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Abstract

The main objective of this paper is to investigate the analytical solution of a special case of the general class of
challenged functional equations given by

Al(xvy)f(xvy) = AQ(xvy)f(xv O) + A3(x7 y)f(07 y) + A4(CE, y)f(O»O) + A5(CE, y)7

where A;(z,y),t =1,...,5 are given functions in two complex variables z,y. The main unknown function f(z,y) is defined
in such a way that for every fixed x it is analytic in the y—unit disk, and similarly for y. The unknown function f(z,0) is
defined as f(z,0) : D — C, where D stands for the unit disk, and a similar definition holds for the other unknown function
f(0,y). The functional equation considered in this article is not solved yet. However it is an interesting equation as it
arose from a queueing model of a network gateway linking two ethernet local area networks. The solution is obtained by
reduction to Riemann-Hilbert boundary value problem via using conformal mappings.

keyword Functional equation , Two-variable , Queueing model , Complex analysis
Classification No: 30D05, 39B72, 65Q20, 93C30, 97180

1 Introduction

Functional equations are a relatively old subject of mathematics see e.g. [1,2]. However, they have various recent applications
in many fileds like e.g. in information theory see [3], in applied sciences see [4], in databases see [5], and in communications
see [6,7]. This article is mainly concerned with a solution of a two-place functional equation arising from a network gateway
queueing model originally published in [8]. The current functional equation is a special case of the general structure of
functional equations introduced recently in [9]. It should be noted that in [10] the authors introduced a closed from solution
of the equation of interest by utilizing to a great extent the knowledge of the physical properties of the underlying gateway.
In the current article we introduce an analytic solution using only mathematical techniques. The solution of the equation of
interest is obtained by using the theory of boundary value problems. It is worth stating that Malyshev [11] pioneered the
approach of transforming functional equations to boundary value problems in the early 1970s. The idea to reduce functional
equations for the generating function to a standard Riemann—Hilbert boundary value problem stems from the work of Fayolle
and Tasnogorodski [12] on two parallel M/M/1 queues with coupled processors.

Lion’s share of boundary value problems for analytic functions exists in the book of Cohen and Boxma [13] and that of
Fayolle et al. [14]. As far as we know the functional equation in [8] is not yet solved, and hence in the current article we
investigate the solution using boundary value problems approach. We will solve the current functional equation by reduction
to a boundary value problem of the following form: Find a function h(.) such that:

100



1. h(.) is analytic in DT
2. h(.) is continuous in the closure ¢/(DV) of the unit disk

3. h(.) satisfies
R(ia(u)h(u)) = b(u),u € D, (1)

for some given hélder continuous functions a(.) and b(.) with @ # 0 on D.

Since the function h(u) is real on the real axis. This can be easily seen from the definition since, the unknown h(u) is in
general defined as

hw) =Y prut,u e C,
k=0

for some real nonnegative coefficient px. Then it is possible to define by using the Schwartz reflection principle (see e.g.
[15-18]), the function g(u) = h(1/@), which is analytic in D~. The function h(u) (resp. g(u)) is the restriction to D
(resp.D ™) of the sectionally analytic function (see e.g. [19]) H(u), which satisfies the following Riemann—Hilbert problem:
Find a sectionally analytic function H(u) with respect to the unit circle, bounded at infinity (H(co) = h(0)) such that for
uecD

a(u)H (u) — a(u)H ™ (u) = —2ib(u),

where HT (u) (resp. H™(u)) is the interior (resp. exterior) limit of the function H () on the unit circle. The solution of this
problem, when it exists, is given by (see e.g. [20])

¢ (u) / B(z)
H(u) = d 2
) =5 | G + Qo) 2)
where Q(u) is some polynomial, which can be determined by using the conditions at infinity, the function B(u) is given by
Blu) = —2:2)

a(u)

and the function ¢(u) is defined by

exp (ﬁ Jplog (z_”’@) zd_zu) ifue DT

d(u) =
Lexp (ﬁ Jplog (2_“28) Zd_zu> ifue D™

with & denoting the index of the Riemann-Hilbert problem (the index of a(z)/a(z)) and ¢(*)(u) being the interior limit of
the function ¢(u) on the unit circle.

The article is organized as follows: In section 2 we recall the functional equation from the original article [8], in section
3 we introduce some preliminary results including the analysis of the kernel, in section 4 an analytic continuation of the
function defined by the kernel is proved, in section 5 we recall the idea of the resultant of two polynomials to compute the
potential singularities of the two unknowns as done in a recent paper. The singularities play a crucial role in the construction
of the boundary value problems, in section 6 we solve the functional equation by reduction to a special case of the boundary
value problem stated in the introduction. In section 7 we conclude this article.

