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Abstract 

             In this paper, the definition of a jumping folding of a graph has been introduced. The relations between 

this type of jumping folding of the graph and its chromatic number will be obtained. Theorems governing these 

relations have been introduced. Mobile radio frequency assignment has been given as an application. 
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1. Introduction: 

Coloring is the most important area of study in graph theory. This topic has many applications in our life. 

Let 𝐺 be a graph and 𝑚 be a positive integer, a 𝑚 −coloring is a function 𝑀 ∶  𝑉 (𝐺)  → {1, . . . , 𝑚} from the set 

of vertices into the positive integers set less than or equal to 𝑚. We say that 𝑀 is a proper 𝑚 −coloring of 𝐺 if 

for every pair 𝑢, 𝑣 of adjacent vertices, 𝑀(𝑢)  =  𝑀(𝑣) that is, if adjacent vertices are colored differently. If 

such a coloring exists for a graph  𝐺, we say that 𝐺 is 𝑚 −colorable. Given a graph 𝐺, the chromatic number of 

𝐺, denoted by 𝜒(𝐺), is the minimum value of 𝑚 such that 𝐺 admits a 𝑚 −coloring. That is, 𝜒(𝐺) is the smallest 

number of colors needed to color the vertices of 𝐺 in such a way that adjacent vertices are colored by different 

colors (for more details see [1-11]). 

In [12], S. A. Robertson introduced the definition of folding on manifolds. P. Di. Francesco in [13] reviewed 

various folding problems with respect to the related coloring problems. J. Nešetril a , P. O. de Mendez in [14] 

defined folding of a directed graph as a coloring. While in general folding is as complicated as homeomorphisms 

for some classes they present useful tool to study colorings and homeomorphisms.  
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The above discussion motivates us to define new type of graph folding that helps to calculate the chromatic 

number of the graph by easy way.  

 

2. The main results: 

 We introduce the following definitions:     

Definition 1. In any graph 𝐺 a vertex 𝑣𝑖 is an n-pure neighbor of the vertex 𝑣𝑗 if the shortest length of path 

between them is 𝑛, 𝑛 ≥ 1.  

Definition 2. A jumping folding 𝐹 of a graph 𝐺 is a map from the graph  𝐺 to a graph 𝐺∗, 𝐹: 𝐺 → 𝐺∗, folded only 

one vertex  𝑣𝑖 to one of its 2- pure neighbor and any other one to itself.  

To illustrate this definition, consider we have a graph  𝐺 in Fig. (1),  

 

 

 

 

 

 

The vertex 𝑣1 has two vertices 𝑣3 𝑎𝑛𝑑 𝑣4 are 2 − pure neighbor of it. So, we can find jumping folding F from 

the graph  𝐺 to a graph 𝐺∗ ,  i.e. 𝐹: 𝐺 → 𝐺∗, such that 𝐹(𝑣1) = 𝑣3, 𝐹(𝑣𝑖) = 𝑣𝑖, 𝑖 ∈ {2,3,4}. We notice that 𝐺∗= 

𝐹(𝐺) is a subgraph of 𝐺, see Fig. (2). 

 

 

 

 

 

 

 

In the following discussion we will find the relation between the end of jumping folding of graph and its chromatic 

number. 

Let we have a graph 𝐺1  , as shown in Fig. (3), the chromatic number of this graph equals 3, i.e.     

𝜒(𝐺1) = 3. 

 

 

 

 

 

Fig. (1) 

  

  

Fig. (3) 
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Fig. (2) 
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Also, let we have jumping folding 𝐹1: 𝐺1 → 𝐺2, such that 𝐹1(𝑣1) = 𝑣3, 𝐹1(𝑣𝑖) = 𝑣𝑖, i∈ {2,3,4,5,6}. 

As shown in Fig. (4) the graph after folding  𝐺2 = 𝐹1(𝐺1) , its  chromatic number 𝜒(𝐺2) = 3 and its order equals 

5. 

 

 

 

 

 

 

 

 

 

Since the graph 𝐺2has the vertex 𝑣4 which is 2 −neighbor of the vertex 𝑣5. Then we can find another jumping 

folding 𝐹2: 𝐺2 → 𝐺3 , such that 𝐹2(𝑣4) = 𝑣5, 𝐹2(𝑣𝑖) = 𝑣𝑖, i∈ {2,3,5,6}. In this case the graph after folding  𝐺3 =

𝐹2(𝐺2) has chromatic number 𝜒(𝐺3) = 3 and its order equals 4, see Fig. (5). 

