and P¢ is P- closed set then, cl12(S) N P¢ is P-closed set. Hence, cl12(S)\S is a P-closed set.

(3) = (2). We want to find a set P which is P-open set such that S = P Ncli2(S). Take P = [cl12(S)\S]¢ which is P- open set and
S = [el12(S)\S]¢ N cli2(S).

(3) = (4). Let cl12(S)\S be a P—closed set. Then, (cl12(S)\S)¢ = [cl12(S)]°U S is a P— open set. Hence, X\cl12(S)U S is a P— open set.
(4) = (3). Let SU X\cl12(S) be a P-open set. Then, [SU X\cl12(5)]° = S¢Ncl12(S) = cl12(S)\S is a P— closed set.

(4) = (5). Let S U (X\cl12(S)) be a P-open set. Then, S C S U (X\cl12(S)). But, int12(S U (X\cl12(5)) = S U (X\cl12(S). Hence,
S C intlg(s @] X\Cllg(S)).

(5) = (4). Let S C intm(SUX\chg(S)). Then, SU[X\Cllg(S)] - int12(SUX\cl12(S))U[X\Cllg(S)] = intlg(SUX\Cllg(S)Uintlz[X\cllz(S)]
Ciint12(SUX\cl12(S)U[X\cl12(9)]) = int12(SUX\cl12(S)). Then, (SUX\cl12(S)) C int12(SUX\cl12(5)). Hence, SUX \cl12(S) is a P-open set.

Theorem 3.2. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and 72. Then, for a subset S of
(X, T12) the following are equivalent:

1. Se GLPC*(X, T12).
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2. S =Pncli2(S) for some gp-open set P.
3. cl12(S)\S is gp-closed set.
4. SU(X\cli12(S)) is gp-open set.

Proof. (1) = (2). Let S € GLPC*(X,712). Then 3 gp-open set P and P-closed set F' such that S = PN F. Since, S C P and S C F and F' is
P-closed set which implies that cl12(S) C F. Then, S C P Ncli12(S). Conversely, S = PN F D PNcli2(S). Hence, S = P Ncli2(5).

(2) = (1). Since P is a gp-open set and cl12(S) is a P-closed set, then, P N cl12(S) € GLPC*(X, T12) by Definition 3.3.

(2) = (3). Let S = PN cl12(S) where P is a gp-open set. Then, cl12(S)\S = cl12(S) N [P U (cl12(5))¢] = cl12(S) N P° U ¢ = cl12(S) N Pe.
We have cl12(S) is P-closed set and P€ is gp-closed set then, by using Corollary 2.2, we get cl12(S) N P€ is a gp-closed set. Hence, cl12(S)\S is a
gp-closed set.

(3) = (2). We want to find a set P which is gp-open set such that S = P Ncli2(S). Take P = [cl12(S5)\S]¢ which is gp- open set and
S = [Cl12(S)\S]C n Cllg(s).

(3) = (4). Let cl12(S)\S be a gp—closed set. Then, (cl12(S)\S)C = [cl12(S)]° U S is a gp— open set. Hence, X\cl12(S) U S is a gp— open
set.

(4) = (3). Let SU X\cl12(S) be a gp-open set. Then, [SU X\cl12(S5)]¢ =S¢ Ncl12(S) = cl12(S)\S which is gp— closed set.

Remark 3.3. In Ezample 3.2, if we take S = {a,b}, then S € GLPC*(X,712). But, int12(S U (X\cl12(5)))= int12{a,b} = {a} 2 S ( by
Theorem 3.2) .

Theorem 3.3. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and T2. Then, for a subset S in
(X, 712). If S € GLPC**(X,T12), then P Nint12(S) C S for some gp-closed set P.

Proof. Let S € GLPC**(X,T12). Then 3 gp-closed set P and P-open set G such that S = PNG. Since, S C P, then int12(S) C P, which implies
that P Nint12(S)NS CSNP =S5. Hence, PNint12(S) C S.

Definition 3.5. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and To. Then, a set A is
pairwise dense (P— dense) in X if clia(A) = X.