2 The functional equation

The article [8] ends up with the following two-place functional equation

(M(z,y) —xy) f(z,y) = (1 —y)(M(x,0) + 71 &2y) f(2,0)
+(1 = z)(M(0,y) + r2&12y) f(0,y) — (1 — 2)(1 —y)M(0,0)£(0,0), 3)

where
M(z,y) = (71 + r151y + &oy) (T2 + rodox + E2y),
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and 0 < 7;,8;,§ :=1;8; < 1,5 =1,2. By using the above equation, we can write equation (3) in the form

((F1 + 1181y + §1xy) (Fo + rodox + Soxy) — zy) (2, y)

= (1 = y)71 (T2 + r282z + &oxy) f(2,0) + (1 — 2)72(F1 + 1151y + &172y) £(0,9)

—(1 = 2)(1 - y)7172£(0,0).

The main unknown function f(x,y) is defined in [8] as a probability generating function (PGF) of the sequence pu, ,

f(x,y) = Z pm,nxmynv |'77| <1, |y| <1

m,n=0

while the marginal PGFs f(z,0) and f(0,y) are defined as
F(@,0) =" pmoz™, |z <1,
m=0

and

F0,9) = pomy™ lyl < 1.
n=0

The solution of equation (4) will be investigated in the next sections.

3 Preliminary results

We introduce some results towards the reduction to a boundary value problem

3.1 The set-up

For simplicity reasons equation (4) can be written as

Av(z,y)f(x,y) = Az, ) f(2,0) + As(,y) (0, y) + As(x, ) f(0,0),

where
Ai(z,y) = (71 + 81y + &uwy) (P2 + ooz + Soxy) — 2y,
= 6622 + 125627y + oriSiay® + (Pl + riredida + 72 — Dy
+ F1re8eT + r1T251Y + T172,
Az (z,y) = 71(1 — y)(F2 + r2daz + E2y),
= F1y + F1raSow — Fifoy + (F1éo — Firada)wy — F1&oay”
Az(w,y) = 72(1 — ) (71 + 1851y + &17y),
= F1Fy 4+ 11Tad1y — F1faz + (Foby — 117281 )zy — F212?y,
and

Ay(,y) = 7172z — 1)(1 —y)
= f1f2$ + 7:1f2y — ’Flfgil'y — 7;1772.

Since by definition the main function f(z,y) is an analytic function in the unit disk, then this means that if A;(z,y) = 0,

then also
Az (z,y) f(2,0) + As(z,y) f(0,y) + As(z,y) f(0,0) = 0.
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Since the unknown f(0,0) # 0 (necessary for the stability of the underlying system), then equation (6) is equivalent to

f(,0) f(0,y) _
Introducing new functions .0 0.9)
_ J(=,0 _ fOy
F(x):= 70.0)° G(y) == 70.0)° (8)
By using (8) in (7) we get the following functional equation
Az (z,y)F(2) + As(z,y)G(y) + As(z,y) =0 (9)

on the set
{(‘T7y) : Al(xvy) = 0}

Now the solution of equation (4) is reduced to the solution of the equation (9) in only two unknowns namely F'(z) and G(y).
It is obvious that it suffices to find one unknown and plug it in the above equation to find the other unknown as done in [21].
The next and basic step in solving the functional equation is the analysis of the kernel defined by

{(@,y) : Ai(2,y) = M(2,y) — xy = 0}.

First note that the current functional equation is somehow different from the equations that appear in the literature (see
e.g. [22], [23], [21]) in the following facts:

1. The functions As(z,y), As(z,y), and A4(z,y) are not related to each other unlike the case in [22].

2. Tt is not possible to find the unknown f(0,0) by a direct substitution in the main functional equation unlike the case
in [21]. This is because there are no values for x or y for which both As(z,y) = 0 and As(z,y) = 0.

3. We have a completely symmetric equation i.e. the approach applied to find F(x) will exactly be applied to find G(y)
this is due to the complete symmetry of the kernel A;(x,y).

We don’t know the unknown f(0,0) unlike the case in [22].

We have many parameters namely 71,72, s1, S2,&1 and £ which may complicate the analysis.
The contours L; and Lo defined below are not circles unlike the case in [12].

The function F(z) may have singularities in the domain L.

There is no explicit stability condition of the system producing the functional equation unlike the case in [24].

© »®» N o ok

We have a different random walk (in the interior of the random walk there are transitions to the east, north east, and
north) producing the functional equation so we cannot use the compensation approach unlike the cases in [25-28].

3.2 Kernel analysis
A crucial role (see e.g. [29], [30], and [12]) in the solution of our equation is played by the kernel given by
{(z,y) : A1(z,y) = (F1 + r1 81y + &oy) (P2 + raSax + Eaxy) — 2y = 0}, (10)
From (10) the kernel can be written as
Ar(z,y) = §&87Y + r28a61x’y + r151&ay” + (F1éa + rafori§1 4 7261 — Day
+711re80x + Tor181y + 7179 = 0. (11)

Since equation (11) is a biquadratic equation it can be considered as a quadratic equation in x as a function of y, or as a
quadratic equation in y as a function of x. So we have

