SNSP

ISSN 1110-0451

Arab J. Nucl. Sci. Appl., Vol. 52, 1, 121-130 (2019)

o oo SEm—.—

Arab Jou

nal of Nuclear

Arab Journal of Nuclear Sciences and Applications

Web site: ajnsa.journals.ekb.eq (ESNSA)

A Uniform Laser Pulse for a Solid Cylinder Using Different Theories of
Magneto Thermoelasticity

S.E. Khader?, Mona El. M. Khedr?

! Mathematical and Theoretical Physics Department, Nuclear Research Center, Atomic Energy Authority, Egypt
2 Physics Department, Faculty of Science University of Alexandria, EGYPT

Received 21* Feb. 2018 This work is concerned with the study of vibrations induced by a laser beam in the context of different

Accepted 7%

Dec. 2018 theories of magneto thermoelasticity, coupled thermoelasticity (CTE), thermoelasticity with one

relaxation time (L-S) and thermoelasticity without energy dissipation (G-L), of an infinitely long solid
conducting circular cylinder. The surface of the cylinder is assumed to be traction free. The temporal
profile of the laser beam is considered as non-Gaussian. The cylinder is considered to be made of an
isotropic homogeneous thermoelastic material put in a uniform magnetic field in the direction of the
axis. This produces an induced magnetic field and an induced electric field. Laplace transform
techniques are used to derive the solution in the Laplace transform domain. The inversion process is
carried out using a numerical method based on Fourier series expansions. The temperature,
displacement, stresses, induced magnetic field and induced electric field are calculated numerically, and
graphically represented.
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Introduction

The dynamic interactions between the thermal and
mechanical fields in solids are important due to
their numerous applications in the field of
geophysics, plasma physics and related topics,
especially in the nuclear field and high-speed
particle accelerators. The theory of generalized
thermoelasticity with one relaxation time was
introduced by Lord and Shulman [1]. In this theory
Cattaneo -Maxwell law of heat conduction
replaces the conventional Fourier’s law. The heat
equation associated with this theory is a hyperbolic
one and hence it automatically eliminates the
paradox of infinite speeds of propagation inherent

in both the uncoupled and the coupled theories of
thermoelasticity. For many problems involving
steep heat gradients and when short time effects
are sought, this theory is indispensable. Sherief
and EI-Maghraby proposed a solution to some
crack problems related to this theory [2-3]. Sherief
and Hamza have successfully presented the
solution of axisymmetric problems in spherical
regions [4] and in cylindrical regions [5]. Sherief
and Ezzat have offered the solution in the form of
series [6]. Sherief and Dhaliwal used asymptotic
expansions to obtain the solution of a 1D problem
and to find the locations of the wave fronts and the
speed of propagation of thermoelastic waves [7].
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This theory was extended to deal with
micropolarity of the medium [8], viscoelastic
effects [9]. This subject has been studied by other
workers [10-12]. An increasing attention is being
devoted to the interaction between magnetic fields
and strain in a thermoelastic solid due to its
numerus applications. In these investigations, the
heat equation under consideration is usually taken
as the uncoupled or the coupled equation and not
the generalized one. This attitude is justified in
some situations where the solutions obtained,
using any of these equations, differ quantitatively
to a small extent. However, when short time
effects are considered, the full, generalized system
of equations has to be used, otherwise a great deal
of accuracy is lost [1].

Among the authors who considered the generalized
magneto-thermoelastic equations are Nayfeh and
Nemat-Nasser [13] who studied the propagation of
plane waves in a solid under the influence of an
electromagnetic field. These authors have obtained
the governing equations in the general case and the
solution for some particular cases. Sherief and
Khader [14] studied Propagation of discontinuities
in electromagneto generalized thermoelasticity in
cylindrical regions and calculated the speed of
waves.

Green and Lindsay [15] developed the theory of
generalized thermoelasticity with two relaxation
times, based on a generalized inequality of
thermodynamics. In this theory both the equations
of motion and of heat conduction are hyperbolic.
The heat conduction law is the same as Fourier’s
law when the system has a centre of symmetry.
Among the contributions to this theory are the
works in [16-17].