Definition 3.6. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and To. Then, a space X is
called pairwise-submazimal [ briefly P-submazimal | if every P-dense subset is P-open set.

Definition 3.7. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by T and 2. A space X is called
generalized pairwise-submazximal if every P-dense subset is gp-open set.

Corollary 3.1. Let (X,71,72) be a bitopological space and (X,T12) is the supra topological space generated by T1 and T2. Then, P(X) =
LPC(X,T12) if and only if the space X is P-submazimal.

Proof. Necessity: Let S be a P-dense subset of (X,712). Then, cl12(S) = X and by Theorem3.1 (4) we get, S = S U (X\cl12(S)). So,
S € LPC(X,712) then, S is P-open set. Hence, X is P-submaximal.

Sufficiency: Let S € P(X) and take U = S U (X\cl12(S)). Then, cli2(U) = cli2(S) U cli2[cl12(S)]¢. So, cli2(U) = X then we get, U is P- open
set. But, S = U Necli2(S) and cl12(S) is P-closed set. This implies that S € LPC(X,T12). Therefore, P(X) C LPC(X,T12) but in general we
have, LPC(X,712) C P(X). Hence, LPC(X,712) = P(X).

Corollary 3.2. Let (X,71,72) be a bitopological space and (X,Ti2) is the supra topological space generated by 1 and 2. Then, P(X) =
GLPC*(X,T12) if and only if the space X 1is gp-submazimal.

Proof. Necessity: Let S be a P-dense subset of (X,712). Then, cl12(S) = X and by Theorem3.2 (4) we get, S = S U (X\cli12(S)). So,
S € GLPC*(X,T12) then, S is gp-open set. Hence, X is a gp-submaximal.

Sufficiency: Let S € P(X) and take U = S U (X \cl12(S)). Then, cli2(U) = cl12(S) U cli2[cl12(S)]¢. So, cli2(U) = X then we get, U is gp- open
set. But, S = UNecli2(S) and cl12(S) is P-closed set. This implies that S € GLPC* (X, 112) therefore, P(X) C GLPC*(X,T12) but in general we
have, GLPC*(X,T12) C P(X). Hence, GLPC*(X,T12) = P(X).

Remark 3.4. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and T2. If the space X is P-
submazimal, then it is gp—submazimal but the converse is not true. (See Ezample 3.2 which shows P(X) = GLPC*(X,112) but LPC(X,T12) #
P(X)).
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Theorem 3.4. Let (X,71,72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and 2. Suppose A and B be
subset of X.

1. If A€ GLPC**(X,T12) and B is P-closed , then AN B € GLPC**(X, T12).
2. If A€ GLPC(X,T12) and B is P-closed , then, AN B € GLPC(X,T12).

Proof. (1) Let A € GLPC**(X,T12). Then, 3 P-open set Q and gp- closed set P such that A = PN Q. Take B C X which is P-closed set this
implies that AN B =Q N PN B. But, PN B is gp— closed set ( by Corollary 2.2 ). Hence, AN B € GLPC**(X, 112).

(2) Let A € GLPC(X,T12). Then, Jgp- open set F and gp- closed set G such that A = FNG. Take B C X which is P-closed set therefore, BN G
is gp- closed set. Hence, AN B € GLPC(X, T12).

Remark 3.5. In Theorem 3.4 we can note that:
(1) if B is P-open set, then AN B is not necessary belong to GLPC** (X, T12).
(2) if B is P-open set, then AN B 1is not necessary belong to GLPC (X, T12), (see Example 3.4).

Example 3.4. Let X = {1,2,3,4,5}, 71 = {X,$,{1,2,3}} and 72 = {X, ¢, {3,4,5}}. Then, m2 = {X, ¢, {1,2,3},{3,4,5}}, 75, = {X, ${4,5},{1,2}}.
Take A ={1,2,3} , B=1{3,4,5}. So, A€ GLPC** (X, T12), B €112 but, ANB = {3} ¢ GLPC(X,112) and AN B ¢ GLPC** (X, T12).