Al(ﬂf,y-g-(fﬂ)) = Al(x’y—(x)) = 07
and also
Ar(z4(y),y) = Ar(z—(y),y) =0,

where x4 (y) are the solutions of (11) when considered as a quadratic equation in z. Similarly, y+ (x) are the solution of (11)
when considered as a quadratic equation in . Now we have to study the two cases separately as follows.
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3.2.1 The kernel as a quadratic equation in z

If we consider equation (11) as an equation in z it can be written as follows

(&1629° + 1282619) 2% + (r15162y” + (F1€o + 1282151 + Toéy — 1)y + Fir2d2)x
+ Tor181y + 1172 = 0,

or in the form

a(y)z® + B(y)z +(y) =0, (12)
where
aly) = E1&y° + r2éab1y,
B(y) = r151&2y” + (F1€a + 12827181 + T2€y — 1)y + 7171230, (13)
and

Y(y) = Tari51y + 7172.

Equation (12) has two solutions z, in the form

a(y) = —B(y)zj(y)Dl(y) 7 (14)

where
Di(y) = B*(y) — 4a(y)v(y). (15)

It is easy to see that
Dl(—l) > 07D1(0) > O,Dl(l) > O,and ILID Dl(y) = Q.
Y—00

Lemma 3.1. The functions x4 (y) given by (14) have four real branch points y;,i =1, ...,4 such that

O0<yr <y2<1<ys<ys <oo. (16)

Proof. Branch points are the zeros of the discriminant, D;(y), because as y traverses a small circuit around y;,i = 1,...4,
D4 (y) does not return to its original value. The function D; is given by

Di(y) = 5(y) — 4a(y)y(y)
= 138165 y" + (271718165 + 2rira3T8als — 2115180 — 271728161 62)y°
+ [Ar1717951 80bo + F1E22 + r3r25255 + 72612 + 1 4 2796,
— 271 €y + T17TaT28182€1 — 271728180 — 2717281 &2)y?
+ [27r080€o 4 20171735185 4 F17oT282€1 — 2711980y + (rof182)2. (17)

In order to locate the zeros of Dy it is sufficient to investigate the zeros of the function S(y). This is because at the zeros
(yP,i=1,2) of B(y), the function D; will be

Di(y)) = —da(y] )v(y)). (18)

Clearly, from (13) 8(y) = 0 has two solutions:

1 — 1€ — 12821151 — T2&1 + /(F1éa + 1282r181 + T2&y — 1)2 — 41151 &0717230
271518

vl = > 1

and

1 — 1€ — 1o8ar181 — T2€1 — /(F1&2 + 12821181 + T2&1 — 1)2 — 4r1 5162717230
2r15182

0<yh= <1
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It should be noted first that since yf > 1, and the functions «(.), v(.) are positive there then the function D;(.) is negative.

For the other root yg we have 0 < yg < 1, this holds only for the system parameters for which the system is stable i.e. it
holds only on

{rivsi,&:& <l—ry,&a<1—r,i=1,2} (19)

and in this case also both the functions «(.) and «(.) are positive so that the function D;(.) using (18) is negative. It follows
from the properties of polynomials that there exist y1,y2,y3 and y4 such that

0<y1§y§§y2<1<y3§y1ﬁ<y4<oo7

and Di(y;) = 0,7 = 1,2,3,4. Also, by the properties of polynomials, D1(y) > 0 in (=00, 1)U (y2, y3) U (ys, 00) and Di(y) <0
in (y1,y2) U (y3,ya)- )

It is interesting to find out that selecting any random values of the system parameters r;, s;,&;,7 = 1,2 satisfying the
stability condition (19) we get that the root yg lies in the interval (0, 1).

Lemma 3.2. For every y€ly, y2] we have y € R, and the two roots x4 (y) and x_(y) given by
B+ VDY) oy - =W = v D) (20)
2a(y) ’ 2a(y) ’

are complex conjugate. Hence, the interval (y1,ys2) is mapped by y — x4 (y) onto a contour Ly. Any point on such a contour
satisfies

Ty (y) =

()2 = Tor151Y + r172
&1&y? + 125261y’

Proof. Follows directly from the fact that the discriminant D;(y) is zero for y = y; and y2 and negative for y € (y1,y2),
which is symmetric with respect to the real line, see figure 1. For a point z(y) on the contour L; we have from (12) and
Vieta’s formula that

v(y) Tor181Y + 172

aly)  &&y?+rsbiy’

x-plane

y-plane xo (V) _
ot LA 1 (y)

ke I-

/ L[
}.‘

x_{y)

Figure 1: The function x4 (y) as a map from [y, y2] to the contour Ly
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Remark 3.1. The functions x4 (y) defined by (14) have the following properties:

e They are local analytic functions except at zeros of the function a(y).

e They are well defined except at some algebraic branch points, which are the real zeros of the discriminant Dy (y).
Remark 3.2. The function z (y) has the following properties:

e It has removable singularities at y = 0, and at y = 525;2” which are the zeros of the function «(y), since it is easily
verified that
lim IL’.._(y) = 07 lim :c+(y) = Ka

y—0 [ )
v &2

for some finite value K.

e It can be expanded as a convergent power series of y in some neighborhood of the points 0, and at y = 625_2 "2 which
both are removable singularities for the function 4 (y).