Green and Nagdhi [18-20] have formulated a new
model of thermoelasticity. This model predicts that
the internal rate of production of entropy is
identically zero, i.e., there is no dissipation of
thermal energy. This is known as thermoelasticity
without energy dissipation theory (GN theory). In
the development of this theory, the thermal
displacement gradient is considered as a
constitutive variable, whereas in the conventional
development of a thermoelasticity theory, the
temperature gradient is taken as a constitutive
variable [12]. A couple of uniqueness theorems
have been proved [21-22], and one-dimensional
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waves in a half-space and in an unbounded body
have been studied [23-25].

Basic equations

Let (r, ¢, z) be cylindrical polar coordinates with
the z-axis coinciding with the axis of a solid
infinitely long elastic circular cylinder of a
homogenous, isotropic material of radius a having
finite conductivity at a uniform temperature T.
The surface of the cylinder is assumed to be
traction free. A constant magnetic field of strength
Hy acts in the direction of the z-axis. This produces
an induced magnetic field h and an induced
electric field E. Because of the cylindrical
symmetry of the problem, all the electro-magnetic
quantities satisfy Maxwell’s equations.

oE
curlh=J+¢&y—, 1
h=J+a— 1)

oh
curl E=— yp—, 2
E=—y1p Py 2
divh=0 , divE=0, (3)

B =u(Hy+h)

where J is the electric current density. €y and p, are
the electric and magnetic permeability's,
respectively and B, D are the magnetic and electric
induction vectors, respectively.

states that

Ohm’s law for

J= Jo[EJrﬂog—%X(ﬂo +h)j’

where 60 is the electric conductivity and u is the
displacement vector. This equation can be
literalized by neglecting small quantities of the
second order giving

Q=%(E+ﬂo%xﬂoj-

(5)

The basic equations represented by (CTE), (L-S)
and (G-L) can be formulated in the following
unified system: The equations of motion have the
form

moving media

0 .
pgjj+ (G + i+ F - QL+ TlE)T" =pli
(6)

The equation of heat conduction has the form
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ou
E—ﬂoHo—j- (11)

o\oT o) J=%(
KT = 147y — |[—+)Tol1+nty— |Uj j— ot
i ﬂ%( zajatﬂw{ 2&jjd Q

(7)

The components of the stress tensor cij are given

by

0
Gij = ﬂ(ui,j +Uj,i)+{/ﬂtui,i —]/(1+ Tla)T}ai,j

(8)
Where A and u are Lamé’s modulii, T is the
absolute temperature of the medium, and y is a
material constant given by y = (31 + 2u) a; Where «
is the coefficient of linear thermal expansion, TO is
a reference temperature assumed to be such that | (
T-To) /T |<<1. k is the thermal conductivity of
the medium, ce is the specific heat at constant
strain, 7;, 7, are the relaxation times and Q the
external heat flux. p is the density and F is the
Lorentz force given by

F=JxB
Fr :Jﬂo(Ho—l-h), F¢ = FZ =0.
From equations (6)-(8)
1- At 71 =79 =0the equations, reduce to
coupled thermoelasticity (CTE).
2- Atn=1,79 =0,75 >0, the equations
reduce to Lord-Shulman (L-S) model.
3- Atn=0,71 >0,75 >0, the equations
reduce to Green-Lindsay (G-L) model.

The applied magnetic field HO has components
Ho = (0, 0, Ho)

We assume that the induced magnetic field has the
components
h=(0,0,h)

E and J have the components
E=(0,E 0) and

Equations (1), (2) and (5) give

oh oE

—=—J+&—|. 9

or [ 0 at} ©)

10 oh

Fg(rE) =Ho o (10)

3=(0,J,0)

Eliminating J between equations (9) and (11), we
obtain

oh ou oE
== Ho— —| 6gE + 69— 12
or  CoH0TI0 Y (GO goat) 12

Eliminating E between equations (10) and (12), we
get

2
2 0 0 oe
V2 — ooty — — togg—= | = opugHy —
{ 0Ho — — Ho oatz} otoHo =

ot
(13)
where V2is Laplace’s operator given by
2
V2= a— + li .
a2 ror

The displacement u has components
u=(u(r,t),0,0).