Theorem 3.5. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by T1 and T2. Suppose A and B are
subsets of X and A C B. If B is gp-closed set in (X, T12) and A € GLPC**(B, T12|B), then, A € GLPC**(X, T12).

Proof. Let B be a gp- closed set in X and A € GLPC**(B, 712|). Then, there exist P-open set Q of (B, 12|p) and gp-closed set M of (B, T12|p)
such that, A = Q N M but we have Q = BN S for some S € 712 and M is gp- closed set in T12|p, then M is gp- closed set in 712 (Theorem 2.3).
So, A= (BNS)NM =S5NM since, AC B,M C B. Hence, A € GLPC**(X, T12).

Definition 3.8. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and 2. Then,

1. A set S is called locally pairwise open set (briefly, LPO - set) if S¢ € LPC(X,712). The family of all locally pairwise open set denoted by
LPO(}(7 7'12).

2. A set S is called generalized locally pairwise open set (briefly, GLPO- set) if S¢ € GLPC(X,Ti12). The family of all generalized locally
pairwise open set denoted by GLPO(X,T12).

3. A set S is called generalized locally pairwise open star set (briefly, GLPO*- set) if S¢ € GLPC*(X,712). The family of all generalized
locally pairwise open star set denoted by GLPO*(X,T12).

4. A set S is called generalized locally pairwise open star star set (briefly, GLPO**- set) if S¢ € GLPC**(X,T12). The family of all generalized
locally pairwise open star stare set denoted by GLPO** (X, T12).

Proposition 3.2. Let (X, 71, 72) be a bitopological space and (X, T12) is the supra topological space generated by 71 and 2. Then, S € LPO(X, T12)
implies that 3 P-open set G and P-closed set F' such that S = GU F.

Proof. Tt is follows from definition of LPC(X, T12).

Proposition 3.3. Let (X,71,72) be a bitopological space and (X,T12) is the supra topological space generated by T and T2. Then, S €
GLPO(X,T12) implies that 3 gp-open set G and gp-closed set F such that S =G UF.

Proof. Tt is follows from definition of GLPC(X, 712).

Proposition 3.4. Let (X,71,72) be a bitopological space and (X, Ti12) is the supra topological space generated by T1 and T2. Then, S €
GLPO*(X, T12) implies that 3 P-open set G and gp-closed set F' such that S = GUF.

Proof. 1t is follows from definition of GLPC* (X, 112).

Proposition 3.5. Let (X,71,72) be a bitopological space and (X, T12) is the supra topological space generated by T and T2. Then, S €
GLPO**(X,T12) implies that 3 gp-open set G and P-closed set F such that S =GUF.

Proof. 1t is straightforward from definition of GLPC**(X, T12).

Proposition 3.6. Let S be a subset in (X, 11, 72).

1. If S is locally pairwise open set, then S € GLPO*(X,112) and S € GLPO**(X, 712). In other words, LPO(X,71,72) C GLPO*(X,71,72)N
GLPO**(X,T1,7T2).

2. If S € GLPO*(X,112) or S € GLPO**(X,T12), then S is generalized locally pairwise open set. In other words, GLPO*(X,112) U
GLPO**(X,T12) C GLPO(X, T12).
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Proof. (1). Let S € LPO(X,112). Then, S¢ € LPC(X,712). By Proposition 3.1 (1), S¢ € GLPC*(X,112) N GLPC**(X,112). Hence,
S € GLPO*(X,112) N GLPO** (X, T12).

(2). Let S € GLPO*(X,112). Then, S¢ € GLPC*(X,r12). By Proposition 3.1 (2), S¢ € GLPC(X,712), then S € GLPO(X,T12). Let
S € GLPO**(X,T12). Then, S¢ € GLPC**(X,T12). By Proposition 3.1 (2), S¢ € GLPC(X, T12), then S € GLPO(X, 112). Note that the family
of LPO(X,T12) may be not a topology and may be not supra topology on X as shown in the following Example 3.5.