On the other hand the function z_(y) is an analytic function except for a pole singularity at y = 0, since lim,_,o z_(y) =
—00.

3.2.2 The kernel as a quadratic equation in y
If we consider equation (11) as a quadratic equation in y it can be written as follows:

(&1622” + r15:62)y° + (r252612% + (P& + 1252r1 81 + 72&1 — 1)z + Tor151)y
+ 7reSox + 7179 = 0

or in the form

p()y? +v(@)y +8(z) =0, (21)
where
p(x) = E1&0° + r151&on,
v(z) = radabia® + (Fiés + radori 81 + &y — 1)a + Fori 51,
and

5(1’) = F1T2§2I + flfg.

Equation (21) has two solutions in y, in the form

_ —v(x) £ /Da(x)
yi(m) - 2#(.%) ) (22)

where

Dy(z) = v*(x) — 4p(x)d(x)
= 138567t + 22728267 + 27175555160 — 2080l — 27178061 Eola
+ [Ar1raTafi 5281 + 75617 + rir3diEs + G + 1
— 21 €y — 279€y + F17172825160 — 2ror1 5281 — 2717261 &0]2?
+ [2r17251&1 + 2riroTodt 8y + For 71818 — 2r 708 |
+ (r17951)°. (23)

Lemma 3.3. The functions y4(z) defined by Cy(x,y) =0, have four real branch points
O<zi <2<l <3< 24 <00

Proof. Similar argument as in lemma 3.1 O
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Lemma 3.4. For each x€[x1, 23], the two roots yi(x) and y_(x) are complex conjugate. Hence, the interval (x1,z2) is
mapped by x — yy(x) onto a closed contour Lo, which is symmetric with respect to the real line, fulfills

2 ’F17“2§2$ + 7:17:2
&1602 +r15: 60

ly (@)l

Proof. Similar argument as in lemma 3.2 O

The functions y4 (z) defined by (22) have similar properties like in remarks 3.1 and 3.2.

4 Analytic continuation

Using the results of the previous section we assume that for z€C, arg(z)e(—m, ], and we define the square root such that
Va2=z if >0, and /=1 = i. The couple (y(x),(—00,z1)) defines a germ of analytic function see [ [31], p. 42]. The
following lemma shows how this germ can be analytically continued in the complex plane deprived of the segments [z, z2]
and [x3,z4]. Let z4 4 = R(2) +43(2)].

Lemma 4.1. The function

yi(z) o€ {2 R(2) < 3, 3(Da(244)) < 0} U (—00,21),
Vi(z) = qur(2) @ e{z:R(2) > 235, 3(Da(24+4)) > 0} U (24, 00),
y—(x) otherwise

is an analytic function in C\ ([z1,22] U [x3, 24]).

Proof. Let © = u + v with u,v € R. We write Da(x) = R(D2(z)) + iS(D2(z)). Since
Dy(z) = v%(x) — 4p(z)d(x).

Using « = u + iv to rewrite the functions v(.), u(.),d(.) as

V(T)|pmutiv = 728261 (U + 10)% + (F1&o + T282m181 + T2&1 — 1) (u + iv) + 721151
= [r28261 (u? + v?) + (F1€a + 12527151 + To&y — V)u + For1 1]

+1[2r982&1uv + (F1€a + 12821181 + T2&1 — 1)v],

N(x)|z:u+1’v = 5152 (U + i’t))2 + 7’15152 (U + Z"U)7
= (&16a(u® — v%) + r15160u) + (261 2uv + 1151 620)i,

and

()| p=utiv = T1T282(u + tv) + 7172

= (FiraSou + 7172) + (F112520)i.
Now we can write Do(x) as

Do(2)|gmutiv = v(u,v)* — 4pu(u, v)6(u,v)
= [ro2&1 (u? + %) + (F1&o + ro8ar1 51 + 7281 — 1)u + Far151)
— [2ra8a&iun + (F1&e + 1282181 + P&y — 1)v)?
+ 2i[r25261 (u? + v?) + (F1€a + 12827181 + To&y — 1)u + Tor1 51X
[2r23281uv + (F1&2 + rodar1 51 + T2&1 — 1)v]

—4[(&162(u? — v?) + r151&u) + (261 L + 7151 E00)|[(Firadou + Fie) + iF179890).
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Using the above equation we can write the real and imaginary parts of Dy(z) as follows

%(DQ(SI;)) = [7’25251(1142 + 1)2) + (7;152 + 7"25’27‘151 + 7~12£1 - 1)“ + 7;2T1‘§1}2
— [2ro&iun + (F1€o + 1282181 + F2by — 1)v]?