This displacement field will produce the following

strain components

err:a_u’ €gp =—1 €z =€ =€z5 =61y =0.
or r
(14)

The cubic dilatation e is thus given by
g U u_1o(ru)

or r r or
(15)

Applying the div operator to both sides of equation
(6), the following was obtained:

2 2
(/1+2y)V2e+ ﬂggoHoi—ﬂoHovz h—}/(].-l-l'li)VzT :p%

(16)
The equation of heat conduction reduces the form

0 \oT 0 |oe

kV2T = pee| 1+ 1y — | = 45T L+ N1y — | = -
E[ Tzat)at 70[ Tzatjat Q
(17)

The equation of the stress tensor given by
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ou 0
=2u—+Ae—yll+n— T
Orr ﬂ@r 7[ Tlatj
(18)

Let the medium is heated uniformly by a laser
pulse with non-Gaussian form temporal profile

[18] as
L(t) = Lot —t/

p

Where tp is a characteristic time (measured by
picoseconds) of the laser-pulse (the time duration
of a laser pulse), LO is the laser intensity which is
defined as the total energy carried by a laser pulse
per unit area of the laser beam. The conduction
heat transfer in the medium can be modeled as
one-dimensional problem with an energy source
Q(r, t) near the surface, i.e.

2.0=10",

1.5%10"

1.0=10"-

Laser power

5.0x10"9

0.0 r : S .
0 5 10 15 20

Time in picoseconds

Figure (1) Temporal of laser power L/L,

Q(r,t) = 1-R en2ys
51
R.Lo

L(t =—2 >t
(®) ot

1%p

e(r—h/2)/51 —t/t,

Where 31 is the absorption depth of heating energy
and Ra is the surface reflectivity [10]. Note that the
laser pulse may lie on the surface of the medium (r
= 0) see figure 1. In this case, the energy source
takes the form

o(r.1) = Ralo ¢ /231ty

P

Solution the problem
Let us introduce the following non-dimension
variables
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* * * O-i'
r=cypr , U =Cnu , 0ij=—
T-T,
y( ) 2—C§ )
A+2u
t"=cint , t,=cinr, , E = ;7 E ,
ooty HoCy
h=—>1 _n,
OottoH
_ PCe 2 _A+2p
n= K ) 0
Yo,
. 7 Q
Q - Kein?
o1 (A+2u)

The governing equations (10), (13), (16), (17) and
(18) in non-dimensional form become (dropping
the asterisks for convenience)

oh
2 (E)=-= 19
rar( E) p (19)
2
v2_y O 20 lp
ot ot? ot

(20)

2 2
Ve s ep|V2O 2 |h-[1470 [v2 =02
(21)

) 000 0 oe
V20 =1+ |t g l4nr— | S
[ Tzat]m 81[ 25 a1
(22)

8 8
Oy = 26—‘:+(52 —2)e— ﬁ2(1+11§}9 (23)

y = Zoth g = Ty’
) 2 2 b
c C
where 7 , e f %o
e — toHo
2 A+ 2u
V:C—O , sz 1 ,
¢ &olo
A+2u
B =
U
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Solution in the Laplace Transform Domain
Applying the Laplace transform with parameter s
defined by the relation

f(s):j ftye st dt,
0

to both sides of equations (19)-( 23), the following
was obtained:

10
FE([‘E) (24)
[VZ—I/S—stzJﬁ:Sé, (25)

vZe+ gzvt\/zs2 —VZJH— 1+ rls)VZ =s%e

(26)
Vzé = S(1+ T23)5+813(1+ nrzs)é—a. (27)
orr = 2%+(/32 —2)e—p*(1+7s)0, (28)

Ry €20
3t s ”/tp)z

Eliminating e.h from equations (25), (26), and
(27), the following was obtained:

Where 6 =

(Ve —aV* +bVZ —c)0 =—s (V2(s+&,1) +v)Q
(29)

Where

= s[s(neiro A+ 1S) + 72 +V2 1)+ & (1+71S) + eguations-1§33) and (34),

b= sz{sz[nglrzvz(h 7,8)+7,(V? +1) +V2]+

e, 1+ 7,5)(nvr, +V?)

+ev(r, +V ) +v(r, +1) +V? +1]+ ev(L+1,5) +gzv+v}
Cc= 54(1+ rzs)(sv2 + gzvv2 +v)

In a similar manner we can show thath,e satisfy

the equations
(v® —av* +bv? —c)h = 0,(30)
(V8 —av? +bvZ —c)e=0  (31)

The solutions of equations (29)-(31) bounded for r
= 0 have the forms

3

e=> Alglkin), (32)
i=1

_ -9 3

3
h= Zcilo(kir).
i=1
(34)
2,2 2 . ..
where ki, k5 and k3 are the roots with positive

real parts of the characteristic equation:

k6 —ak?+bk?—c=0,

(35)

and 1,is the modified Bessel function of the first
kind of order zero.