Example 3.5. Let X = {a,b,¢,d}, 71 = {X,¢,{a,b}} , 2 = {X,¢,{b,c}}. Then, 112 ={X,¢,{a,b},{b,c}, {a,b,c}}, 75y, = {X, ¢{c,d},{a,d}, {d}}
and LPO(X7 7_12) = {Xv ®, {a7 b}7 {b7 C}7 {a7 b, C}7 {Cv d}7 {a7 d}7 {d}7 {a7 b, d}7 {bv G, d}} We have, {av b} N {a7 d} = {a} ¢ LPO(Xv T12) and {C7 d} U
{a,d} ={a,c,d} ¢ LPO(X,112). Therefore, LPO(X,T12) neither topology not supra topology on X.

Theorem 3.6. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 11 and T2. Then, for a subset S in
(X, T12) the following are equivalent:

1. S € LPO(X, 112).

2. S = F Uinti12(S)for some P-closed set F.
3. S¢Uint12(S) is P-open set.

4. S\int12(S) is P-closed set.

5.8 2 cliz2(S\int12(5)).

Proof. (1) = (2). Let S € LPO*(X,712). Then S¢ € LPC(X,712). By Theorem 3.1, S¢ = G N cli2(X\S) , G is P-open set. Then,
S = G°U (cli2(X\S))¢. Hence, S = G° Uint12(S5).

(2) = (1). Let S = FUint12(S), F is P-closed set and we have int12(S) is P-open set. Hence, S € LPO(X, 712).
(2) = (3). Let S = F Uinti2(S) for some P-closed set F. Then, S¢ U int12(S) = (F Uint12(5))° Uint12(S) = (F° N (int125)°) U int12(S)
= (FeUint125) N (((int125)¢) Uint12S) = (F° Uint12S) N X = F°Uint12(S). Since, F¢ is P-open and inti2(S) is P-open, then S¢Uint12S is a

P-open set.

(3) = (2). Let S¢ U int12(S) be P-open set. Then, (5S¢ U int12(S))¢ = S N (int125)¢ is P-closed set. Take F = S N (int125)¢. Now,
FUint125 =SSN (int125)c Uint12S = (SU intlz(s)) n (’intlzs)c Uint12S = (S U int12(S)) = S. Hence, S = F Uint12S.

(3) = (4). Let S¢Uint12S be P-open set. Then, (S¢Uint125)¢ is P-closed. Hence, S N (int12(S5))¢ = S\int12S is a P-closed set.
(4) = (3). Let S\int12S be P-closed set. Then, (SN (int125)¢)¢ = S€Uint12S is a P-open set.

(4) = (5). Let S\int12S be P-closed set. Then, S D S\int12. But cli2(S\int12S5) = S\int12S. This implies that S D cl12(S\int12(S)).

cli2((S\int12S)N(int12(S))¢) but, SN(int125)° C cli2(SN(int125)¢).Hence, cli2(SN(int125)¢) = SN(int125)¢. Consequentially, SN (int12.5)¢
(S\int125) is a P-closed. Hence, the result.

(5) = (4). Let S 2 cl12(5\int12(5)). Then, S N (’int12S)C D clia(S\inti12S ) N (intlg(S))C D cl12(5\int125) ﬂcllz(intlg(s»c B)

Theorem 3.7. Let (X, 71,72) be a bitopological space and (X, T12) is the supra topological space generated by 11 and T2. Then, for a subset S in
(X, T12) the following are equivalent:

1. S € GLPO*(X,T12).

2. S = FUint12(S) for some gp-closed set F'.
3. S¢Uint12(S) is gp-open set.

4. S\int12(S) is gp-closed set.

Proof. (1) = (2). Let S € GLPO*(X,T12). Then S¢ € GLPC*(X, T12). By Theorem 3.2, S¢ = PNcly12(S) , for some gp-open set P. Therefore,
S = P°U (cl12(X\95))¢. Hence, S = P¢Uint12(S).