— A& & WP —v?) 4+ r151&u) (Firedau + F172) + 4(2616uv + r15160)F1r2800,
and

%(DQ(.’L‘)) = 2[7‘25251 (’LL2 + ’1)2) + (flgz + 19891151 + 7:261 — 1)u + 7~‘2T1§1]X
[2ra82&1uv + (F1€2 + 12821181 + F2&1 — 1)v]

— 4(5152(’(1,2 — 122) + 7‘15162U)’I717“2§21} — 4(25162’&1] + 7“15152’0)(?17‘252’& + flfg).
It is obvious from (25) that S(Da(x)) = 0 if (u,v) satisfies

[rodabi(u? + v?) + (F1€o + 128ar181 + by — 1)u + For 5]
X v[2r2§2§1u 4+ 71& + 19891151 + 121 — 1]

= 2(61&(u? — v?) + 1181&u)F1m2520 — 2(26 Louv + 1151650) (Frradau + T172),
which can be written as

[2r28261m25261u + 12526171 € + 1282617257181 + T25261T2E1 — T282E1 + 261 0T 125007
= — 219808172528 U” — [1280€171E0 + 108211080181 + 1odal Tl — 128061 u?
+261 €071 m250u? — 4€1EaT1m080u? — 2raFa€1uP (Fréa + rodar1§1 + T2éy — 1)

+ 2r151 &7 m282u — T1&ou(T1€ + 18281 + 7261 — 1)

— 1r282r181u(T1&e + rodari 51 + 7oé1 — 1) — Fo&iu(F1ée + radari 51 4+ 726 — 1)

+u(F1€e + 1282r181 + 28y — 1) — 219828171 51u — 4&1&aT1Tou — 271515271 m280u

— 718271181 — T2827151T2T181 — 2r1518§2T172 — 7281727181 + T2T151.

For simplicity reasons the above equation can be written in the form

2 3 2
(a1u + az)v® = asu’® + aqu” + asu + ag,

where
ay = 235367 <0,
Qg = —3robaT1£1€s — 1280115161 — To8aTb? + 1282&; > 0,
az = 21"%5%5% > 07
as = 3F1728261 80 + 1335715181 + r25aTall — radaly
+2r9389&1 (F1€2 + 12821181 + 7261 — 1) <0,
as = —2r15182T17m282 + T1&2(T1€2 + 12827151 + 7261 — 1)
+72897151(T1&2 + 12827181 + 7281 — 1) + 7281 (T1&2 + 12827151 + 7281 — 1)
—(71&2 + 12821181 4+ T2&1 — 1) 4 2125261727151
+4£186271Tg + 211518211282 > 0,
and

S e = s 2~ = 2 | =2 S
ae = 3r1&2Tar151 + 125217517257 + 75611 — 72181 > 0.

(26)

(33)

(34)

It should be noted that (29-34) satisfied by the coefficients a;,j = 1,--- , 6 are tested using some stability system parameters
i.e. parameters satisfying ({1 < 1 —rgoand&s < 1 —r1). Assume that dj(u) is the polynomial in the right-hand side of (28).
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It is easy to see that lim, oo d1(u) > 0, and d;(0) > 0. The polynomial d; is of degree three and has at least one real root.
Equation (28) has two roots in v given by

asu + asu? + asu + ag
v==
a1+ as

dl ('LL)

=44/ —.
a1+ as

(35)

From (35) we would then obtain two curves, one in the half-plane {x : $(x) > 0} (corresponding to the plus sign) and the
other in the half-plane {z : (z) < 0} (corresponding to the minus sign). Along each of these curves, the sign of R(D2z(x))
should be constant since the imaginary and real parts cancel only for € R (namely for « equals to one of the roots 1, z2, z3
and x4). When u — —oo, v? ~ —u? and then R(Dy(x)) ~ —u3, which contradicts the fact that the sign of R(Dz(z)) should
be constant along the curve $(Da(z)) = 0. As a consequence, the polynomial d;(u) has three real roots (say x14, 24, T34),
which are positive since dy(0) > 0 such that z1, € (0,1) and 22,4, x3, € (1,00) we assume that

0<z) <1 <2 <1< 22q 3 <233 < 74

In order to prove that the function Y*(z) is analytic in the whole of C deprived of the segments ([x1,z2] U [z3,24]), by
Moreira’s theorem (see e.g. [17,18]), it is sufficient to show that this function is continuous on the branch {x : I(Da(x)) =
0, R(Dz(z)) < 0} separating the two above domains. But this is clearly checked from the choice of the determination of the
square root. O

This lemma will be used in the reduction to the boundary value problem.

5 Potential singularities of the unknowns

In this section we will use the idea of the resultant between two polynomials to investigate the potential singularities of the
unknowns.

5.1 The main idea of the singularities

Generally speaking, when we have two polynomials in two variables, say,

ny

g1(x,y) = ao(y) + ar(y)x + - - + an, (y)z™,
and
g2(z,y) = bo(y) +bi(y)z + -+ + b, (y)2"?,

the resultant (Res, (g1, g2;y)) (see e.g. [32] in Appendix B) of the polynomials g; and go with respect to x is the determinant
of the matrix

a/nl an171 DR aO 0 ... ... x
0 anl anlil e ag 0 e x
Y
e e 0 Qpy  Qp,—1 -+ Qo Yng — rows
36
by bny—1 - bo 0 y (36)
0 by  bpy_1 - bo 0 --- y
DR ... DR ... DR . x
0 bpy, bn,—1 -+ bo Yyny — rows

which is a polynomial in y. The resultant with respect to x is 0 at yg if the polynomials g; and go have a common nontrivial
root (zg,yo) or the leading coefficients are zero. We used the results published in [33].