Substituting from equations (33) and (34) into
equations (25) and (27), the following was

obtained:
2
B — g(s+nrps) =123 (36)
' ki2 —(S+T2$2) A1 !
S .
C = A 1=12,3 (37)
'k oss

where 5=V+5V2.

Substituting from equations (36) and (37) into
the following was

obtained:
— -Q g(s+nzys?)
0=—"— dg(kir),
S(1+T2S)+§ki2—(S+T232)A| O( ! )
(38)
= Alg(kir)
ékiz—s |
(39)

From equations (24) and (39), we obtain

E- Zk(kz

(40)
From equations (15) and (32), we get

Al (kir)

Arab J. Nucl. Sci. & Applic. Vol. 52, No. 1 (2019)
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— 3 A1

U= izzl:k—i 1y (kir)

(41)

From equations (32), (38), (41) and (28), we obtain

- B (1+715)Q

Orr =
S(L+17,S)
3
Zk{ﬂz[l—
(42)

The induced fields EO and hO in the free space
surrounding the cylinder satisfy the following
equations:

ki2 - (S + Z'?_Sz)

—6 ho ==V 2sEo :
or
(43)
li(rEo) = —sho (44)
ror

Eliminating g, between equations (2.43) and
(2.44), the following was obtained:

[vz —v252J ho =0 (45)

The solution of equation (2.45) which is bounded
at infinity is given by:

ho = Ay(s) Ko (sVr) (46)

where A4(s) is some parameter depending on s
only and K, is the modified Bessel function of the
second kind of order zero.

Substituting from equation (46) into equation (43),
the following was obtained:

Eo = A‘T(S) K1(sVr) 47)

The boundary conditions of the problem can be
written as:
o(r,t)=0,

o (r,t)=0 atr=a,

h=h0 , E=E0 , atr=a

where a is the reduce of the cylinder. Taking the
Laplace transform of both sides of the preceding
equations, the following was obtained:

é(a, s)=0, (48)
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£(s+n7,5%)(1+1,5) ~
] o(kir) k,r I (ki r)}

;'rr (a, S) =0 (49)
Ezﬁo ,Eon , & r=a

Applying the boundary conditions, the following
system of linear equations in the unknown
parameters A;, A,, Az, and A, could be obtained.

3
Z 81(S+n1'2$22) Alg(kia) = (50)

i — (5 +157) (1+ 725)

Sl

i=1

k2 —(s+7,5%)

£1(s+n7,8%)(L+ z.1S)j|o(ki<'5l) _k_2a Il(kia)}

_-B’+15)Q
N S(L+7,5)
(51)
3

—

(52)
3 §2

Zmp, h(kia) = (V) (63
i=1 1

Alp(kia) = Agko(sVa),

Solve equations (50)-(53) to find Ay, A;, Az and A,.

Inversion of the Laplace Transform
The method used to invert the Laplace transforms
in the above equations is outlined as follows: let
be the Laplace transform of a function f (r, t), the
inversion formula for Laplace transforms can be
written as [26]:

d+ioo

I eSt f(r,s)ds,

d-ioo

f(r,t):ziﬂi

where d is an arbitrary real number greater than all
the real parts of the singularities of .Takings =d +
i y, the above integral takes the form

t
e - - .
fFry=5— j ity F(r,d +iy) dy
2
— 00

Expanding the function h(r, t) = exp( dt) f(r, t) ina
Fourier series in the interval [0,2L], we obtain the
approximate formula [27]

f(r,t) =1, (r,t) + ED,
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fo(rt) =% CO"'ZCk ,for0 <t < 2L (54)
k=1
edt ikzt/L ¢ :
Ck :TRe[e THEf(d +ikz/L) (55)

The discrimination error, ED, can be made
arbitrarily small by choosing d large enough [27].

As the infinite series in (54) can only be summed
up to a finite number N of terms, the approximate
value of f(r, t) becomes
N
fy(r.t)=%cy +ch ,forO <t < 2L

k=1

(56)
Using the above formula to evaluate f(r, t) we
introduce a truncation error ET that must be added
to the discrimination error to produce the total
approximation error.
Two methods are used to reduce the total error.
First, the "Korrecktur” method is used to reduce the
discrimination error. Next, the € algorithm is used
to reduce the truncation error and therefore to
accelerate convergence.