(2) = (1). Let S = F Uint12(S), F is P-closed set and we have int12(S) is P-open set. Hence, S € LPO(X, 712).
(2) = (3). Let S = F Uint12(S) for some gp-closed set F. Then, S¢Uint12(S) = (F Uint12(5))¢ Uint12(S) = (F° N (int125)°) Uint12(S)
= (FeUinti125) N (((int125)¢) Uint12S) = (FCUint12S)NX = F¢Uint12(S). Since, F€ is gp-open and int12(S) is P-open. Now, F is gp—closed

set and (int12.5)¢ is P-closed set. Then by Corollary 2.2, FN (int125)¢ is gp-closed set and therefore F¢Uint12S is gp-open set. Hence, S¢Uinti2S
is a gp-open set.

122



(3) = (2). Taking the complement of no(3). From(3) we have (S U inti12(S))¢ = S N (int125)¢ = F which is gp-closed set. Now,
F Uint128 = (Sﬂ (intlgs)c) Uint12S = (S Uintlgs) NnNX=3S5 Uintlz(s).

(3) = (4). Let S U int12S be gp-open set. Then, (S Uint125)¢ is gp-closed. Hence, S N (int12(S))¢ = S\int12S is a gp-closed set.

(4) = (3).Let S\int12S be gp -closed set. Then, (SN (int125)¢)¢ = S Uint12S is gp-open set. Hence, the result.

Theorem 3.8. Let (X,71,72) be a bitopological space and (X, T12) be a supra topological space generated by T1 and 2. Suppose A and B be
subsets of X.

1. If A€ GLPO**(X,T12) and B is P-open , then AU B € GLPO**(X,112).

2. If A€ GLPO(X,712) and B is P-open , then AU B € GLPO(X,112).
Proof. (1). Let A € GLPO**(X,712). Then, 3 P-closed set QQ and gp- open set P such that A = PU Q. Take B C X which is P-open set this
implies that AU B = QU P U B. But, PU B is gp-open set. Hence, AU B € GLPO**(X, 112).

(2). Let A € GLPO(X,712). Then, Jgp- open set G and gp- closed set F such that A = F UG. Take B C X which is P-open set, then BUG is
gp- open set. Hence, AU B € GLPO(X,12).

Remark 3.6. In Theorem 3.4 we can note that:

(1) if B is P-closed set, then AU B 1is not necessary belong to GLPO**(X, T12).

(2) if B is P-closed set, then AUB is not necessary belong to GLPO(X,T12) . In Example 3.4 we have A = {4,5} € GLPO** and B = {1,2} € 1f,
but, AUB = {1,2,4,5} ¢ GLPO(X,T12) and AU B ¢ GLPO** (X, 112).

4 Generalized locally pairwise closed-Functions and some of their properties

Let f: X — Y be a function between two bitoplogical spaces (X, 71,72) and (Y, v1,v2). We use the notations in this section LPC- continuity,
LPC-irresoluteness and sub-LPC- continuity. After that we define generalization of LPC-irresolute functions, LPC-continuous function and
sub-L PC-continuous function and study some of their properties.

Definition 4.1. Let f: X — Y be a function between two bitoplogical spaces (X, 11,72) and (Y,v1,v2). Suppose (X,T12) and (Y,v12) are the
supra topological spaces associated to (X, 71, 72) and (Y,v1,v2) ,respectively. Then, a function f is called

1. LPC-irresolute if f~1(A) € LPC(X,T12) VA € LPC(Y,v12).

2. LPC- continuous if f~1(G) € LPC(X,T12), VG € v12.

3. Sub- LPC-continuous if there is a base B for (Y,v12) such that f~Y(V) € LPC(X,T12), VYV € .
Definition 4.2. Let f : (X,71,72) — (Y,v1,v2) be a function. Suppose (X,712) and (Y,v12) are the supra topological spaces associated
to (X,711,72) and (Y,v1,1v2), respectively. Then, a function f is called GLPC-irresolute [resp., GLPC*-irresolute , GLPC**- irresolute] if

F~YV) € GLPC(X,112) [resp., f~Y(V) € GLPC*(X,112), f~1(V) € GLPC**(X,712)] , YV € GLPC(Y,v12) [resp., YV € GLPC*(Y,v12),
YV € GLPC**(Y,v12)].