6 Boundary value problem

In this section we will describe how our functional equation could be solved by reduction to the Riemann-Hilbert boundary
value problem via using some conformal mapping.
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6.1 The unknown F'(x)

The function x4 (y) defined by (14) is defined in C\ ([y1,y=2] U [y3, y4]). Assume now that the image of the slit [y1,y2] by
2+ (y) is a closed contour L; see figure 1. The following Lemmas show how the functional equation (9) is reduced to a
Riemmann-Hilbert boundary value problem in the unknown F(z). Regarding the analyticity of the function F' in Lf since
we cannot guarantee that such function is analytic in LIL then we have to consider two cases:

Case 1: If the function F(z) is analytic in L.

In this case the main functional equation is reduced to the following Riemann-Hilbert Boundary value problem.

Lemma 6.1. Find an analytic function F such that
R(ima (7(w)) F(7(w))) = R(ma(7(w))), u € D
where 7(u) is the inverse of some conformal mapping, and my(u) and ma(u) are known functions.
Proof. Since the main PGF function f(x,y) is analytic in the unit disk, this implies that if A;(z,y) = 0 then also
As(z,y) f(,0) + Az(2,9) (0, 9) + Aa(2,) f(0,0) = 0,

which is equivalent to

Now assume that y € (y1,y2) then y € R, z € Ly, so R(i(G(y))) = 0. Now equation (37) can be written as follows
Az (z,y) Ay(z,y)
R(iI——=F(z)) = —R{I—F%),
(™= ey
the right hand side of the above equation can be written as follows
As(z,y) Ay (z,y)
—R(i =g .

Now for x € L; and y = Y*(z), we have a problem of the form

A (2, Y (2))

, Ay(2,Y*(2))
Az (@, Y*(2))

F(z)) = %(m)y (38)

which is a Riemann-Hilbert boundary value problem. To solve the constructed Riemann—Hilbert problem, a classical approach
(see e.g [21]) is to consider a conformal mapping 6 between the bounded domain L delineated by the contour L; and the
unit disk

0.(x): LT — DT,
with inverse

me(u) : DT — LT.

This conformal mapping exists by Riemann’s conformal mapping theorem. The function 6(.) can be chosen so as to preserve
the symmetry with respect to the horizontal axis. The Riemann—Hilbert problem (38) is then transformed into a Riemann—
Hilbert problem of the form

R(ima (7(w)) F(7(w))) = R(ma(7(u))),

for some functions mq(u) and mq(u) given by

and
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An explicit form of this conformal mapping is not an easy task but can be obtained using the results in e.g. [35-37].
Case 2: If the function F(x) has potential singularities in L}
In this case we will remove such potential singularities and the main functional equation is reduced to the following boundary
value problem.

Lemma 6.2. Find an analytic function F.(Q,(u)) satisfying

3%(1‘42(990 (u), Y* (2 (w)))

which is a special case of (1).

Proof. Since the main PGF function f(z,y) is analytic in the unit disk, this implies that if C;(z,y) = 0 then also

Az (z,y) f(z,0) + Az(z,y) f(0,y) + As(z,y) f(0,0) = 0,

which is equivalent to

Az (z,y)F(x) + As(z,y)G(y) + Aa(z,y) = 0. (40)
Now assume that y € (y1,y2) then y € R, so R(i(G(y))) = 0, now equation (40) can be written as follows

A3($a y)

the right hand side of the above equation can be written as follows

_A4(.’E, y)
—R
1A3('T7 y)

Now for « € L; and y = Y*(z), we have a problem of the form

Ag(l’, y)

A4(£L’, y)
A3(.’L’, y)

=3

).

A (2, Y (2))

. Ay(z,Y*(x))
Asz(z,Y*(x))

R L@ Y @) (4D

F(z)) = 3(

Since the function F'(z) has potential singularities inside the contour Ly, then in order to remove such singularities we assume

that
R,

T —x*

F.(x) = F(z) — , (42)

where x* represents the potential singularities of F(x) that lies inside the contour L; with residue R,. Using (41), the
function F,(z) is an analytic function in the interior of the contour L; and satisfies for z € Ly and y = Y™*(z)

A (z, Y™ (x))

. R, Ay(z,Y*(x))
As(z,Y*(x))

D=8 e @)

R( [Fe(z) + )- (43)

r—x*
The residue R, of the function F(z) at z* is given by

Az(z*, y")G(y*) + As(z*,y*)

Rac = - * 9
anAa(w, y7) + 5 Ao,y ) G (%)

where y* = Y*(2*). It should also be noted that from section 5, the function F'(z) has simple poles. In the case that there
are more than one simple pole singularities then (42) will be modified to be

#

Fy(z):=F(z) — Z

k=1

R,

T —xK
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where n* is the number of singularities that lie inside the contour L;. If this is the case then (43) will be changed a bit. To
solve the problem (43), we consider the conformal mapping A, (z) from L] onto the unit disk

Ay(x): L — DT,
with inverse
Q. (u): DT — L.