 

   

 

 

 

 

 

 

Since the graph 𝐺3 has the vertex 𝑣3  which is 2 −pure neighbor of the vertex  𝑣6. Then the jumping folding 

𝐹3: 𝐺3 → 𝐺4 can be found, such that 𝐹3(𝑣3) = 𝑣6, 𝐹3(𝑣𝑖) = 𝑣𝑖, i∈ {2,5,6}. In this case, the chromatic number of  

𝐺4 = 𝐹3(𝐺3) is 𝜒(𝐺4) = 3 and its order equals 3, see Fig.(6).  

 

 

 

 

 

 

 

 

 

Fig. (5) 
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Fig. (4) 
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Fig. (6) 
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From the above discussion we notice that: 

 (1) The graph  G4 does not have any  vertex which is 2 −pure neighbor to  another, i.e. G3  is complete graph and 

𝐹3 is the end of jumping folding of G1 . 

(2) The vertices 𝑣3, 𝑣1 and 𝑣6 can be colored by the same color and also the vertices 𝑣4, 𝑣5  have the same color 

but 𝑣2  should have different color. 

(3) 𝜒(𝐺4) = 𝜒(𝐺1). 

(4)  The chromatic number of  𝐺4 equals its order. 

 

Proposition 1. The end of a jumping folding of a connected graph is a complete graph. 

Proof. Let a graph 𝐺∗ be the end of jumping folding of a connected graph G and let 𝐺∗ be not a complete graph.  

Since 𝐺∗is the end of jumping folding of G then 𝐺∗ does not have any vertex that 2 −pure neighbor to another 

one, i.e. every vertex in G∗is connected to the others. That is a contradiction and hence G∗ is a complete graph. 

 

Proposition 2. In any graph if a vertex is folded by jumping folding to another one then these two vertices have 

the same color. 

 

 Theorem 1. For any connected graph that cannot be folded by jumping folding, the chromatic number of this 

graph is equal to its order. 

Proof. Let we have a connected graph G which cannot be folded by jumping folding. This graph does not have 

any vertex which is 2 −neighbor to another one, i.e. every vertex is connected to the others. Hence, this graph is 

a complete graph and its chromatic number equals its order. 

  

Theorem 2. If any disconnected graph cannot be folded by jumping folding then the chromatic number of this 

graph is  𝜒(G) = {

1               𝑖𝑓    𝑚 = 0

1+√1+8𝑚

2
     𝑖𝑓 𝑚 ≠ 0

,  where m is the size of the graph. 

Proof. Let we have a disconnected graph G which cannot be folded by jumping folding. Then this graph does not 

have any vertex which is 2 −neighbor to another one. Then this graph is one of these cases: 

Case 1: the graph is null graph. Hence its chromatic number equals one. 

Case 2: the graph is the union of two graphs one is null and the other is complete. Then the chromatic number                          

of our graph equals to the chromatic number of the complete one which its chromatic number equals  it’s order 

=  
1+√1+8𝑚

2
  where 𝑚 is the size. Hence the chromatic number of our graph 𝜒(G) =  

1+√1+8𝑚

2
. 
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Application: 

Frequency Assignment of Mobile Radio: It is known that, frequencies assigned to all towers must be different 

at the same location to minimize the interference level between towers. The plan in  Fig.(7) shows many levels 

of interference and we want to calculate the minimum number of frequencies needed.  

 

 

 

To solve this problem, we model the plan as a graph such that the vertices represent towers and edges represent 

separation constraints, see Fig. (8).  

 

 

 

 

 

 

 

 

 

 

 

The vertex 𝐴 in the graph shown in Fig.( 8) is a 2 −pure neighbor of 𝐶. So we can find a jumping folding 

𝑓 where 𝑓(𝐶) = 𝐴 and 𝑓(𝐼) = 𝐼,  ∀ 𝐼 ∈ {𝐴, 𝐵, 𝐷}. 

 

 

 

 

 

 

 

 

 

 

 

Fig. (7) 

 
 

 

 

Fig. (8) 

𝐺∗ 

Fig. (9) 

 
 

 
 

 
 

 

𝑓(𝐶) = 𝐴 

𝐺 
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Since the graph 𝑮∗ is a complete graph, then 𝛘(𝐆) =  𝛘(𝐆∗) = 𝟑.  Hence the minimum number of frequencies 

needed is 3. 

Conclusion  

A new type of graph folding has been defined. The relation between this type of graph folding and its chromatic 

number has been found. Theorems governing this relation have been proven. We have taken the frequency 

assignment of mobile radio as an application. 
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