Definition 4.3. Let f : (X,71,72) — (Y,v1,v2) be a mapping. Suppose (X,712) and (Y,v12) are the supra topological spaces associted to
(X, 71,72) and (Y,v1,v2), respectively. Then, a function f is called GLPC'— continuous [ resp., GLPC*— continuous, GLPC**— continuous |
foil(V) c GLPC'(_X7 T12) [Tesp,, fﬁl(V) S GLPC*(X, T12) , fﬁl(V) (S GLPC’**(XV7 T12) ) ]VV [SRZDR

Theorem 4.1. Let f : (X,71,72) — (Y,v1,v2) be a mapping. Suppose (X,Ti12) and (Y,v12) are the supra topological spaces associated to by
(X,711,72) and (Y,v1,v2), respectively.

1. If f is LPC-continuous, then it is GLPC*-continuous and GLPC™**-continuous.

2. If f is GLPC*-continuous or GLPC**-continuous, then it is GLPC'-continuous.

3. If f is GLPC-irresolute (resp. GLPC*-irresolute, GLPC**-irresolute), then it is GLPC-continuous ( resp. GLPC*-continuous, GLPC** -
continuous)

4. If f is P*-continuous function and P*— closed function, then f is GLPC-irresolute function, GLPC*-irresolute function and GLPC**-
irresolute function.
Proof.

1. Suppose that f is LPC- continuous. Let V € v13. Then, f~1(V) € LPC(X,T12). By using Proposition 3.1 we get f~1(V) € GLPC*(X,T12)
and f~1(V) € GLPC**(X,T12). Hence, f is a GLPC*- continuous and GLPC**- continuous.

2. It is follows from Proposition 3.1. Since every P-open set is gp -open set and every P-closed set is gp - closed set.
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3. Also can be done like no.(2)

4. Let f be P*-continuous and P* closed function. Suppose that A € GLPC*(Y,v12) we want to prove that f~1(A) € GLPC*(X,712). Then,
3 P-closed set F' and gp- open set G such that A = G'N F by using Theorem 2.14 we get f~1(G) is gp-open set and f~!(F) is P-closed set
this implies that, f~1(A) = f"H(GNF) = f~YG) N f~1(F). Hence, f~1(A) € GLPC*(X,T12). Similarly, we can show that f is GLPC-
irresolute function and GLPC**- irresolute function.

Remark 4.1. The converse of Theorem 4.1 need not be true in general as shown in the following examples.

Example 4.1. Let X =Y = {1,2,3}, 11 = {X,¢}, = = {X,¢,{1}}, v1 = {X, ¢} and vo = P(Y). Then, 112 = {X,¢,{1}}, v1i2 = P(Y).
Take f : X — Y; f(z) = z Vo € X which is the identity function. GLPC(X,712) = GLPC*(X,712) = GLPC**(X,112) = P(X). So,
LPC(X,712) = {X,¢,{1},{2,3}}. GLPC(Y,vi2) = GLPC*(Y,v12) = GLPC**(Y,vi12) = LPC(Y,v12) = P(Y). We have f is not LPC—
continuous, but it is GLPC*— continuous, GLPC**— continuous and GLPC*— irresolute.

Example 4.2. Let X =Y = {1,2,3}, i = {X,¢ , {1}}, 2 = {X, 6, {1,2}}, v1 = {X, 6} and vs = {X,6,{1}}. Then, 112 = {X,, {1},{1,2}},
vig = {X,0,{1}}. Take f: X — Y;f(1) = f(3) =1, f(2) = 2. Hence, GLPC(Y,v12) = GLPC*(X,v12) = GLPC**(X,v12) = P(X). Then, f
is not GLPC™* — continuous but it is GLPC— continuous and it is GLPC**— continuous.