This conformal mapping can be chosen to preserve the symmetry with respect to the horizontal axis, because in this case the
real axis is an axis of symmetry. Moreover, by imposing the condition A, (0) = 0, the conformal mapping A,(z) is unique.
We are then led to consider the following problem on the unit circle: The function F, (2, (u)) is analytic in the unit disk D
and satisfies for w on the unit circle D

A (), Y Q) p o A S(), Y Q@)
MA@, V@) ) =3 @ ) v @, ()
 pA2(0e(), Y (), R
As(Qa(u), Y* (2 ()" Qe (u) — 2
O

6.2 The solutions

The unknown F(z) is given as a solution of the boundary value problem constructed in the previous lemma

w0 o R

where Q(z) is a polynomial, which can be determined by using the conditions at infinity, the function A(x) is given by

and the function ¢(.) is given as in the introduction section:

exp (ﬁ le log (z_"i 28) Z‘ifu) ifueLf
Loexp (ﬁ Jp, log (z_“ 28) deu> ifue LT

P(u) =

In the current case we have

Ax(Qp(u), Y™
acu) = DT

A3 (u)
and . .
o) — o). Y () | AV (@) R
x - .

As(Qa(u), Y*(Qe(w))  As(Qa(w), Y*(Q (1)) Qo (u) — ¥
The index (k) of this Riemann—Hilbert boundary value problem is defined as the increment of the argument of the function
az(u)/az(u) divided by 27 when u traverses the unit circle once. It should be noted that according to [20] and based on the
value of the index x we have the following:

1. if k=0,
there exists a unique solution of the problem corresponding to Q(x) = 0;

2. if Kk > 0,
there exists an infinite number of solutions of the problem corresponding to each polynomial Q(z) of degree less than
or equal to Kk — 1.
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3. if k <0,
there exists a unique solution if and only if the function A(z) satisfies the conditions:

A A(N)dA

=0, 0<m<-—(k+1).

L %N
The unknown f(0,0) can be eventually obtained using (44), and using f(1,0) = (¢ — 71)/71 which is obtained by using the
normalization condition f(1,1) =1 in the original equation.

7 Conclusion

In this article we investigated the solution of a challenging two-place functional equation which arose from a queueing model
of a network gateway. The solution is obtained by the following steps: First, an extensive analysis of the kernel is done.
Second, an analytic continuation of the function defined by the kernel is proved. Third, the potential singularities of the
unknowns are obtained directly from the idea of the resultant. The last step is the reduction to boundary value problem
using some conformal mapping. It should be clarified that the solution is only given as a function of some conformal mapping
between L] and the unit disk. According to some recent work an explicit form of such conformal mapping exists only for a
certain type of random walks which is not the case in our case. The conformal mappings in those recent cases are obtained
using the conformal gluing function process. However, for a general random walk such a conformal gluing process exist and
can be obtained, which will be some potential future work.

Acknowledgements

We are grateful to the Referees for a very careful and helpful reading of the paper, freeing it of potential ambiguities, and
for valuable comments.

References

[1] J. Aczél, Functional Equations: History, Applications and Theory, Springer Science & Business Media, vol. 12.(2012)

[2] S. Czerwik, Functional equations and inequalities in several variables, World Scientific Publishing Co., Inc., River Edge,
NJ, (2002).

[3] G. Maksa, The general solution of a functional equation related to the mixed theory of information, Aequationes
Mathematicae, Springer, vol. 22, no. 1, (1981) pp. 90-96.

[4] E. Castillo, A. Iglesias, R. Ruz-Cobo, Functional equations in applied sciences, Mathematics in Science and Engineer-
ing,Vol. 199. Elsevier, (2004).

[5] EI-S. El-hady, W, Frg-Rob, and M. Mahmoud, On a two-variable functional equation arising from databases, WSEAS
Trans. Math, vol. 14, (2015) pp. 265-270.

[6] J.W. Cohen, On the asymmetric clocked buffered switch, Queueing Syst., vol. 30, no. 3-4, (1998) pp. 385-404.

[7] EL-S. El-Hady, J. Brzdek, W. Forg-Rob, H. Nassar, Remarks on Solutions of a Functional Equation Arising from an
Asymmetric Switch, Contributions in Mathematics and Engineering: In Honor of Constantin Carathéodory, (2016) pp.
153-163.

[8] H. Nassar, Two-dimensional queueing model for a LAN gateway, WSEAS PRESS, vol. 5, no. 9, (2006).