The Korrecktur method uses the following formula
to evaluate the function f(r, t)

f(r,)="f, (r,t) e 2 f, (r, 2L+ 1t) + E'D,
where the discrimination error [27]
Thus, the approximate value of f(r, t) becomes

fac(r, ) = fu(r, ©) e 25 (r, 2L+t) (57)

N is an integer such that N* < N.

The ¢ algorithm used to accelerate the convergence
of the series (54) is described. Let N be an odd
natural number and let

m
Sm = cha
k=1

be the sequence of partial sums of (54). We define
the € sequence by

goym=0,51’m=sm , m=1,2,3,... .

1
Enam = €namt T '
And Enm+l — &Enm

n.m=12,3,...

It can be shown that [27] the sequence

E111E3Lsererrnreneninnnn, ,SNL _______
Converges to f(r, t) + ED - Cy/2 faster than the

sequence of partial sums

sm , m=1273, .. .

The actual procedure used to invert the Laplace
Transforms consists of using equation (57)
together with the e-algorithm. The values of d and
L are chosen according the criteria outlined in [27].

Numerical results and discussion
We shall apply our results to the copper material.
The material properties are

A =7.76x10"%kgm™s 2, 4 =3.86x10'kg m1s~2
,p=8954kg m~3,

k =386kgmK s Cg =381m2K 1572,

T, =293K, o, =1.78x107°K 2,

Ho =47x107" H m_l,z'z =0.02,

£, =107°/367 Fm™, L, =1x10**Jm~2,

R, =0.5,t, =2.0,h=0.1,6 =0.01,7, =0.01

All field quantities: temperature, displacement,
stress, induced magnetic field and induced electric
field are dependent only on t, r. The problem was
solved for one value of time namely t = 0.1 The
graphs for the temperature, displacement, stress,
induced magnetic field and induced electric field
are shown in Figs. (2-6), respectively. Dotted lines
represent the solution for coupled thermoelasticity
(CTE), dashed lines represent the solution for
Green-Lindsay (G-L) model and solid lines
represent the case Lord-Shulman (L-S) model.

In the coupled thermoelasticity (CTE) we put
71 =79 =0,n=1, in Green-Lindsay (G-L) model
puty =0.01,70 =0.02,n =0, in Lord-Shulman
(L-S) model putzy =0,79 =0.02,n=1. In Fig.
(2) the temperature distribution, it was observed

that the curves have the same behavior for the
three theories of thermoelasticity. There are

Arab J. Nucl. Sci. & Applic. Vol. 52, No. 1 (2019)
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starting from out surface of the cylinder r = a, the zero at r = 0, and it will increase inside and outside
heat is increasing until it constant. the cylinder until it becomes zero.

In Figs. (3-4) displacement distribution and stress,
we observe all the curves start with negative values
of z-axes, then rapidly increase to a maximal
positive value and there after continuously
decrease to zero value. In Fig. (5) the induced
magnetic filed is the direction of the negative value
of z-axes, the value of induced magnetic field is
change between inside and out side of the cylinder.
In Fig. (6) the value of induced electric filed is

108 X
1208 L-a
GL -7~
1[”]‘"""“"""”””” CTE ..................
a0 -
B0 - e P
40 - TN
e
.
20 5 6,
S
1 1 i | ' I I 1 |_=_-F r’
1] 0.1 0z 0.3 0.4 0.4 0.6 o7 0.a 0.9 1
Figure (2) Temperature distribution
108 X 1
1 -
0 . . . . . . S ——— r
- 0.1 0.2 0.3 04 0.4 0.6 0.7 0.4g 0.9 "-,} 1
A
H
e 3
L-3 B
-3 G-L ----- !
1
-4 i CTE .................. ‘
!
-5 -
-Fi
-7

Figure (3) Displacement distribution
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Figure (4) Stresses distribution

10 4 [ i D

_15_. ————— === - . e o e e

SO Arreerrreesss s e

25 4
Figure (5) Induced magnetic field

108 X E
875
775

674 - [ ) DR ey
575 - -

- e auet
T | ..-...-1-...-“,--
2 - . ..u.u1-

175 - e

75
_25_ g T T T T ¥ ¥ L] T T

Figure (6) Induced electric field
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