Example 4.3. Let X =Y = {17273}! T1 = {X7 d):{l}}r T = {X7 ¢:{172}}: vy = {X» ¢} and vy = {X» ¢7{1}} Then, T12 = {X’ ¢7{1}7{172}})
vig = {X,0,{1}}. Take f : X — Y; f(z) = = which is the identity function. Then, {1,3} € GLPC*(y,v12) but, {1,3} ¢ GLPC*(X,T12).
Hence, f is not GLPC*— irresolute but it is LPC— continuous.

On account of Theorem 4.1 and Examples 4.1 , 4.2 and 4.3 we have the following corollary.

Corollary 4.1. Let f: (X, 71,72) — (Y,v1,v2) be a mapping. Then, we have the following diagram:

GLPC* — irrosolute

a4 Ly N X
~ o~
LPC — cts GLPC* — cts GLPC — cts
— —
KN e
GLPC** — cts

Theorem 4.2. If f: X — Y is GLPC**— continuous and B is P-closed set in (X, T12), then the restriction of f to B say f|p : (B, Ti2|B) —
(Y,v12) is GLPC**— continuous.

Proof. Let V be a P-open set of (Y,v12). Then, f~1(V) = G N F such that G € m12 and F is gp- closed set in (X,712). So, f~ Y (V) =
(GNB)N(FNB) e GLPC**(B,112|B). By Theorem 2.2 and Corollary 2.2 we have (F'N B) is gp-closed set in (B, T12|p) and (G N B) is P-open
in (B, T12|B). Hence, f|p is a GLPC**— continuous.

Remark 4.2.

1. The composition of two GLPC-irresolute (resp. GLPC*-irresolute, GLPC**-irresolute ) functions is clearly GLPC-irresolute (resp.
GLPC*-irresolute, GLPC**-irresolute ) function.

2. The composition of g o f GLPC-continuous [ resp., GLPC*-continuous, GLPC**-continuous] function f and P*-continuous function g
is clearly GLPC'-continuous [ resp., GLPC* -continuous, GLPC**-continuous] function.
Definition 4.4. Let f: X — Y be a mapping between bitoplogical spaces (X, T1,72) and (Y,v1,v2). Suppose (X,T12) and (Y,v12) are supra
topological spaces generated by (X, 11,72) and (Y,v1,v2), respectively. Then, a function f is called
1. LPO-irresolute if f~1(A) € LPO(X,T12) VA € LPO(Y,v12).
2. LPO- continuous if f~1(G) € LPO(X,T12), VG € v§,.
Definition 4.5. Let f: (X, 71,72) — (Y, v1,1v2) be a mapping. Suppose (X, T12) and (Y,v12) are supra topological spaces associated to (X, T1,72)

and (Y,v1,v3), respectively. Then, f is called GLPO-irresolute [resp., GLPO* -irresolute , GLPO**- irresolute | if f~1(V) € GLPO(X, T12) [resp.,
F~YV) € GLPO*(X,712), f~Y(V) € GLPO**(X,T12)], VV € GLPO(Y,v12) [resp., YV € GLPO*(Y,v12)], VV € GLPO** (Y, v12).

Definition 4.6. Let f : (X,71,72) — (Y,v1,v2) be a mapping. Suppose (X,712) and (Y,v12) are supra topological spaces associated to
(X, 71, 72) and (Y,v1,v2), respectively. Then, f is called GLPO— continuous [ resp., GLPO*— continuous, GLPO**— continuous] if f~1(V) €
GLPO(X,T12) [resp., f~1(V) € GLPO*(X,T12) , f~1(V) € GLPO**(X,T12) | VYV € v§,.
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Theorem 4.3. Let f: (X,71,72) — (Y,v1,v2) be a mapping. Suppose (X, T12) and (Y,v12) are supra topological spaces associated to (X, T1,72)
and (Y,v1,v2), respectively.

1. If f is LPO-continuous, then it is GLPO*-continuous and GLPO**-continuous.
2. If f is GLPO*-continuous or GLPO**-continuous, then it is GLPO-continuous.

3. If f is GLPO-irresolute [resp., GLPO*-irresolute, GLPO** -irresolute], then it is GLPO-continuous [resp., GLPO* -continuous, GLPO** -
continuous|.