[9] EL-S. El-Hady, J. Brzdek, H. Nassar, On the structure and solutions of functional equations arising from queueing
models, Aequationes mathematicae, doi: 10.1007/s00010-017-0471-1, (2017) pp. 1-33.

[10] H. Nassar and EL-S. El-Hady, Closed-Form Solution of a LAN Gateway Queueing Model, Contributions in Mathematics
and Engineering: In Honor of Constantin Carathéodory, (2016) pp. 393-427.

113



[11]

[12]

[13]
[14]

[15]
[16]

[17]

V.A. Malyshev, An analytical method in the theory of two-dimensional positive random walks, Siberian Mathematical
Journal, vol. 13, no. 6, (1972) pp.917-929.

G. Fayolle and R. Tasnogorodski, Two coupled processors: the reduction to a Riemann-Hilbert problem, Zeitschrift fiir
Wahrscheinlichkeitstheorie und verwandte Gebiete, vol. 47, no. 3, (1979). pp. 325-351.

J. W. Cohen, O. Boxma, Boundary value problems in queueing system analysis, vol. 79, Elsevier.(2000)

G. Fayolle, R. Tasnogorodski, V.A. Malyshev, Random walks in the quarter-plane: algebraic methods, boundary value
problems and applications, vol. 40, Springer.(1999)

S. Ponnusamy, An introduction to complex analysis, 1st edition, Springer. (2011)

S. Ponnusamy, Applied and computational complex analysis, discrete Fourier analysis, Cauchy integrals, construction
of conformal maps, univalent functions, John Wiley & Souns, vol. 3. (1993)

S. Ponnusamy, Complex analysis an introduction to the Theory of Analytic Functions of One Complex Variable, McGraw-
Hill Book Company, vol. 3. (1966)

S. Ponnusamy, Complex variables with applications, Birkh#user, Boston.(2006)
F. D. Gakhov, Boundary value problems, Courier Corporation.(1990)
S. Ponnusamy, Mathematical analysis and numerical methods for science and technology, vol. 4. (1991)

J. Resing, and L. Ormeci, A tandem queueing model with coupled processors, Operations Research Letters, vol.31, no.
5, (2003) pp.383-389.

F. Guillemin, and J.V. Leeuwaarden, Rare event asymptotics for a random walk in the quarter plane, Queueing Systems,
vol. 67, no. 1, (2011). pp. 1-32.

J. W. Cohen, On the asymmetric clocked buffered switch, Queueing Systems, vol. 30, no. 3-4, (1998). pp. 385-404.

F. Guillemin, and C. Knessl, and J.V. Leeuwaarden, Wireless Multihop Networks with Stealing: Large Buffer Asymp-
totics via the Ray Method, Siam Journal on Applied Mathematics, vol. 71, no. 4, (2011). pp. 1220-1240.

I. J-B. F. Adan, V. Houtum, J. Wessels, and Z. Whm, A compensation procedure for multiprogramming queues,
Operations-Research-Spektrum, vol. 15, no. 2, (1993). pp. 95-106.

V. G-J. Houtum, Lectures on Riemann surfaces, Technische Universiteit Eindhoven.(1995)

1. J-B. F. Adan and J. Wessels, and W. H. M. Willem, A compensation approach for two-dimensional Markov processes,
Advances in Applied Probability, vol. 25, no. 4, (1993). pp. 783-817.

O. Boxma, and G-J. V. Houtum, The compensation approach applied to a 2 x 2 switch, Probability in the Engineering
and Informational Sciences, vol. 7, no. 4, (1993) pp.471-493.

1. J-B. F. Adan and O. Boxma, and J. Resing, Queueing models with multiple waiting lines, Queueing Systems, vol. 37,
no. 1-3, (2001). pp. 65-98.

H. Nassar, and H. Al-mahdi, Queueing analysis of an ATM multimedia multiplexer with non-pre-emptive priority, IEE
Proceedings-Commaunication, vol. 150, no. 3, (2003). pp. 189-196.

O. Forster, and B. Gilligan, Lectures on Riemann surfaces, vol. 81, Springer-Verlag, New York.(1981)
P. Flajolet, and R. Sedgewick, Analytic combinatorics, Cambridge University press.(2009)

EL-S. El-Hady, W. Forg-Rob, H. Nassar, On a Functional Equation Arising from a Network Model, Appl. Math, vol.
11, no. 2, (2017) pp. 363-372.

L. Klimczak, Two constant sign solutions for a nonhomogeneous Neumann boundary value problem, Ann. Univ. Paed-
agog. Crac. Stud. Math. 14, pp. 47-62, (2015)

114



[35] N. I. Muskhelishvili, and J. R. Radok, Singular integral equations: boundary problems of function theory and their
application to mathematical physics, Courier Corporation.(2008)

[36] Z. Nehari, Conformal mapping, Courier Corporation.(1975)
[37] H. Kober, Dictionary of conformal representations, Dover New York, vol. 2.(1957)

[38] C. Babbage, Examples of the solutions of functional equations, Paperback reissue of the 1820 original, Cambridge
University Press, (2013).

115