4. If f is P*-continuous function and P*— open function, then f is GLPO-irresolute function, GLPO*-irresolute function and GLPO**-
irresolute function.
Proof.

1. Suppose that f is LPO- continuous. Let V € v12. Then, f~1(V) is locally pairwise open set in (X, 712). By using Proposition 3.1 we get
F~Y(V) € GLPO*(X,712) and f~Y(V) € GLPO**(X,T12). Hence, f is a GLPO*- continuous and GLPO**- continuous.

2. It is trivial by definitions. Since, every P-open set is gp -open set and every P-closed set is gp - closed set.
3. Also can be done like no.(2)

4. Let f be P*-continuous function and P* open function. Suppose that A € GLPO*(Y,v12) we want to prove that f~1(A) € GLPO*(X, T12).
Then, 3F gp-closed set and G is P- open set such that A = G U F by using Theorem 2.14 we get f~1(F) is gp-closed set and f~1(G) is
P-open set this implies that, f~1(A) = f"H(GUF) = f~1(G) U f~Y(F). Hence, f~1(A) € GLPO*(X,712). Similarly, we can show that f
is GLPO- irresolute function and GLPO™**- irresolute function.

Remark 4.3. The converse of Theorem 4.3 need not be true in general as shown by the following examples.

Example 4.4. Let X =Y = {1,2,3}, 1 = {X, ¢}, = = {X,¢,{1}}, v1i = {X,¢} and voa = P(Y). Then, 112 = {X, ¢, {1}}, vi2 = P(Y).
Take f : X — Y;f(z) = « Yo € X which is the identity function. GLPO(X,T12) = GLPO*(X,712) = GLPO**(X,T12) = P(X). So,
LPO(X,712) = {X,0,{1},{2,3}}. GLPO(Y,vi2) = GLPO*(Y,v12) = GLPO**(Y,v12) = LPO(Y,v12) = P(Y). We have f is not LPO—
continuous, but it is GLPO*— continuous, GLPO**— continuous and GLPO*— irresolute.

Example 4.5. Let X =Y = {172»3}’ T = {de) 7{1}}7 T2 = {Xv ¢7 {172}}! vy = {X7 ¢} and vy = {X7 d): {1}} Then’ T12 = {X’ ¢7 {1}7 {172}})
vig = {X,¢,{1}}. Take f: X —Y;f(1) = f(3) =1, f(2) = 2. Hence, GLPO(Y,v12) = GLPO*(X,vi2) = GLPO**(X,v12) = P(X). Then, f
is not GLPO*— continuous but it 1s GLPO— continuous and it is GLPO**— continuous.

Example 4.6. Let X =Y ={1,2,3}, 11 = {X,¢,{1}}, = ={X,¢,{1,2}}, v1 = {X, ¢} and v2 = {X,¢,{1}}. Then, 12 = {X, ¢,{1},{1,2}},
vig = {X,¢,{1}}. Take f: X — Y; f(z) = = which is the identity function. Then, {2} € GLPO*(y,v12) but, {2} ¢ GLPO*(X,712). Hence, f
is not GLPO™*— irresolute but it is LPO— continuous.

On account of Theorem 4.3 and Examples 4.4, 4.5 and 4.6 we have the following corollary.

Corollary 4.2. Let f: (X, 71,72) — (Y,v1,v2) be a mapping. Then, we have the following diagram:

GLPO* — irrosolute

a4 4 N X
“+ o+
LPO — cts GLPO* — cts GLPO — cts
— —
KN /
GLPO** — cts

Remark 4.4.

1. The composition of two GLPO-irresolute [resp., GLPO*-irresolute, GLPO**-irresolute | functions is clearly GLPO-irresolute [resp.,
GLPO*-irresolute, GLPO** -irresolute] function.

2. The composition of go f GLPO-continuous [resp., GLPO*-continuous, GLPO**-continuous| function f and P*-continuous function g is
clearly GLPO-continuous [resp., GLPO*-continuous, GLPO**-continuous| function.
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